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CHAPTER  I. 

RATIO. 


1 .  Definition.  Ratio  is  the  relation  which  on^^  quantity 
bears  to  another  of  the  same  kind,  the  comparison  being  made  by 
considering  what  multiple,  part,  or  parts,  one  quantity  is  of  the 
other. 

The  ratio  of  ^  to  ^  is  usually  written  A  :  B.  The  quantities 
A  and  B  are  called  the  terms  of  the  ratio.  The  first  term  is 
~cailed  the  antecedent,  the  second  term  the  consequent. 


2.  To  find  what  multiple  or  part  A  is  of  B^  we  divide  A 
by  B ;  hence  the  ratio  A  :  B  may  be  measured  by  the  fraction 

A 

-=r ,  and  we  shall  usually  find  it  convenient  to  adopt  this  notation. 
B 

In  order  to  compare  two  quantities  they  must  be  expressed  in 

terms  of  the  same  unit.     Thus  the  ratio  of  £2  to  15s.  is  measured 

,       .     .       .       2x20        8 
by  the  fraction  — -^ —  or  ^  . 

Note.     A  ratio  expresses  the  number  of  times  that  one  quantity  con- 
tains another,  and  therefore  every  ratio  is  an  abstract  quantity. 

3.  Since  by  the  laws  of  fractions, 

a      ma 
h^mb' 

it  follows  that  the  ratio  a  :  6  is  equal  to  the  ratio  ma  :  vih ; 
that  is,  the  value  of  a  ratio  remains  ii7ialtered  if  the  antecedent 
and  the  consequent  are  multiplied  or  divided  hy  the  same  quantity. 

H.  H.  A.  1 
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2  HIGHER  ALGEBRA. 

4.  Two  or  more  ratios  may  be  compared  by  reducing  tlieir 
equivalent  fractions  to  a  common  denominator.     Tims  suppose 

a  :  b  and  x  :  y  are  two  ratios.     Now  =-  =  j^ ,  and  -  =  7-  ;  hence 

6       01/  y      by 

the  ratio  a  :  6  is  greater  than,  equal  to,  or  less  than  the  ratio 

X  :  y  according  as  ay  is  greater  than,  equal  to,  or  less  than  hx. 

5.  The  ratio  of  two  fractions  can  be  expressed  as  a  ratio 
of  two    integers.      Thus    the    ratio  y-  :  -    is    measured    by    the 

a 

fraction  - ,    or  ,— ;    and    is    therefore   equivalent    to    the    ratio 
c  oc 

d 

ad  :  be. 

G.  If  either,  or  both,  of  the  terms  of  a  ratio  be  a  surd 
quantity,  then  no  two  integers  can  be  found  which  will  exactly 
measure  their  ratio.  Thus  the  ratio  ^2  :  1  cannot  be  exactly 
expressed  by  any  two  integers. 

7.  Definition.  If  the  ratio  of  any  two  quantities  can  be 
expressed  exactly  by  tlie  ratio  of  two  integers,  the  quantities 
are  said  to  be  commensurable ;  otherwise,  they  are  said  to  be 
incommensurable. 

Although  we  cannot  find  two  integers  which  will  exactly 
measure  the  ratio  of  two  incommensurable  quantities,  we  can 
always  find  two  integers  whose  ratio  differs  from  that  required 
by  as  small  .a  quantity  as  we  please. 

Thus  f=?:?~.  =  . 559016... 

4  4 

J5      559016  i???ll 

4    ^  i  000000  ^  1 000000 ' 

so  that  the  diflference  between  the  ratios  559016  :  1000000  and 
J5  :  4  is  less  tlian  '000001.  By  carrying  tlie  decimals  further,  a 
closer  approximation  may  be  arrived  at. 

8.  Definition.  Ratios  are  compounded  by  multiplying  to- 
.gether  the  fractions  wliich  denote  tiiem ;  or  by  nmltiplying  to- 
gether the  antecedents  for  a  new  antecedent,  and  the  consequents 
for  a  new  consequent. 

Example.    Find  the  ratio  compounded  of  the  tliree  ratios 
2a  :  36,  Gafc  :  5c^  c  :  o 


RATIO.  3 

_,  .     ,      ,.       2a      6a6     c 

The  required  ratio=-r  x  =»  x  ~ 

_4a 
~5c* 

9.  Definition.  When  the  ratio  a  :  &  is  compounded  witli 
itself  tlie  resulting  ratio  is  a'  :  ¥,  and  is  called  the  duplicate  ratio 
oi  a  '.h.     Similarly  a^  :  W  is  called  the  triplicate  ratio  of  a  :  6. 

Also  a*  :  6*  is  called  the  subduplicate  ratio  of  a  :  6. 

Examples.     (1)     The  duplicate  ratio  of  2a  :  ^h  is  4a2  :  96^, 

(2)  The  subduplicate  ratio  of  49.:^25Js^  :  5. 

(3)  The  triplicate  ratio  of  2a;  :  1  is  Sa:^  :  1., 

10.  Definition.  A  ratio  is  said  to  be  a  ratio  of  greater 
inequality,  of  less  inequality,  or  of  equality,  according  as  the 
antecedent  is  greater  tlmn,  less  than,  or  equal  to  the  consequent. 

11.  A  ratio  of  greater  inequality  is  diminished,  and  a  ratio  of 
less  inequality  is  increased,  by  adding  the  same  quantity  to  both 
its  terms. 

Let  ^  be  the  ratio,  and  let  ^ be  the  new  ratio  formed  by 

b  b  +  x  '^ 

adding  x  to  both  its  terms. 

a      a  +  x      ax-bx 

Now  -, —  7 ~  rii -\ 

b      b  +  x      b{b+x) 

x{a  —  b) 

^b\b^y 

and  a  -  6   is  positive  or  negative  according  as  a  is  greater  or 

less  than  b. 

XT  •*  V  '         a      a  +  x 

Hence  it  a  >  6,  7  >  7 ; 

b      b  +  x 

,  a     a  +  x 

and  it  a  <b,  7  <  ^ ; 

'  b      b  +  x 

which  proves  the  proposition. 

Similarly  it  can  be  proved  that  a  ratio  of  greater  inequality 
is  increased,  and  a  ratio  of  less  inequality  is  diminished,  by  taking 
the  same  quantity  from  both  its  terms. 

12.  When  two  or  more  ratios  are  equal  many  useful  pro- 
positions may  be  proved  by  introducing  a  single  symbol  to 
denote  each  of  the  equal  ratios. 

1—2 


4  HIGHER  ALGEBRA. 

Tlie  proof  of  the  following  important  theorem  will  illustrate 
the  method  of  procedure. 

^^  b      d      f     ' 

1 

each  of  tJiese  ratios  =  (  ^— — -^- -^ — '—  )  , 

^  Vpb"  +  qd°  -n-f "  +  . . .  / 

where  p,  q,  r,  n  are  any  quantities  whatever. 

T  X  ace  J 

Let  ,  =  -j  =  -.=  ...=k; 

b      d     f  ' 

tlien  a  =  bk,  c  =  dk,  e  ^fk^ . . . ; 

whence         pa'-plfk",  qa"  =  qd"k''j  re' =  r/"k'\...; 

pa"  +  qc"  +re''  +  ...      plfk"  +  qd"k"  +  rfk"  +  ... 
'  '  pb"  +  qd"+r/"-t...  pb"  +  qd' +  rf  +  . . . 

=  k"', 

1 


)<««"  +  qc"  +  re  +  . .  .\^  t,  _  ^  _  ^ 
\s^b"+\d"+rf "  +  ...)  ~     "b^d 


\^b"  +\d 

By  giving  different  values  to  ^9,  q,  r,  n  many  particular  cases 
of  tliis  general  proposition  may  be  deduced;  or  they  may  bd 
proved  independently  by  using  the  same  method.     For  instance, 

.,  ace 

,      p  ^,  ,.  a  +  c+e+  ... 

eacli  of  these  ratios 


b  +  d+/+...' 


a  result  of  such  frequent  utility  that  the  following  verbal  equi- 
valent should  be  noticed :  When  a  series  qf  fractions  are  eqvj^l, 
each  of  them  is  eqy,al  to  the  sum  of  all  the  numercU^S-dimjiisdhyihe 
sum  of  all  tJie  denominators. 

Example  1.     If  -  =  -  =  -  ,  shew  that 
oaf 

a^b  +  2c^e  -  Sae^f  _ace 
~M  +  2d-/-36/»  ~bdf' 

T   i  ace. 

Let  -  =  -=--k; 

h     d     f 

then  a  =  bk,  c=:dk,  e  =fk ; 


RATIO. 


,..     a      c     e 

=^=6-M^7 

ace 


Example  2.     If  -  =  ^  :=  - ,  prove  that 
^  a      b      c 


then 


x^  +  a^     y^  +  b^     z^  +  c^  _  {x  +  y  +  z)^  +  {a  +  b  +  c)^ 
x+a        y+b        z+c  ~      x+y+z+a+b+c 


x2  +  a2  _  a^k^  +  a^  _  {k^  +  l)a  ^ 
x  +  a  ~    ak+a    "~     k  +  1     ' 
x^  +  ga     ^M^2     z^+c^  _(k^  +  l)a      {k^  +  iyb      ik^  +  l)c 
''    x  +  a        y  +  b       z  +  c  ~     k  +  1  k  +  1  k  +  1 

_{k^  +  l){a  +  b  +  c) 

k  +  1 
_^(a  +  6  +  c)2  +  (a  +  6  +  c)2 
k{a  +  b  +  c)  +  a  +  b  +  e' 
_  {ka+kb+kc)"  +  {a  +  b  +  c)^ 
~    {ka  +  kb  +  kc)+a  +  b  +  c 
_{x  +  y  +  z)^+{a  +  b  +  c)^ 
~     x+y+z+a+b+c 

13.  If  an  equation  is  homogeneous  with  respect  to  certain 
quantities,  we  may  for  these  quantities  substitute  in  tlie  equation 
any  others  proportional  to  them.     For  instance,  the  equation 

la^y  +  nixi/'z  +  nif%'  -  0 

is  homogeneous  in  a?,  2/,  2;.      Let  a,  y8,  y  be  three  quantities  pro- 
portional to  ic,  2/,  %  respectively. 

Put  k^'-  =jz^-,  so  that  x  =  ak,  y-  ^k,  %-^h\ 
a      f3      y 

then  la' /3k*  +  maf^'yk'  +  n^'y^k*  =  0, 

that  is,  la'/i  +  mal3'y  +  n^Y  =  0; 

an   equation   of    the    same    form    as  the  original  one,  but  with 
a,  (3,  y  in  the  places  of  x,  y,  z  respectively. 
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14.     The  following  theorem  is  important. 
^,',    ^ ,    r^ ,  ....  ^  be  unequal  /inactions,  of  which  the  dt- 

1  2  3  " 

nominators  are  all  of  tlie  same  sign,  then  the  fraction 

a,  +ag  +  a.^+   ...  +  a^ 

^+b,  +  b3+  ...  +b„ 
lies  ill  magnitude  between  the  g-ireoitest  and  least  of  t/iem. 

Suppose  that  all  the  denominators  are  positive.    Let  j^  be  the 

b^ 

least  fraction,  and  denote  it  by  A; ;  then 


by  addition, 


l;-"     ^ 

•.  a^^kb^; 

%■•"     ^ 

:  a^  >  kb^  ; 

b,        ' 

••  a^>kb^) 

and  so  on; 

a^+a2  +  a.^+ +a^>  (bi  +  b^  +  b.^+ +  6„) k  ; 

a+a.  +  a„+ +  a       ,      ^,    .  •        «, 

>  k;    that  IS,  >  j-^  . 


6,  +6,  +63+  +6„ 

Similarly  we  may  prove  that 

«,  +  «+«+ +a„      « 


^+^,+^3   + +^»  ^' 


where  j^  is  the  greatest  of  the  given  fractions. 

In  like  manner  the  theorem  may  be  proved  when  all  the 
denominators  are  negative. 

15.  The  ready  application  of  the  general  j^rinciple  involved 
in  Art.  12  is  of  such  great  value  in  all  branches  of  mathematics, 
that  the  student  should  be  able  to  use  it  with  some  freedom  in 
any  particular  case  that  may  arise,  without  necessarily  introducing 
an  auxiliary  symbol.. 

Example  1.    If  ~—  = ^ —  = 


h+c-a     c+a-k     a+b-c  ' 
prove  that  ^  +  y  +  z ^x{f,  +  zHy{z  +  x)+z(x  +  y) 

a  +  b  +  e  2(ax  +  by  +  cz) 


RATIO, 
sum  of  numerators 


Each  of  the  given  fractions  — 

bum  ui  ueuuuuutiibum 


sum  of  denominators 

x  +  y  +  z 


a  +  6  +  c 

Again,  if  we  multiply  both  numerator  and  denominator  of  the  three 
given  fractions  by  y  +  z,  s  +  x,  x  +  y  respectively, 

each  fractions, -41+^  =  ,      ^/f^^^  .^(r^L 

(2/ +£L(^ +  ''"")      {z  +  x){c  +  a-h)      [x-\-y){a  +  h-c) 

_   sum  of  numerators 
~  sum  of  denominators 


^  x{y+z)  +  y{z-Vx)+z{x-\-y) 
2ax  +  2by  +  2cz 

•.  from  (1)  and  (2), 

x  +  y  +  z  _x{y  +  z)+y{z  +  x)+z  (x  +  y) 
a  +  b  +  c~  2{ax  +  by  +  cz) 


Example  2.     If  ^  ^^^^  ^  ^^  _  ^^p  ^^  ^^^;^  ^^  _  ^^^      ^  (ia  +  m6  -  nc) 


(2). 


prove  that 


We  have 


x{hy  +  cz-ax)      y{cz  +  ax-hy)     z{ax  +  hy-cz) 

^  1  i 

I  m  n 


mb  +  nc  -la     ric  +  la-  mb      la  +  mb-  iw 

y      z- 

^  +~ 

_  m     n 

2la 
=  two  similar  expressions; 

ny  +  mz     Iz  +  nx     mx  +  ly 
'  '         a      ~      b      ~       c       ' 

Multiply  the  first  of  these  fractions  above  and  below  by  x,  the  second  by 
y,  and  the  third  \>y  z ;   then 


nxy  +  mxz 
ax 

lyz  +  nxy 
-       by       - 

2lyz 
~  by  +  cz-ax 

nixz  +  lyz 
cz 

=  two  similar  expressions ; 


X  (by  +  cz-ax)      y  (cz  +  ax-by)      z  (ax  +  by-cz)' 
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16,     If  we    have    two  equations    containing  three    unknown 
quantities  in  the  first  degree,  such  as 


*.KV,^=o (1), 


^ 


a^h^y^^z  =  0  (2), 

we  cannot  solve  tliese  completely ;  but  by  writing  them  in  the 
fqrm 

«,g)..,(|).,.o, 

we  can,  by  regarding  -  and  -  as  the    unknowns,   solve  in  the 

z  z 

ordinary  way  and  obtain 


X      b,c^- 

b,c, 

y- 

y_^ 

z 

c^a,- 

«s«. . 

z      afi^- 

«A' 

«A- 

«A' 

or, 

more 

symmetrically. 

X 

y 

z 

b,c^-b^c, 

c.aj 

C,^i 

^A 

-"A 

X 


(3). 

It  thus  appears  that  when  we  have  two  equations  of  the  type 
represented  by  (1)  and  (2)  we  may  always  by  the  above  formula 
write  down  the  ratios  x  :  i/  :  z  in  terms  of  the  coefficients  of  the 
equations  by  the  following  rule : 

"Write  down  the  coefficients  of  x,  y,  z  in  order,  beginning  with 
those  of  y;  and  repeat  these  as  in  the  diagram. 

6.  c,  rt,  i^ 


-2  ^'J  ^3  ^3 

Multiply  the  coefficients  across  in  the  way  indicated  by  the 
arrows,  remembering  that  in  forming  the  products  any  one 
obtained  by  descending  is  positive,  and  any  one  obtfiined  by 
ascending  is  negative.     The  three  results 

V2-V1'  ^i«8-^2«i»  «A-«A 

ai-e  proportional  to  x,  y,  z  respectively. 

This  is  called  the  Rule  of  Cross  Multiplication. 


RATIO.  9 

Example  1.     Find  the  ratios  ot  x  :  y  :  z  from  the  equations 

7x  =  4y  +  8z,     3z^l2x  +  lly. 
By  transposition  we  have  7x-Ay-8z  =  0, 
12x  +  ny-3z=0. 
"Write  down  the  coefficients,  thus 

-4     -8      7-4 

11      -3     12       11,  * 

whence  we  obtain  the  products 

(-4)x(-3)-llx(-8),     (-8)xl2-(-3)x7,     7  x  11  - 12  x  (-4), 
or  100,      -75,     125; 

X   _    y    _  ^ 
•*•    100  ~  -  75      125  ' 

thatis,  |  =  J^  =  |^ 

Example  2.     Eliminate  x,  y,  z  from  the  equations 

aiX  +  biy  +  Cj^z  =  0 (1), 

a^  +  h^y  +  c^=^0 (2), 

a^x+b.^y  +  c.^  =  0 (3). 

From  (2)  and  (3),  by  cross  multiplication,* 

^       ^        y        ^         z         _ 

denoting  each  of  these  ratios  by  k,  by  multiplying  up,  substituting  iu  (1), 
and  dividing  out  by  k,  we  obtain 

«1  (^2^3  -  Va)  +  ^1  (<^2«3  -  H^'l)  +  ^"l  («2^3  -  ^3^2)  =  0. 

This  relation  is  called  the  eliminant  of  the  given  equations. 

Example  3.     Solve  the  equations 

ax  +  hy-\-cz  =  0 (1). 

x+  y+  z  =  0 ^ (2), 

bcx  +  cay  +  ahz  —  {b  -  c)  {c-a)  (a-b) (3). 

From  (1)  and  (2),  by  cross  multiplication, 

^ =  -^—  =  - — -  =  k.  suppose  : 

b-c     c-a     a-b  — - 

.'.   x  =  kjji_::^,  y  =  k{c-a),  z  =  k{a-b). 

Substituting  in  (3), 

k{bc{b-c)  +  ca{c-a)  +  ab(a-b)}=(b-c)(c-a){a-b), 

k  {-  {b  -c)  {c  -  a)  {a-b)}  =  {b-c){c  -  a)  (a-b) ; 

'.'.  fe  =  -l; 

whence  x=c-b,  y  =  a-c,  z  =  b-a. 
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17.     If  in  Art.  16  we  put  z  =  l,  equations  (1)  and  (2)  become 

a\x  4-  b^y  +  c^  =  0, 

, 

«8*+^Sy  +  "^3  =  ^) 

and  (3)  becomes 

X                   y 

1 

^.c«-V.    ^«.-<^.«,    «i 

.*,-«.*■' 

or                                 X     ^^«-^«^'     V     '''"'»" 

-">«, 

.   «A-«^A       «A- 

-«A" 

Hence  any  two  simultaneous  equations  involving  two  un- 
knowns in  the  first  degree  may  be  solved  by  the  rule  of  cross 
multiplication. 


Example.     Solve 

ox-3y-l  =  0,  x  +  2y  =  l2. 

By  transposition, 

ox-dy-    1=0, 

.-x  +  2y-12=0; 

y       _     1     , 

'    36  +  2      -1  +  60     10  +  3' 

enoe 

38          59 
"^  =  13' ^-13- 

EXAMPLES.    I. 

1.  Find  the  ratio  comix)Uiided  of 

(1)  the  ratio  2a  :  3b,  and  the  duplicate  ratio  of  96^  ;  ab. 

(2)  the  subduplicate  ratio  of  64  :  9,  and  the  ratio  27  :  56. 

(3)  the  duplicate  ratio  of  -^  :  ^^   ,  and  the  ratio  Silv  :  26y. 

2.  If  A-+ 7  :  2  (.r  + 14)  in  the  duplicate  ratio  of  5  :  8,  find  j;. 

3.  Find  two  numbers  in  the  ratio  of  7  :  12  so  that  the  greater 
exceeds  the  less  by  275. 

4.  What  number  must  be  added  to  ciich  term  of  the  ratio  5  :  37 
to  make  it  equal  to  1  :  3? 

5.  If  .r  :  y  =  3  :  4,  find  the  ratio  of  7.r-4y  :  3.r+y. 

6.  If  15  (2a-2  -y^)  =  7.vi/y  find  the  ratio  of  x  :  y. 


KATIO.  11 

^^-    "  5  =  5-4'        ''     ■ 

prove  that  T6«  +  36^^  -  5/»   "  P ' 

8.     If  I  =    =  ^ ,  prove  that  ^  is  equal  to 

9     If  --^^~  =  -^—  =       '       , 

q+r-p     r+p-q     p+q-r 

shew  that  {q-r)x+{r-p)i/  +  {p-q) 2  =  0. 

10.    If  JL_  L^^'L?^  find  the  ratios  oi  x  :  y  :  z. 
x-z        z        y 

'  *  p>b  +  qc     pc  +  qa     pa  +  qb^ 

\       4.U  +  2(x+y  +  z)_{b  +  c)x+{c  +  a)i/  +  {a  +  b)2 

siiew  tnat  7  ^  ;        —  7     r-       ;     I 

I  a  +  b+c  bc+ca  +  ab 

■  12.  If  1=!=^ 

a     0     c 

shewthat    ;y2:j:^2+^24.62  +  22  +  c^-(^4.^  +  ^)2+(«  +  5  +  c)2* 

_      ^„             2y/  +  2s-.r     2i;  +  2.-g-y_2>y+2y-g 
13.     If I  ,         ' 

shew  that 


26  + 2c -a     2c  +  2a-&     2a  +  26;:^  ^ 

14.  If         (a^  +  b^  +  c^)(x^+f+z'')=-(aa,;+bl+czl\    '^''''-'/'^^'^^ 
shew  that/  /  .r  :  a=y  :  6=2  i.e. 

15.  If  ^  {mif  +  ?i2  -  Iv)  =  Mi(w2 + ?A'  -  myi=  n  (b;  +  nw  -  nz)y 

y+z-x     z+x-y     x+y-z  ^i    '*   "^y -vj     ^''/ 

16.  Shew  that  the  eiiminant  of:  ] 

ax  +  cy  +  bz  =  0,  cx  +  by  +  az  =  0,  l>x  +  ay  +  cz  =  0, 
is  a3+63  +  c3_3a6c=0. 

17.  Eliminate  x,  y,  z  from  the  equations 

Y^  ax  +  hy+gz  =  0,  Lv  +  by+fz  =  0,  grx+fy  +  cz  =  0. 
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.v=^ci/  +  bz,  i/^az  +  cv,  z  =  bx+a^y 


19.  Given  that  a  (j/+'zf^^x,^b(z + a;)  =y,  c  {.v  +  y)  =  2, 
prove  that  bc  +  ca  +  ab  +  2abc  ^  1 . 

V^  \ 

\V^  \J   Solve  the  following  equations 

'y/20.  Sj;-4>/  +  72=  0,  21 

\\     2  2.r-y-2s=  0,  \  3.<;-2j/+17s=     0, 

^      j  3jc3-f  +  z^  =  18. 

1  C22.  7ys4-3)?3.-=4ry, 


3.v-2i/+l7z=     0, 
A-='  +  3/  +  2s3=167. 


23.    ai-2-2y2+ 522=0,         ^ 


3  I        21y2  -  Szx  =  4ry,  "^      ^7a^-  Zf  -  15^2  =  0, 

'       .r+2y  +  32=19. 


X 


\ 


5.r-4y  +  72=6. 


24.     If 

J--    * 

shew  that 


'  ,,  +  ^J»^+.,_!L^=o, 


V«  -  \/6        a/^ 


+  -7r-r— r  + 


•Ja+^b     ^Jb+i^c     ^c+^a 
I  m 


=0, 


{a-b){c-'^ab)      (b-c)  (a- /s/bc)      {c  -  a)  {b  -  s/ ac)' 


Solve  the  equations : 
25. 


26. 


rvlX/t^  27.         If 


r 


cuv  +  bf/  +  cz  =  0, 
bcx + cay  +  abz — 0, 
.ry5  -\-abc  {a?x + 6^^  +  (?z) = 0. 

a.v  +  bi/  +  cz  =  a^a;+bh/ +  c^z  =  0, 
.v  +  i/  +  z  +  {b-c)(c-a)  {a-b)=0. 

^(y  +  *)=-^',  b(2  +  x)=yy  c{x+y)=z, 


I  9\ 

Lr  j     prove  that 


a{l-bc)     b{l-ca)     o{l-ab)' 

28.     If    aj;  +  hy  +  (/z  =  0,  kv  +  by+fz^O,  (/x+fy  +  cz=-0, 
prove  that 

en     '''    =   y    _  _f 

^  ^    bc-p     ca-f     ab-h^' 
'^/7^  (2)     {bc-r){ca-<f){ab-Ji^)  =  {fy-ch){ifh-af){hf-bg). 


CHAPTER  II. 


PROPORTION. 


18.  Definition.  When  two  ratios  are  equal,  the  four 
quantities  composing  them  are  said  to  be  proportionajjL     Thus 

if   i"  =  -c ,  then  a.  b,  c,  d  are  proportionals.     This  is  expressed  by 

0      a 
saying  that  a  is  to  Z>  as  c  is  to  d,  and  the  proportion  is  written 

a  '.h  ::  c  :  d; 

or  a  :  b  =  c  :  d. 

The  terms  a  and  d  are  called  the  extremes,  b  and  c  the  means. 

19.  If /our  qimntjiiesMTe.  in.  profiortion^  the  product  of  the 
\^  extremes  is  equal  to  the  -prodtict  of  the  means. 

Let  a,  b,  c,  d  be  the  proportionals. 

a      c 
Then  by  definition  T  ^  ;7 ' 

whence  ad  =  bc. 

Hence  if   any  three  terms   of    a  proportion   are  given,    the 

fourth  may  be  found.     Thus  if  a,  c,  d  are  given,  then  b  ^  — . 

Conversely,  if  there  are  any  four  quantities,  a,  6,  c,  d,  such 
that  ad  =  be,  then  a,  b,  c,  d  are  proportionals ;  a  and  d  being  the 
extremes,  b  and  c  the  means ;  or  vice  vers^. 

20.  Definition.  Quantities  are  said  to  be  in  continued 
proportion  when  the  first  is  to  the  second,  as  the  second  is 
to  the  third,  as  the  third  to  the  fourth ;  and  so  on.  Thus 
a,  b,  c,  d, are  in  continued  proportion  when 

a      ^  _  ^  _ 
bed 


14  HIGHER  ALGEBRA. 

If  tliree  quantities  a,  b,  c  are  in  continued  proportion,  then 

a  :  b  —  b  :  c; 

.:       ac^b\  [Art.  18.] 

In  this  case  b  is  said  to  be  a  mean  proportional  between  a  and 
c ;  and  c  is  said  to  be  a  third  proportional  to  a  and  b. 

21.  If  three  quantities  are  proportionals  the  first  is  to   the 
third  in  the  duplicate  ratio  of  the  first  to  tJie  second. 

Let  tlie  tliree  quantities  be  a,  b,  c:  tlien  -  -  - . 

DC 

a      a      b 

Now  =  -  X  - 

cue 

a      a      a.' 
^b^'b^l?' 

tliat  is,  rt  :  c  =  «"  :  b'. 

It  will  be  seen  that  this  proposition  is  the  same  as  the  definition 
of  duplicate  ratio  given  in  Euclid,  Book  v. 

22.  li  a  :  b  ~c  :  d  and  e  :  f=g  :  A,  then  will  ae  :  bf=  cy  :  dh. 

T-«  a      c        ,   e      q 

For  ^=^and_^=|; 


or 

COR.       If 

and 

then 

This  is  the  theorem  known  as  ex  oiqiLali  in  Geometry. 

23.  If  four  quantities  a,  b,  c,  d  form  a  proportion,  many 
other  proportions  may  l)e  deduced  by  tlie  properties  of  fractions. 
The  results  of  these  operations  are  very  useful,  and  some  of 
them  are  often  quoted  by  the  annexed  names  borrowed  from 
Geometry. 


ae 

eg 

'  dh 

' 

le  : 

'¥- 

-eg 

:  dh. 

a 

:b-- 

c  : 

d, 

b 

:  x  = 

-d: 

y^ 

a 

:  x  = 

-c  : 

y- 

PROPORTION. 


(1)     If  a  :h=^c  :  d,  then  b  :  a  =  d  :  c. 

For  —  =  -  •  therefore  1  4-  =-  =  1  -f-  -  • 
b      d'  b  a' 
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[Invert&)ido.] 


that  is 
or 


b_d 

a     c  ' 

b  :  a  =  d  :  c. 


(2)     li  a  :  b^  c  :  d,  then  a  :  c  -  b  :  d. 

For  ad^bc  ;  tlierefore  —,  =  ~, : 
cd      cd 

that  IS,  -  =^  -7 , 

c      d 

or  a  :  c  =  b  :  d. 


[AUemando.] 


(3)     Ji  a  :b  =  c  :  d,  then  a  +  b  :  b  =  c  +  d  :  d.      [Componendo.'] 


For  r  =  -, ;  therefore  ^  + 1 
b      d  0 


+  1; 


that  is 
or 


d 

a  +  b      c  +  d 
~b~^~d~'' 
a  +  b  :  b  -  c  +  d  :  d. 


(4)     If  «  :  6  =  c  :  d,  then  a-b  :  b  =  c-  d  :  d.        [Dimdendo.'\ 


For  -  =  -  •  tlierefore  - 
b      d  b 


1=5-1^ 


,,    ,  .  a-b     c-d 

that  IS,  — ^—  =  -  ,-  : 

0  a 

or  a  -  b  :  b  =  c  -  d  :  d. 

(5)     If  a  :  6  =  c  :  J,  then  a  +  5  :a-6  =  c  +  fZ:c-f/ 
a  +  6  _  c  +  (/ 
"5     ~"^' 
a-b      c—d 

a  +  b     c  +  d 
a-b     c-d' 
or  a  +  b  :  a-b  =  c  +  d  :  c  —  d. 

This  proposition  is  usually  quoted  as  Comjmnendo  and  Divi- 
dendo. 

Several  other  proportions  may  be  proved  in  a  similar  way. 


For  by  (3) 
and  by  (4) 
.-.  by  division, 
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24.  The  results  of  the  preceding  article  are  the  algebraical 
equivalents  of  some  of  the  propositions  in  the  fifth  book  of  Euclid, 
and  the  student  is  advised  to  make  himself  familiar  with  them 
in  their  verbal  form.  For  example,  dividendo  may  be  quoted  as 
follows : 

When  there  are  four  proportionals,  tJie  excess  ofthejirst  above 
the  second  is  to  the  second]  Wi  tfm  eJUJess  uf  the  thircritbcrv^  ihe- 
fourth  is  to  tlie  fourth.  ~ 

25.  We  shall  now  compare  the  algebraical  definition  of  pro- 
portion with  that  given  in  Euclid. 

Euclid's  definition  is  as  follows  : 

Four  quantities  are  said  to  be  proportionals  when  if  any  equi- 
multiples whatever  be  taken  of  the  first  and  third,  and  also  any 
equimultiples  whatever  of  the  second  and  fourth,  tlie  multiple  of 
the  third  is  greater  than,  equal  to,  or  less  than  the  multiple  of  the 
fourth,  according  as  the  multiple  of  the  first  is  greater  than,  equal 
to,  or  less  than  the  multiple  of  the  second. 

In  algebraical  symbols  the  definition  may  be  thus  stated  : 

Four  quantities  a,  6,  c,  d  are  in  proportion  when  ^>c  =  qd 
according  as  pa  =  qh,  p  and  q  being  any  positive  integers  whatever. 

I.  To  deduce  the  geometrical  definition  of  proportion  from 
the  algebraical  definition. 

Since  j=-p  ^y  multiplying  both  sides  by  - ,  we  obtain 

pa     pc 
qh      qd' 
hence,  from  the  properties  of  fractions, 

pc  =  qd  according  as  pa  =  qb, 

which  proves  the  proposition. 

II.  To  deduce  the  algebraical  definition  of  proportion  from 
the  geometrical  definition. 


Given  tliat  pc  =  qd  according  as  pa  =  qb,  to  prove 

a     c 
b~d' 
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If  ,    is  not  equal  to  -  ,   one    of    tliem   must   be  the   greater. 

Suppose  T  >^;  then  it  will  be  possible  to  find  some  fraction  - 
which  lies  between  them,  q  and  jJ  being  positive  integers. 

Hence  '*>?.. (1), 

op  ^  ' 

and  ';<^ (2). 

From  (1)  pa>  qb  ; 

from  (2)  i)c<qd\ 

and  these  contradict  the  hypothesis. 

Therefore  y  and  -,  are  not  unequal;  that  is  y-  ^  -;  which  proves 
the  proposition. 

26.  It  should  be  noticed  that  the  geometrical  definition  of  pro- 
portion deals  with  concrete  magnitudes,  such  as  lines  or  areas, 
represented  geometrically  but  not  referred  to  any  common  unit 
of  measurement.  So  that  Euclid's  definition  is  applicable  to  in- 
commensurable as  well  as  to  conmiensurable  quantities ;  wliereas 
the  algebraical  definition,  strictly  speaking,  applies  only  to  com- 
mensurable quantities,  since  it  tacitly  assumes  that  a  is  the  same 
determinate  multiple,  part,  or  parts,  of  6  that  c  is  of  d.  But  the 
proofs  which  have  been  given  for  commensurable  quantities  will 
still  be  true  for  incommensurables,  since  the  ratio  of  two  incom- 
mensurables  can  always  be  made  to  differ  from  the  ratio  of  two 
integers  hy  less  than  any  assignable  quantity.  This  has  been 
shewn  in  Art.  7 ;  it  may  also  be  proved  more  generally  as  in  the 
next  article. 

27.  Suppose  that  a  and  b  are  incommensurable;  divide  b 
into  m  equal  parts  each  equal  to  (3,  so  that  b  ^  7ii^,  where  7ti  is  a 
positive  integer.  Also  suppose  /3  is  contained  in  a  more  than  n 
times  and  less  than  n+1  times; 

^,         .     '  a      7il3        ,      {n+l)/3 

then  Y  ^  — 7>  ^"tl  <  ^- ^  , 

b      m/S  nip 

XI.     ^    •  ^  T          t     X  ^  J    **+  1 

that  IS,  -J  lies  between  —  and  ; 

'6  mm 

so  that  T  diflfers  from  —  by  a  quantity  less  than  —  .     And  since  we 

H.  H.  A.  2 
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can  choose  y8  (our  unit  of  measurement)  as  small  as  we  please,  m  can 

be  made  as  great  as  we  please.     Hence  —  can  be  made  as  small 

as  we  please,  and  two  integers  n  and  in  can  be  found  wliose  latio 
will  express  that  of  a  and  b  to  any  requii-ed  degree  of  accuracy. 

28.  The  propositions  proved  in  Art.  23  are  often  useful  in 
solving  problems.  In  particular,  the  solution  of  certain  equa- 
tions is  greatly  facilitated  by  a  skilful  use  of  the  operations  cuni- 
jwnendo  and  dividendo. 

Example  1. 

If  {2ma  +  6m6  +  Znc  +  ^nd)  {2ina  -Gmb-  3nc  +  dnd) 

—  {2ma  -  (jmb  +  dnc  -  9jid)  {2via  +  Gju6  -  'due  -  dnd), 
prove  that  a,h,c,  d  are  proportionals. 

^    ,  2ma  +  6mb  +  Siic  +  dud  _  2nia  +  Gmh  -  Bnc  -  9nd 

2ma  -  67/16  +  Snc  -  97id  ~  2ma  -  Gmb  -  3hc  +  9nd ' 
••.  componendo  and  dividendo, 

2  (2ma  +  dnc)      2  {2ina  -  Snc) 


Alternando, 


2  (C/;t&  +  9nd)      2  (6m6  -  9/id) 
2ma  +  S7ic      Gmb  +  9nd 


2ma  -  37tc      Gm6  -  \ind ' 
Again,  componendo  and  dividendo, 

4  ma  _  12mb  ^ 
One  ~  iSiid  * 

whence  -  =  -, , 

c      d 

or  a  :  b  =  c  :  d. 

Example  2.     Solve  the  equation 

Jx  +  l  +  J^l  _  4.C-1 

We  have,  componendo  and  dividendo, 

U  +  1      ix+1 
ix 


"x-1     16x«-24a;  +  9* 
Again,  componendo  and  dividendo, 

2x_3252_i6x-M0 
2  ~      "32x- 8        ' 
_  16a;» -8£+ 6 
•**^~      i6x-4      ' 
whence  ICx^  -ix  =  Ux^  -  8x  +  5  ; 
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s'  EXAMPLES.    11. 

^'  1.     Find  the  fourth  proportional  to  3,  5,  27. 

\j  2.     Find  the  mean  proportional  between 
.   J    \|  (1)     6  and  24,  (2)     StiOa'^  a.ud  250a%^. 

\l  S.     Find  the  third  proportional  to  -  +  -,  and  -  . 

,  If  c<  :  6  =  c  :  c/,  prove  that 
VJ  4.    a-^c  +  ac'2  :  b-^d+bd'^  =  {a+cy^  :  (b+df.       -/. 
V   5.    pa'^  +  qb'   :  pa^  —  qh^  ^^pc^  +  q<P  :  p(?  -  q<P.   \f^^ 
\J  6.    a-c  :  b-d=slaf^^  :  sJ^^dK 

7.     ^d^  +  c^  :  \IWVd^=  fJ ac^-  :   a/^^+X- 

^  If  a,  6,  c,  0?  are  in  continued  proportion,  prove  that 

V*'".^^^^^    8.     a  \  b^d^c^  \  c^d+d^. 

9.      2ct  +  3c^  :  3a-4(i  =  2a3  +  36=^  :  3a3-463. 
5[  10.     (a^  +  6H  c'-')  (62  +  0-2  +  d^)  -  (a6  +  6c  +  cc^)-'. 

^         11.     If  6  is  a  mean  proportional  between  a  and  c,  prove  that 

«2- 62^.^2 


tt'"2_  j-a^c" 
12.     If  a  :  6=0'  :  d,  and  c  :  /=^  :  /<,  prove  that 
ae  +  bf  :  ae  —  bf=  eg  +  dh  :  eg  —  dh. 
Solve  the  equations  :  ^^j^ 

2.t-^-3.>;2  +  .t,-  +  l  _  3.t-^-y2  +  5^--13        (xJ^^ 
iofi  -  3a-2  -  a;  -  1  "^  3*-»  -  a^2  _  5^^  13  • 

3^4-^2  _  2;r  _  3  _  5.r^  +  2^-2-7.y  +  3 
3^ -.^2  + 2^  +  3  ~  hx^ -  2^-2  +  7a; - 3  ' 

u/  (m+w).r  — (a- 6)  _  (m+%);r+a+c 

,  y   *    (?Ji-?i)A--(a  +  6)      {m-n)x-\-a-c' 

16.  If  a,  6,  c,  0?  are  proportionals,  prove  that 

,     ,           (a  —  b)(a  —  c) 
a  +  c^=6  +  c  +  ^ ^-^ ^. 

17.  If  a,  6,  c,  0?,  e  are  in^cQ^^*ed  proportion,  prove  that 

(a6+6c+c<^+rfe)2=(a2+62+c2+cP)(62+c2+o?2+e2). 
Cb     ^     ..  2-2 


\) 


'^ 
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18.  If  the  work  done  by  .v  -  1  men  in  .v+ 1  days  is  to  the  work  done 
by  x  +  2  men  in  x  -  1  days  in  the  ratio  of  9  :  10,  find  x. 

19.  Find  four  proportionals  'such  that  the  sum  of  the  extremes  is 
21,  the  sum  of  the  means  19,  and  the  sum  of  the  squares  of  all  four 
lumibers  is  442. 

20.  Two  casks  A  and  B  were  filled  with  two  kinds  of  sherry,  mixed 
in  the  cask  A_in  the  ratio  of  2  ;  7,  and  in  the  cask  B  in  the  ratio  of 
1^:  5.  What  quantity  must  be  taken  from  each  to  form  a  mixtui-e 
which  shall  consist  of  2  gallons  of  one  kind  and  9  gallons  of  the  other  i 

21.  Nine  gallons  are  drawn  from  a  cask  full  of  wine  3  it  is  then 
filled  with  water,lthen  nine  gallons  of  the  mixture  are  drawn,  and  the 
cask  is  again  filleil  with  water.  If  the  quantity  of  wine  now  in  the  cask 
be  to  the  quantity  of  water  in  it  as  16  to  9,  how  much  does  the  cask 

22.  If  four  positive  quantities  are  in  continued  proix)rtion,  shew 
that  the  difterence  between  the  first  and  last  is  at  least  three  times  as 
great  as  the  difference  between  the  other  two. 

.  23.  In  England  the  population  increased  15*9  per  cent,  between 
1871  and  1881 ;  if  the  town  population  increased  18  per  cent,  and  the 
country  population  4  ^xjr  cent.,  compare  the  town  and  country  i)opula- 
tions  in  1871. 

24.  In  a  certain  country  the  consumption  of  tea  is  five  times  the 
consumption  of  coffee.  If  a  jwr  cent,  more  tea  and  b  i)er  cent  more 
coffee  were  consumed,  the  aggregate  amount  consumed  would  bo  7c  per 
cent,  more ;  but  if  b  per  cent,  more  tea  and  a  per  cent,  luore  coffee 
were  consiuned,  the  aggregate  amount  consumed  would  be  3c'  per  cent, 
more  :  compare  a  and  b.  ^  ^i. 

25.  Brass  is  an  alloy  of  copi)er  and  mic  ;  bronze  is  an  alloy 
containing  80  per  cent,  of  cop^Hir,  4  of  zinc,  and  16  of  tin.  A  fused 
mass  of  bniss  and  bronze  is  found  to  contain  74j)er  cent,  of  cypiKir,  16 
oL^nc,  and  J.0  of  tin  :  find  the  ratio  of  copper  to  zinc  in  the  comi)osition 
of  brass. 

26.  A  crew  can  row  a  certain  course  up  stream  in  84  minutes; 
they  can  row  the  sajus^ourse  dnvyjj  jjj;,7-i Mun  in  ft  i)niin^^i2s_l2\ss  than 
they  could  row  jt  Jiujtill  water :  how  long  would  they  take  to  row  down 
with  the  stream?' 


M 


V   J( 
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CHAPTER   III. 


VARIATION. 


29.  Definition.  One  quantity  A  is  said  to  vary  directly 
as  anotlier  B^  when  the  two  quantities  depend  upon  each  other  in 
such  a  manner  that  if  B  is  clianged,  A  is  changed  in  the  same 
ratio. 

Note.  The  word  directly  is  often  omitted,  and  A  is  said  to  vary 
as  B. 

For  instance  :  if  a  train  moving  at  a  uniform  rate  travels 
40  miles  in  60  minutes,  it  will  travel  20  miles  in  30  minutes, 
80  miles  in  120  minutes,  and  so  on;  tlie  distance  in  each  case 
being  increased  or  diminished  in  the  same  ratio  as  the  time. 
This  is  expressed  by  saying  that  when  the  velocity  is  uniform 
the  distance  is  proportional  to  the  time,  or  the  distance  varies  as 
the  time. 

30.  The  symbol  oc  is  used  to  denote  variation ;  so  that 
A  rji  B  is  read  ^^A  varies  as  B." 

31.  -//A  varies  as  B,  t/ien  A  is  equal  to  B  multiplied  hy  some 
constant  quantity.. 

For  suppose  that  a,  a^,a^,a^...,  b,  b^,  6^,  b^...  are  corresponding 
values  of  A  and  B.      ^^ ^-^ 

mi         1       1  £    -i-        a       b       a       b       a       b  , 

Then,  by  definition,  — =^;    — =^:    — =7-;  and  so  on, 
a,      b,      a„      b/    a.,      b' 


.'.  r^  —  if  ^  jf  ^  •••'  ^^^^  being  equal  to  j- . 

^^  any  value  oi  A  .      ,  ^, 

Hence  -.; ''- ^^ ^ ^— „  is  always  the  same 

the  corresponding  value  01  B 

A 
that  is,  Yj  =  m,  where  ni  is  constant. 

X) 

.■.A=mB. 
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If  any  pair  of  corresponding  values  of  A  and  £  are  known, 
the  constant  m  can  be  determined.     For  instance,  if  ^  =  3  when 
^=12, 
we  have  S^mx  12; 

and  A  =  IR 

32.  Definition.  One  quantity  A  is  said  to  vary  inversely 
as  another  B,  wlien  A  varies  directly  as  the  reciprocal  of  B. 

Thus  if  A  varies  inversely  as  ^,  -4  =  -y-  ,  where  m  is  constant. 

The  following  is  an  illustration  of  inverse  variation  :  If  6  men 
do  a  certain  work  in  8  hours,  12  men  would  do  the  same  work  in 
4  hours,  2  men  in  24  hours ;  and  so  on.  Thus  it  appears  that 
when  the  number  of  men  is  increased,  the  time  is  proportionately 
decreased;  and  vice- versa. 

Example  1.  The  cube  root  of  x  varies  inversely  as  the  square  oi  y\  if 
a* =8  when  y  =  3,  find  x  when  y  =  1^,  ^  -^ 

By  supposition  ^x=  — , ,  where  m  is  constant. 

Putting  a: =8,  ?/  =  3,  we  have      2  =  -  , 

y 

.-.  w  =  18, 

and  s/x  =  ~„ ; 

3 
hence,  by  putting  y  =  jj  ,  we  obtain  a;  =  512. 

Example  2.  The  square  of  the  time  of  a  planet's  revolution  varies  as 
the  cube  of  its  distance  from  the  Sun ;  find  the  time  of  Venus'  revolution, 
assuming  the  distances  of  the  Earth  and  Venus  from  the  Sun  to  be  91  i  and 
66  miUions  of  miles  respectively. 

Let  P  be  the  periodic  time  measured  in  days,  D  the  distance  in  millions 
of  miles ;  we  have  P^  <x  D", 

or  P^  =  kD\ 

where  k  is  some  constant. 

For  the  Earth,  365  x  365  ^  fc  x  91^  x  91^  x  91^, 

,     4x4x4 


whence 


365     ' 
■  ■      365  • 


{: 
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For  Venus,  P^ = — ^^^  x  66  x  66  x  66 ; 

whence  P  =  4x66x^/?^^ 

V  365 

^264  X  J-123B,  approximately, 
=  264  X -85 
=  224-4. 
Hence  the  time  of  revolution  is  nearly  224 J  days. 

33.  Definition.  One  quantity  is  said  to  vary  jointly  as  a 
number  of  others,  when  it  varies  directly  as  their  product. 

Thus  A  varies  jointly  as  B  and  C,  when  A  -  mBC.  For  in- 
stance, the  interest  on  a  sum  of  money  varies  jointly  as  the 
principal,  the  time,  and  the  rate  per  cent. 

34.  Definition.  A  is  said  to  vary  directly  as  B  and  in- 
versely as  C,  when  A  varies  as  ^  . 

35.  7/*  A  varies  as  B  when  C  is  constant^  and  A  varies-OsSl. 
v)hen  B  is  constant,  then  will^  vary  gg  BC  when  both  B  and  0 
va/ryf" 

The  van'a,t,ion  of  A  dep,eiids.4]taii±ly^XMX.that-af  J{  a,,p.d partly  on 
that  of  C.     Suppose  these  latter _  variations  to  ~talie^  place  sepa-' 
catfily,  each  in  its  turn  pro3ucing  its  own  effect  on  A  ;  also  let 
%^6^Jbe  certain  simultaneous  values  of  A^  B,  C. 

1 .  Let  C  he^constant  whUe^^  changes  to  6 ;.-  tken.^.  must 
undergo  a^pgj-idalcTi^ge'an^^ 

a',  where 

^f «■ 

2.  Let  B  he  constant,  that  is,  let  it  retain  its  value  6,  while  C 
changes  to  c;  then  A  must  complete  its  change  and  pass  from  its 
intermediate  value  a'  to  its  final  value  a,  where 

-  =  ?  (2) 

From  (1)  and  (2)      4  x  <!' =  ^  x  ?  ;  (y,    .^'^ 

a       a       0       c  y 

that  is,  A^^  .  BC, 

be 

or  A  varies  as  BC.         \j^ 
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36.  The  following  are  illustrations  of  the  theorem  proved  in 
the  last  article. 

The  amount  of  work  done  by  a  given  number  of  men  varies 
directly  as  the  number  of  days  they  work,  and  the  amount  of 
work  done  in  a  given  time  varies  directly  as  the  number  of  men ; 
therefore  when  the  numl)er  of  days  and  the  number  of  men  are 
both  varial)le,  the  amount  of  work  will  vary  as  the  product  of 
the  number  of  men  and  the  number  of  days. 

Again,  in  Geometry  the  area  of  a  triangle  varies  directly  as 
its  base  when  the  height  is  constant,  and  directly  as  the  lieight 
when  the  base  is  constant;  and  when  both  the  height  and  base 
are  variable,  the  area  varies  as  the  product  of  the  numbers 
representing  the  lieight  and  the  base. 

Example.  The  volume  of  a  right  circular  cone  varies  as  the  square  of  the 
radius  of  the  base  when  the  height  is  constant,  and  as  the  height  when  the 
base  is  constant.  If  the  radius  of  the  base  is  7  feet  and  the  height  15  feet, 
the  volume  is  770  cubic  feet;  find  the  height  of  a  cone  whose  volume  is  132 
cubic  feet  and  which  stands  on  a  base  whose  radius  is  3  feet. 

Let  h  and  r  denote  respectively  the  height  and  radius  of  the  base 
measured  in  feet;,  also  let  V  be  the  volume  in  cubic  feet. 

Then  V=vir-h,  where  m  is  constant. 

By  supposition,  770  -  in  x  7-  x  15  ;  ^ 

22 

whence  m  —  —; 

ir        22     „, 

.-.  by  substituting  T'=  132,  r  =  8,  we  get 

whence  /i  =  14; 

and  therefore  the  height  is  14  feet. 

37.  The  proposition  of  Art.  35  can  easily  be  extended  to  the 
case  in  which  the  variation  of  A  depends  upon  that  of  more  than 
two  variables.  Further,  the  variations  may  be  either  direct  or 
inverse.  The  principle  is  interesting  because  of  its  frequent  oc- 
currence in  Phy.sical  Science.  For  example,  in  the  theory  of 
gases  it  is  found  by  experiment  that  the  pressure  (p)  of  a  gas 
varies  as  the  "absolute  temperature"  (t)  wlien  its  volume  (v)  is 
constant,  and  that  the  pressure  varies  inversely  as  the  volume 
wlien  the  temperature  is  constant ;  that  is 

p  oc  t,  when  v  is  constant ; 
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and  jt>  Qc  -  ,  wlien  t  is  constant. 

From  these  results  we  should  expect  tliat,  when  both  t  and  v  are 
variable,  we  should  have  the  formula 

/?  oc  - ,  or  p?;  =  kt^  where  k  is  constant ; 

and  by  actual  experiment  this  is  found  to  be  the  case. 

'^^ample.  The  duration  of  a  railway  journey  varies  directly  as  the 
distance  and  inversely  as  the  velocity;  the  velocity  varies  directly  as  the 
square  root  of  the  quantity  of  coal  used  per  mile,  and  inversely  as  the 
numberof  carriages  in  thejtrain.  In  a  journey  of  25  miles  in  half  an  hour 
\vith  IB~carriages  10  cwt.  of  coal  is  required ;  how  much  coal  will  be 
consumed  in  a  journey  of  21  miles  in  28  minutes  with  16  carriages? 

Let  t  be  the  time  expressed  in  hours, 
rf-the  disfeftHee  in  miles, 
V  the  velocity  in  miles  per  hour, 
q  the  number  of  cwt^  of  coal  used  per  mile, 
c  tlie  number^of-eamagesT 

We  have  t  cc  - ,'] 

and  V  a  — -  1 

whence  t  cc 


cd 


cd   \ 


or  t  —  —r-  ,  where  k  is  constant. 

/  10^ 

Substituting  the  values  given,  we  have  (  since  q  —  -^ 

1      fcx  18x25x5 


that  is,  k 

Hence  t  = 


2  Jio 

x/lO 


125  X  36 
_>/l0^cd 
125  X  36  ^^  • 

Substituting  now  the  values  of  t,  c,  d  given  in  the  second  part  of  the 
question,  we  have 

28  _  ViO  ^16x21 
60  ~    125>r36~^?    ' 
*u  .•  /       x/iOxl6x21       4      ,__ 

that  IS,  ^/q  -  -     ^5^28    "  =  25  ^^^  •' 

32 

whence  q  =  r^^ . 

21  X  82 

Hence  the  quantity  of  coal  is  -yner^  ~  ^^r^wt. 


^'-'% 

^  -  \1.^  ^ 
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EXAMPLES.    III. 

1.     If  X  varies  as  y,  and  x=8  when  y  =  15,  find  j;-  when  y  =  10, 


(^4 


2.     If  P  varies  inversely  as  Q,  and  P=7  when  <?  =  3,  find  P  when 


3.  If  the  square  of  x  varies  as  the  cube  of  y,  and  ;r  =  3  when  y  =  4, 
find  the  value  ofy  when  J' =-7:.  . 

3  10 

4.  A  varies  as  B  and  C  jointly;  if  ^  =2  when  B  =  -  and  C=—  , 

^^fiiui  C  when  J  =54  and  /?=3. 
A  5.    If  ^  varies  as  C,  and  i?  varies  as  C,  then  ^  ±  Z?  and  V-^i^  will 

^      6.     If  ^  varies  as  2?C,  then  B  varies  inversely  as  -  . 

2 

7.     P  varies  directly  as  Q  and  inversely  as  R\  also  P  =  ^  when 

t> 

Q^'laxxA  R=^:  find  (?  when  P=v48  and  E=^lE. 

-^     8.     If  A-  varies  as  ?/,  prove  that  x^+y^  varies  as  x^-y^. 

i  9.  If  ?/  varies  as  the  sum  of  t\to  quantities,  of  which  one  varies 
/directly  as  x  and  the  other  inversely  as  x  ;  and  if  y  =  6  when  x=4,  and 
f  y  =  3J  when  .r  =  3;  find  the  equation  between  x  and  ^: -— 

r  10.     If  .y  is  equal  to  the  sum  of  two  quantities  one  of  which  varies 

as  X  directly,  and  the  other  as  x^  inversely;  and  if  y  =  19  when  J7  =  2,  or 
3 ;  find  y  in  terms  of  x. 

^  '^^1-    £    ^^'     ^^  ^  varies  directly  as  the  square  root  of  B  and  inversely  as 
~ •  ■  "T-^tiie  cube  of  C,  and  if  yl  =3  when  2? =256  and  C=2,  find  B  when  ^=24 

and  C=  5  .  ' 

12.     Given  that  x  +  i/  varies  as  s+  - ,  and  that  .r-y  varies  as  ^-  -  , 

z  z 

find  the  relation  between  x  and  z,  provided  that  z  =  2  when  x=3  and 
y=l. 

A  13.     If  ^  varies  as  B  and  C  jointly,  while  B  varies  as  D^,  and  C 

varies  inversely  as  Ay  shew  that  vl  variesas^ 

14.  If  1/  varies  as  the  sum  of  three  quantities  of  which  the  first  is 
constant,  the  second  varies  as  .r,  and  the  third  as  x^;  and  if  ,y  =  0  when 
.r  =  1,  y  =  1  when  .r= 2,  and  y  =  4  when  x='d;  findj  when  a;=  7^ 

15.  When  a  body  falls  from  rest  its  distance  from  the  starting 
point  varies  as  the  square  of  the  time  it  has  been  falling  :  if  a  body  falls 
through  402^  feet  in  5  seconds,  how  far  does  it  fall  in  10  seconds? 
Also  howfar  does  it  fall  in  the  \^  second?  v  ^ 


4 


^1 


-J 


•xl 
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\J  16.     Given  that  the  volume  of  a  sphere  varies  as  the  cube  of  its 

radius,  and  that  when  the  radius  is  3^  feet  the  vokime  is  179|  cubic 
feet,  find  the  volume  when  the  radius  is  1  foot  9  inches. 

17.  The  weight  of  a  circular  disc  varies  as  the  square  of  the  radius 
when  the  thickness  remains  the  same ;  it  also  varies  as  the  thickness 
when  the  radius  remains  the  same.  Two  discs  have  their  thicknesses 
in  the  ratio  of  9  :  8 ;  find  the  ratio  of  their  radii  if  the  weight  of  the 
first  is  twice  that  of  the  second. 

Y  18.  At  a  certain  regatta  the  number- of  races,  on  each  day  varied 
jointly  as  the  number  of  days  from  the  beginning  and  end  of  the  regatta 
iVl>^to  and  including  the  day  in  question.  On  three  successive  days 
there  were  respectively  6,  5  and  ^  races.  Which  days  were  these,  and 
how  long  did  the  regatta  last  ? 

19.  The  price  of  a  diamond  varies  as  the  square  of  its  weight.  _ 
Three  rings  of  equal  weighl;,  eacTi  composed  of  a  diamond  set  in  gold^ 
have  values  £a,  £b,  £c,  the  diamonds  in  them  weighing^^_^4,_5^carats 
respectively.    'Shew  that  the  value  of  a  diamond  of  one  caratis" 

the  cost  of  workmanship  being  the  same  for  each  ring. 

20.  Two  persons  are  awarded  pensions  in  proportion  to  the  square 
root  of  the  number  of  years  they  have  served.  One  has  served  9  v^ii:8 
longer  than  the  other  and  receives  a  pension  greater  by  ^50.  "Tf^he 
length  of  service  of  the  first  had  exceeded  that  of  the  second  Dy"4|^  years 
their  pensions  would  have  been  in  the  proportioiuof  9  :  8^  How  long 
had  they  served  and  what  were  their  respective  pensions'/ 

y  21.  The  attraction  of  a  planet  on  its  satellites  varies  directly  as 
the  mass  (M)  of  the  planet,  and  inversely  as  the  square  of  the  distance 
(D) ;  also  the  square  of  a  satellite's  time  of  revolution  varies  directly 
as  the  distance  and  inversely  as  the  force  of  attraction.  If  m^,  d^,  ^j, 
and  7?i2,  c?25  hi  ^^^  simultaneous  values  of  M,  /),  T  respectively,  prove 
that 

m^^~  df 

Hence  find  the  time  of  revolution  of  that  moon  of  Jupiter  whose 
distance  is  to  the  distance  of  our  Moon  as  35  :  31,  having  given 
that  the  mass  of  Jupiter  is  343  times  that  of  the  Earth,  and  that  the 
Moon's  period  is  27*32  days.  ;  .^^ 

22.     The  consumptiomof  coal  by  a  locomotive  varies  as  the  square 
f  the  velocity ;  when  thespeed  is  1 6  miles  an  hour  the  consumption  of^ 
coal  per  hour  is  2  tons :  if  the  price  ot  coal  b^^i,  per  ton,  and  the  other 
expenses  of  the  engine  be  lis.  3o?.  an  hour,  find  the  least  cost  of  a  journey 
of  100  miles.  -rs^m^ 


nI 


% 


^  r        TVv 


¥- 


CHAPTER  IV. 

ARITHMETICAL   PROGRESSION. 

38.  Definition.  Quantities  are  said  to  he  in  Arithmetical 
Progression  when  they  increase  or  decrease  hy  a  common  dif- 
ference. 

Thus  eacli  of  tlie  following  series  forms  an  Aritlimetical 
Progression  : 

3,  7,   11,   15, 

8,  2,  -4,  -10, 

a,   a  +  dj   a  +  2d,   a  +  3d,  

The  common  difference  is  found  by  subtracting  any  term  of 
the  series  from  that  which  follows  it.  In  tlie  first  of  the  above 
examples  tlie  common  difference  is  4  ;  in  tlie  second  it  is  —  6  ;  in 
tlie  third  it  is  d. 

39.  If  we  examine  the  series 

a,  a  +  d,  a  +  2d,  a  +  3d, . . . 
we  notice  that  in  any  term  the  coefficient  of  d  is  always  less  by  one 
than  the  number  of  the  teo'm  in  the  seines. 

Thus  the  S""**  term  is  a  +  2d; 

G^^  term  is  a  +  5c?; 
20*»'termisa  +  19</; 
.  and,  generally,  the     p^^  term  is  a  +  (p-  l)d. 

If  n  be  the  number  of  terms,  and  if  I  denote  the  last,  or 
n^^  term,  we  have  /  =  fl^j:  (^i  —  1  )jl. 

40.  2'o  find  the  S2im  of  a  number  of  tprms  in  Arithmetical 
Progression. 

Let  a  denote  the  first  term,  d  tjie  common  difference,  and  n 
the  number  ot  terms.     Also  let  I  denote  the  last  terHL  and  a 
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f]iA_rgr|i^irf^f]   RIV"  J    t^^n 


■z.^  +  (^  ±iO  +  (^. ±  ^'^)  ±  •  •  •  +  (i -  2c/)  +^(^ -ii) _±i^  ^ 


and,  by  writing  the  series  in  the  reverse  order,  ]J8   A  ji>(^ 

8  =l+{l-  d)  +  {I -2d)+  ...+{a  +  2d)  +  (a  +  d)  +a. 
Adding  togetlier  these  two  series, 

'Is  ^  {a  +  I)  +  {a  +  I)  +  {a  +  I)  +  ...  to  n  terms 
=  n  (ft  +  I), 

[.  iJ  =  ^'(a\0 ,.......(1); 


and  1   lz=n.A-  (n  —^\  d^  .^ (2), 

=  |{2a  +  (»-l)rfj.._ (3). 

[iiThe  last  article  we  have  three  useful  forniulte  (1), 
(2),  (3)  ;  in  each  of  these  any  one  of  the  letters  may  denote 
the  unknown  quantity  when  the  three  others  are  known.  For 
instance,  in  (1)  if  we  substitute  given  values  for  s,  n,  I,  we  obtain 
an  equation  for  hnding  a;  and  similarly  in  the  other  formulae. 
But  it  is  necessary  to  guard  against  a  too  mechanical  use  of  these 
general  formulae,  and  it  will  often  be  found  better  to  solve  simple 
questions  by  a  mental  rather  than  by  an  actual  reference  to  the 
requisite  formula. 

Example  1.     Find  the  sum  of  the  series  6K,  6^,  8, to  17  terms. 

Here  the  common  difference  is  1;^;  hence  from  (3), 

the  sum  =  ^J  1 2  x  ^  +  IG  x  1^  l 

-y  (11  +  20) 
17x31 


2 

=  2631. 

Example  2.     The  first  term  of  a  series  is  Q^_the_laat-4^and  the  sum 
400 ;   find  the  number  of  terms,  and  the  common  difference. 

If  n  be  the  number  of  terms,  then  from  (1) 
400  =  |(o  +  45); 
whence  n  =  16. 


Tj:^  /-^  -i%( 
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If  d  be  the  common  difJerence 

45  =  the  IG'"  term  =  5  +  15d ; 
whence  d  =  2l. 

42.  If  cmij  two  terms  of  an  Arithmetical  Progression  l)e 
given,  the  series  can  be  completely  determined ;  for  the  data 
furnish  two  simultaneous  equations,  the  solution  of  which  will 
give  the  first  term  and  the  common  difference. 

Example.     The  54"'  and  4""  terms  of  an  A.  P.  are  -  61  and  64 ;  find  the 
23"'  term. 

,  If  a  be  the  first  term,  and  d  the  common  difference, 

-  61  =  the  54""  term  =  a  +  53d ; 

and  64  =  the    4"' term  =  a  +  3d ; 

whence  we  obtain  d«=--,a  =  71i; 

and  the  23"'  term  =  a  +  22d  =  16^. 

43.  Definition.  When  three  quantities  are  in  Arithmetical 
Progression  the  middle  one  is  said  to  be  the  arithmetic  mean  of 
the  other  two. 

Thus  a  is  the  arithmetic  mean  between  a  —  d  and  a  +  d. 

44.  Tojlrtd  the  arithmetic  mean  between  two  given  quantities. 

Let  a  and  b  be  the  two  quantities;  A  the  arithmetic  mean. 
Then  since  »v^4jj^_a^iu  A._El3yi3  iiui.st  haveX  " 

b- A  -A  —  a, 
each  being  equal  to  the  common  difference ; 

k  A      ^-^^       V 

whence  A  =  '^^—. 

45.  Between  two  given  quantities  it  is  always  possible  to 
insert  any  number  of  terms  such  that  the  wliole  series  thus 
formed  shall  be  in  A. P.;  and  by  an  extension  of  the  definition  in 
Art.  43,  the  terms  thus  inserted  are  called  the  arithmetic  means. 

Example.    Insert  20  arithmetic  means  between  4  and  67. 

Including  the  extremes,  the  number  of  terms  will  be  22 ;  so  that  we  have 
to  find  a  series  of  J2_term8  in  A.P^  of  which  4-ia  the  first  and  67  the  last. 

Let  d  be  the  common  difference ; 
then                                 4i7j=  the  22-*  term  =  4  + 21fl[ ; 
whence  d  =  3,  and  the  series  is  4,  XjJO, , ,      61 ,  f\i,  ^7.; 
and  the  required  means  are  7, 10,  13, 58,  71,  64. 
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46.  To  insert  a  given  number  of  arithmetic  means  between 
two  given  quantities. 

Let  a  and  b  be  the  given  quantities,  n  the  number  of  means. 

Including  the  extremes  the  number  of  terms  will  be  m  +  2 ; 
so  that  we  have  to  find  a  series  of  n  +  2  terms  in  A.  P.,  of  wliich 
a  is  the  lirst,  and  b  is  the  last. 

Let  d  be  the  common  difference ; 

then  b  =-  the  {n  +  2)*^^*  term 

=  a  +  {n+\)d; 

whence  d  — ,  : 


and  the  required  means  are 

b  —  a  2  lb- a)  n (b  —  a) 

n+  1  n+ 1  n+ 1 

Example  1.     The  sum  of  three  numbers  in  A.  P.  is  27,  and  the  sum  of 
their  squares  is  293 ;  find  them. 

Let  a  be  the  middle  number,  d  the  common  difference ;    then  the  three 
numbers  are  a-d,  a,  a±d. 

Hence  yi    ^    x      a-d  +  a  +  a  +  d  =  27 ; 

whence  a  =  9r  and  the  three  numbers  are  9^-^i^^j_9i:ci. 

.-.  (9-d)2  +  81  +  (9  +  d)2  =  293; 

whence  d=i5; 

and  the  numbers  are  4,  9,  14. 

Example   2.     Find  the   sum  of  the  first  p   terms   of  the   series  whose 
w"'  term  is  3w  -  1. 

By  putting  n=\,  and  7t  =2?  respectively,  we  obtain 

first  term = 2,  last  term  —  3^  -  1 ; 

.-.  sum=|(2  +  32J-l)=|(3/j  +  l).  ^ 

EXAMPLES.    IV.  a.  ^    .i4?'     -^^^r—    ^^U' 


L     Sum  2,  3|,  4^,...  to  20  terms.  kSjj,^  J  1^"^  ^ 


^ 


2.  Sum  49,  44,  39,...  to  17  terms. ,  '  .:y 

3     2       7  ' 

3.  Sum-,   -,   — ,...  to  19  terms.' 


rz 
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4.  Sum  3,  -,  Itj,..,  to  ?i  terms. 

5.  Sum  3*75,  3"5,  3*25,...  to  16  terms. 

6.  Sum  -7^,  -7,  -6^,...  to  24  terms. 

7.  Sum  1*3,  -3*1,  -7"5,...  to  10  terms. 

6  12 

8.  Sum  -,   ,  3^/3,  -T7  ,...  to  50  terms. 

9.  Sum  -,-,  ■-,.  ,  x^5,...  to  25  terms. 

J.O.     Sum  tt-36,  2a -56,  3a  — 76,...  to  40  terms.    • 

\      11.     Sum  2a  -  6,  4a  -  36,  6a  -  56,. . .  to  n  terms. 

"\  irt      o        «  +  ^  3a-6        .     ni  ,  / 

\    jv        12.     bum  — ^—  ,  a,  — - — ,...  to  21  terms.  / 

13.     Insert  19  arithmetic  means  between  j  and  -  9|. 

c  14.  Insert  17  arithmetic  means  between  3i  and  -41  J. 

>i      15.  Insert  18  arithmetic  means  between  -  35.t'  and  3.v. 

\/    16.  Insert  a;  arithmetic  means  between  .^•'^  and  1. 

17.  Find  the  sum  of  the  first  n  odd  numbers. 

18.  In  an  A.  P.  the  first  term  is  2,  the  last  term  29,  the  sum  155; 
\1  find  the  difterence.  ' 

19.  The  sum  of  15  terms  of^n  A.  P.  is  600,  and  the  connnon  differ- 
ence is  5 ;  find  the  fir^Ugrm. 

S       20.     The  third  term  of  an  A.  P.  is  18,  and  the  seventh  term  is  30  ; 
find  the  sum  of  17  terms. 

\  I        21.     The  sum  of  three  numbers  in  A.  P.  is  27,  and  their  product  is 
^  504;  find  them.  ^ 

22.     The  sum  of  three  numbers  in  A.  P.  is  12^  and  the  sum  of  their 
L    .cubes  is  408;  find  them. 

N      [23.     Find  the  sum  of  15  terms  of  the  series  whose  w""  terAi  is  4/i+ 1. 
^\,     24.     Find  the  sum  of  35  terms  of  the  series  whose  jw""  term  is  ^  +  2, 

25.     Find  the  sum  of  p  terms  of  the  series  whose  ;*"■  term  is     +  b. 

^  a 


t       \   26.     Find  the  sum  of  n  tenns  of  the  series 


2a2-l      ,       3     ea-'-S 
4a  -  - , 
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47.     In  an  Arithmetical  Progression  when  s,  a,  d  are  given, 
to  determine  the  values  of  n  we   have  the  quadratic  equation 


=  |{2a  +  (»-lH}; 


wlien  both  roots  are  positive  and  integral  there  is  no  difficulty 
in  interpreting  the  result  corresponding  to  each.  In  some  cases 
a  suitable  interpretation  can  be  given  for  a  negative  value  of  n. 

Example.  How  many  terms  of  the  series  -9,  -6,  -3,...  must  be 
taken  that  the  sum  may  bej)6  ? 

Here  |  {~18-i-(ji- 1)  3}  =66; 

that  is,  71-  -  7w  -  44  =  0,  i ' 

or  (n-ll)(w  +  4)  =  0; 

.'.    71=11  or  -  4. 

If  we  take  11  terms  of  the  series,  we  have 

-9,  -6,  -3,0,3,  6.  9.  la^  1^-  18.21: 
I 
the  sum  of  which  is  66. 

If  we  begin  at  the  last  of  these  terms  and  coiiinhackwards  four  terms,  the 
sura  is  also^;  and  thus,  although  the  negative  solution  does  not  directly 
answer  the  question  proposed,  we  are  enabled  to  give  it  an  intelligible  meanmg, 
and  Ave  see  that  it  answers  a  question  closely  connected  with  that  to  which 
|h^  positive  solution  applies.  - » 

48.     We  can  justify  this  interpretation  in  the  general  case  in 
the  following  way. 

The  equation  to  determine  n  is 

drt'  +  {^a-d)n-2s  =  0 (1). 

Since  in  the  case  under  discussion  the  roots  of  this  equation  have 
opposite  signs,  let  us  denote  them  by  n^  and  -  n^.  The  last 
term  of  the  series  corresponding  to  n^  is 

a  +  (nj  -  \)d; 

if  we  begin  at  this  term  and  count  backwards,  tlie  common 
difference  must  be  denoted  by  -  d,  and  the  sum  of  n.^  terms  is 

.    |/2(a+;^w)  +  K-i)(-rf)}, 

and  we  shall  shew  that  this  is  equal  to  s. 

H.  II.  A.  ;} 
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For  the  expression  =  „-  j  2rt  +  (2Wj  —  n^—  l)d[ 

=  2  I Srt^a  +  2n^n/l -  n^ {n,  +  \)d\ 

=  ^(4.9-2.)  =  ., 

since    -  n^   satisfies    dn^  +  (2^  -  d)  n  -  2s  =  0,    and    -  n,?i,    is    the 
product  of  the  roots  of  this  equation. 

49.  When  the  value  of  n  is  fractional  there  is  no  exact  num- 
ber of  terms  which  corresponds  to  such  a  solution. 

Example.     How  many  terms  of  the  series  26,  21,  16, ...must  be  taken  to 
amount  to  74? 

Here  |  {52  +  (n-l)(-5)}  =  74;^    , 

that  is,  •^-^^5n2-57n+148r=0, 

or  (7t-4)(5n-37)=0; 

.*.   71  =  4  or  7|. 

Thus  the  number  of  terms  is  4.,  It  will  be  found  that  the  sum  of  7  terms 
is^reater,  while  the  sum  of  Sperms  is  less  than  74._ 

50.  We  add  some  Miscellaneous  Examples. 

Example  1.     The  sums  of  n  terms  of  two  arithmetic  series  are  in  the 
ratio  of  7;i  + 1  :  4m  +  27 ;   find  the  ratio  of  their  ll"*  terms. 

Let  the  first  term  and  common  difference  of  the  two  series  be  rtj,  d^  and 

00,  ^2  respectively. 

w   u  2a,  +  (n-l)di      7/i  +  l 

^\ehave  ^^Li__.  _^x  =.  __  . 

Now  we  have  to  find  the  value  of  -^ — t^-}  ;  hence,  bv  putting  7i  -21,  we 

obtain 

2a,jf20rfi  _  148  ^  4 
2'a2  +  20f/.j~lli~3' 

thus  the  required  ratio  is  4  :  3. 

Example  2.     If  .<?„  S^,  >%,... S^  are  the  sums  of  n  terms  of  arithmetic 
series  whose  first  terms  are  1,  2,  3,  4,...  and  whose  common  differences  are 

1,  3,  *>,  7,... ;  find  the  value  of 
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Wehave  Si=|  {2  +  (n-l)}=^^ 

S,=|H  +  {n-l)3}=--M, 

S,^~{2p  +  {n-l){2p-l)}=l{{2p-l)n  +  l]; 
.'.  the  required  sum=  ~  {(«  +  l)  +  (3n  +  l)+ {2p - 1 .  w  +  1)} 

a 

=  |{n(l  +  3  +  5+...2irT)+i>} 


=  f("i>Hrl). 


EXAMPLES.    IV.  b. 

\\    1.     Given  a=  -  2,  (^=4  and  5  =  160,. find  n. 

n/     2.     How  many  terms  of  the  series  12,  16,  20,^.  must  be  taken  to 

make  208?  ^^ 

3.  In  an  A.  P.  the  third  term  is  four  times  the  firstjterm,  and  the 
sixth  term  is  17i  find  the  series. 

4.  The  2"'S  31'*,  and  last  terms  of  an  A.  P.  are  7|,  ^  and  -  6^ 
respectively ;  find  the  first  term  and  the  number-nCjterms^ 

5.  The  4'^  42"*',  and  last  terms  of  an  A.  P.  are  0,  -95  and  -  125 
respectively ;  find  the  fii-st  term  and  the  number  of  terms. 

6.  A  man  arranges  to  pay  off  a  debt  of  £360JQ  by  40  annual 
instalments  which  form  an  arithmetic  series.  When  30  of  the  instal- 
ments are  paid  he  dies  leaving  a  third  of  the  debt  unpaid :  find  the 
value  of  the  first  instalment. 

X  7.  Between  two  numbers  whose  sum  is  2^  an  even  number  of 
trithmetic  meaiis^is-insertedj;  the  sum  of  these=meanFre^peeas_jtneir 
number  byj^nity  :  how  many  means  are  there  ? 

8.^  The  sum  of  n  terms  of  the  series  2,  5,  8,..,  is  950 :  find  n. 
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i 


\j       9.     Sum  the  series  ^j 7-  »  ^ »  t- — t-j  •••  to  ?i  terms. 

^  l+V-=«^  1  -^    1  — a/^ 

10.     If  the  sum  of  *; 
find  the  sum  of  n  terms. 


\       10.     If  the  sum  of  V  terms  i.s^9,  and  the  sum  of  17  terms  is  2QPr 


n/ 


11.  If  the  p^^,  g'**',  r***  terms  of  ai^^  A.  P.  ar^  a,  6,  c  respectively,  shew 
hat  (g-r)  6r+  (r - jo)  ft  +  (p - g)  c  =  0. 

12.  The  sum  of  jt?  terms  of  an  A.  P.  is  q,  and  the  sum  of  q  terms  is 
p ;  find  the  sum  of  jo  +  q  terms.  ;      ,,     ^ 

-f (i  :'    ■ '  •    '■  -  ' 

13.  The  sum  of  four  integers  in  A.  P.  is  24,  and  their  product  is 
945 ;  find  them.  ^-^  '^^      - 

14.  Divide  20  into  four  parts  which  are  in  A.  P.,  and  such  that  the 
product  of  the  first  and  fourth  is  to  the  product  of  the  second  and  third 
in  the  ratio  of  2  to  3. 

15.  The  p^^  term  of  an  A.  P.  is  q,  and  the  q^^  term  is  p ;  find  the 
m*^  term. 

'       16.     How  many  terms  of  the  series  9,  12,  15,...  must  be  taken  to 
make  306?  '  • 

\  17.     If  the  sum  of  n  terms  of  an  A.  P.  is  2?i  +  3n^,  find  ^he  r'**  term, 

18.  If  the  sum  of  m  terms  of  an  A.  P.  is  to  the  sum  of  n  terms  as 
r/i^  to  n\  shew  that  the  m^^  term  is  to  the  n^^  terin  as  2?n  -J.  isjto  %]i  -  1. 

\  19.     Prove  that  the  sum  of  an  odd  number  of  terms  in  A.  P.  is  equal    ^ 

^    to  the  middle  term  multiplied  by  the  niunber  ofterms.  k       C\,  ^'^  T 

20.     If  s  =  ?i  (5?i  -  3)  for  all  values  of  ?i,  find  the  jo**"  term.         ' 

.'.         21.     The  number  of  terms  in  an  A.  P.  is  even  ;  the  sum  of  the  od<4^ 
terms  is  24,  of  the  eyenj;grms30,  and  theja§lterm  exceeds  the  first  by 
10.^  :  find  the  mimSer  of  terms.    ,  \-  * 

^       22.     There  are  two  sets  of  numbers  each  consisting  of .XtermaiiiA^  P. 

I  and  the  sum  of  each  set  is  15.  The  common  difterence  of  the  first  set 
is  greater  by  1  than  the  common  difference  of  the  second  set,  and  the 
product  of  the  first  set  is  to  the  product  of  the  second  set  as  7  to  8 :  find 
the  numbers.  -^^ 

23.  Find  the  relation  between  .r  and  y  in  oi*der  that  the  r"'  mean 
between ^an^^  ^.mav  be  the  same  as  the  r'**  mean  between  2.i?  and  y, 
n  means  Dei'ng  inserted  in  each  case. 

•    24.     If  the  sum  of  an  A.  P.  is  the  same  for  p  as  for  q  terms,  shew 
that  its  sum  ^or  p  +  q  temis  is  zero. 
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.c 


CHAPTER    V. 


GEOMETRICAL   PROGRESSION. 

51.  Definition.  Quantities  are  said  to  be  in  Geometrical 
Progression  when  they  increase  or  decrease  by  a  constant  factor. 

Thus  each  of  the  following  series  forms  a  Geometrical  Pro- 
gression :  '; 

3,  6,  12,  24,  

1      _1      1       _1 

3'    9'         27' 

6^,  ar,  ar^,  ar^, 

The  constant  factor  is  also  called  the  common  ratio,  and  it  is 
found  by  dividing  any  term  by  that  which  immediately  j^'Gcedes 
it.     In  the  first  of  the  above  examples  the  common  ratio  is  2  ;  in 

the  second  it  is  —  ^^ ;  in  the  third  it  is  r. 
o 

52.  If  we  examine  the  series 

a,  ar,  ar^,  ar^,  ar^, 

we  notice  that  in  any  term  the  index  of  r  is  always  less  by  one 
than  the  number  of  the  term  in  the  series. 

Thus  the  Z^^  term  is  ar^ ; 

the  6***  term  is  ar^; 

the  20*^  term  is  ar'"; 

and,  generally,  thejp*''  term  is  ar^~\ 

If  n  be  the  number  of  terms,  and  if  I  denote  the  last,  or  »*"' 
term,  we  have  ^  =  ar"~\ 

53.  Definition.  When  three  quantities  are  in  Geometrical 
Progression  the  middle  one  is  called  the  geometric  mean  between 
the  other  two. 
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To  find  the  geometric  mean  between  two  given  quantities. 

Let  a  and  h  be  the  two  quantities;  G  the  geometric  mean. 
Then  since  a,  G,  b  are  in  G.  P. , 

b_G 
G~  a' 

each  being  equal  to  the  common  ratio  ;| 

.-.G'^ab; 

whence  G  =  Jab. 


54.      To  insert  a  given  nvmher  of  geoinetric    means    between 
two  given  quantities. 

Let  a  and  b  be  the  givenquar^ies,  n  the  number  of  means. 

In  all  there  will  be  ^^+_2jteimis^  so  that  we  have  to  find  a 
series  of  nj^  2  terms  in  G.  P.^  of  which  a  is  the  first  and  b  the  last. 

Let  r  be  the  conimon  ratio ; 


then 


/ 


^  the  (n  +  2y^  term 


r 


(!)• 


Hence  the  required  means  are    ar,  ar",...  ar",  where  r  has  the 
value  found  in  (1). 

Example.     Insert  4  geometric  means  between  160  and.5. 

We  have  to  find  6JermsJn_fi^  of  which /160  is  the  firgt.  and  5  the 


Let  r  be  the  common  ^-atio ; 


then  5  =  the  sixth  term 
=  160r«: 


whence 


and  the  means  are  80,  40.  20,  10. 


32' 
1 
'2' 
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55.     To  find  the  sum  of  a  number  of  terms^  in  Geometrical 
Progression. 

Let  a  be  tlie  first  term,  r  the  common  ratio,  n  the  number  of 
terms,  and  s  the  sum  required.     Then 

s^a  +  ar  +  ar-  + +  ar"^^  +  ar"~^ ; 

multiplying  every  term  by  r,  we  have 

j^^ar  +  n.r^+ +  ar'-i±^r"-''  +ar".        '        ^ 

Hence  by  subtraction, 

rs  —  s=^  ar"  —  a ;  y^ 

...  (r-l)s  =  «(r"-l);        ;^^^ 
air"-!) 

.'.    S  = T • 

r-l 
Changing  the  signs  in  numerator  and  denominator, 

.  =  '^) (2)/ 

1-r 

Note.    It  will  be  found  convenient  to  remember  both  fomis  given  above 
for  s,  using  (2)_^in  all  cases  except  yfhen  t^^^fi^Jim^Mm^ 
Since  ar'*-i  =  Z,  the  formula  (1)  may  be  written 

rl-a 
r-l 
a  form  which  is  sometimes  useful. 

2             3 
Example.     Sum  the  series  ^  ,  -  1.  g '  *^  "^  terms. 

3     ^^^"^^ 
The  common  ratio  ==  -  h  ''  hence  by  formula  (2) 


.(1). 


the  sum  =  »»'•         "y" 

1+2 

2  (2187) 

3  1+  128) 

5 

2 

2      2315     2 


463 

'  96 


40 

56. 


The  sum  to  n  terms 
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lA. 

,      1        1 

1 

les    A  J   9  >    92  > 

¥' 

4' 

('     1 

1-9 

-(-^) 

2.-1- 

From  tins  result  it  appears  that  however  many  terms  be 
taken  the  sum  of  the  above  series  is  always  less  than  2.  Also  we 
see  that,  by  making  n  sufficiently  large,  we  can  make  the  fraction 

^-'-^  as  small  as  we  please.     Thus  by  taking  a  sufficient  number 

of  terms  the  sum  can  be  made  to  differ  by  as  little  as  we  please 
from  2. 


k 


In  the  next  article  a  more  general  case  is  discussed. 
57.     From  Art.  55  we  have  s       ^ 


^Vl^ 


\—r      \—r 


Suppose  r  is  ar  p^^pperfrac^ion ;  then  the  greater  the  value  of 

n  the  smaller  is  the  value  of  ?•",  and  consequently  of  ;j ;  and 

therefore  by  making  n  sufficiently  large,  we  can  make  the  suui  of 
n  terms  of  the  series  differ  from  - —   by  as  small  a  quantity  as 

we  please. 

This    result    is    usually  stated  thus  :    the  sum  of  aii  injinile 
number  of  terms  of  a  decreasing  Geometrical  Progression  is  :.—     ; 

or  more  briefly,  tJte  sum  to  infinity  is  z .      /  '  • 

Example  1.    Find  three  numbers  in  G.  P.  whose  sum  is  19,  and  whose 
product  is  216. 

Denote  the  numbers  by  -,  a,  ar;  then  -  x  a  x  ar  =  21G :   hence  a  =  6,  and 


the  numbers  are    ,  6,  Br. 


GEOMETRICAL   PROGRESSION.  41 

.-.   ^  +  6  +  6r=19; 
r 

.-.  6-13r  +  6?-2=0; 

3       2 

whence  r  =  ^  or  - . 

Thus  the  numbers  are  4,  6,  9. 

Example  2.     The  sura  of  an  infinite  number  of  terms  in  G.  P.  is  15,  and 

the  sum  of  th^r^qua-resis  45  ;  find  the  series.  ^"        '^ 

Let  a  denote  the  first  term,  r  the  common  ratio ;   then  the  sum  of  the 

terms  is ;  and  the  sum  of  their  squares  is  -z . . 

1  -  r  ^  1  -  r2 

Hence  __^  =  15 (1) 

1  -  r ^  '' 


a' 


:45 (2). 


Dividing  (2)  by  (1)  'i^r^^ • i% 

and  from  (1)  and  (3)  i~  =  ^' 

2 
whence  »'  =  „  ,  and  therefore  a  — 5. 
o 

T,,       ^,          .      .    ^     10      20 
Ihus  the  series  is  5,   -7- ,   -— , 

EXAMPLES.    V.a. 


V 


^l 


1      c        112        ^    ^, 

1.  bum  -,-,-,.,.  to  7  terms. 

^       u.       t) 

2.  Sum  -2,  2^,   -31,...  to  6  terms. 

3 

3.  Sum-,  1^,  3,...  to  8  terms. 


4.     Sum  2,  -4,  8,...  to  10  terms. 

\j    5.     Sum  16-2,  5:4,  1-8,...  to  7  terms. 

6.     Sum  1,  5,  25,.,.  to  jt?  terms. 

1  fi 
;  7.     Sum  3,  -4,  ^  ,...  to  2n,  terms. 

\  V   8.     Sum  1,  V3,  3,...  to  12  terms. 

1  8 

9.     Sum  y^  ,  -2,  --^,...  to  7  terms. 


/ 
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11        3 
XO.     Suin  --,  ^,  -T,.--  toV  terms. 

X\  4 

11.  Insert  3  geometric  means  between  2^  and  -  - 

12.  Insert  5  geometric  means  between  3g  and  40^. 

y  13.     Insert  6  geometric  means  between  1 4  and  -  — 
V  Sum  the  following  series  to  infinity ;  u     \u 

^,...  15.     -45,  -015,  -0005,...  1/ 


14.     ^,  -1,  ^,...  15.     -45,  -015,  -0005,...  ^f^  ^ jO 


\\'A^16.     1-665,  -1-11,  -74,...  17.     3-1,3-^^3-3,...    . 

^f        \q8.     3,  V3,  1,...  19.     7,  V42,  6,... 

j^r^     ^20.     The  sum  of  the  first  6  terms  of  a  G.  P.  is  9  times  the  siuu  of 
"^    the  first  3  terms ;  find  the  common  ratio. 

!    VJ21.     The  fifth  term  of  a  G.  P.  is  81,  and  the  second  term  is  24 ;  find 
-:^^.^tlie  series.  ^|.^-^    _..^,;^; 

A  ^  22.     The  sum  of  a  G.  P.  whose  common  ratio  is  3  i^  728,  and  the 

last  term  is  486 ;  find  the  first  term. 

.J      23.     In  a  G.  P.  the  first  term  is  7,  the  last  term  448,  and  the  sum 
889;  find  the  common  ratio.       ,,  ,,,v     -      -  ^S  .  .       ■-  KA-l')(- 

24.     The  sum  of  three  numbers  in  G.  P.  is  38,  and  their  product  is 
1728;  find  them.  '    '      '"/* 

25.  The  continued  product  of  three  lumibers  in  G.  P.  is  216,  and 
the  sum  of  the  products  of  them  in  i)aii's  is  156 ;  find  the  luimbei-s. 

26.  If  Sp  denote  the  sum  of  the  series  1  +rP  +  r^  +  ...  ad  inf.,  and 
P          Sj,  the  sum  of  the  series  1  —  r'^  +  ^'^p  -  ...  ad  inf.,  prove  that 

,  -    ^  Sp  +  8p  =  2S,p. 

27.  If  the  y'',  g-"',  r"'  terms  of  a  G.  P.  bo  a,  h,  t-  resixictively,  pro\'c 
that  a«-'Z>'--PcP-«=l. 

28.  The  sum  of  an  infinite  number  of  tei-ms  of  a  G.  P.  is  4,  and  the 
sum  of  their  cubes  is  192  ;   find  the  series. 

58.     llecurring  decimals  furnish  a  good  illustration  of  infinite 
Geometrical  Progressions. 

Eaximplc.     Find  the  value  of >^23.  1  t^  I  H_ 

•423  =  -4232323 ^9    0 

4        23  23 


10  '  1000  '  100000  "*" 
4       23      23 

10"*"  io«'^io»"^ 
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thati.            .,28=i,^?^(l  +  i,+ 

W'+ ) 

4       23         1 
10  "^  103-          1 

102 

4       23    100 

.  ~io"^io3- 99 

4       23 
~  10  '•'  990 

' 

419 

which  agrees  with  the  value  found  by  the  usual  arithmetical  rule. 

^ 


59.  Tlie  general  rule  for  reducing  any  recurring  decimal  to 
a  \'ulgar  fraction  may  be  proved  by  the  metliod  employed  in  the 
last  example ;  but  it  is  easier  to  proceed  as  follows. 

To  find  the  value  of  a  recurring  decimal. 

Tiftt  ^  dp.nntpi  thpi  fignrps  whinh  do  i^(^t  recur,  and  suppose 
tliem  p  in  number;  let  Q  denote_thej;ecumng.pejiQiLcQnsisting  of 
5' figures ;  let  D  denote  the  value  of  the  recurring  decimal ;  then 

D  =  'PQQQ 

.-.  m^D^P'QQQ 

and  W^'' X  J)  ^  FQ-QQQ 

therefore,  by  subtraction,  (10"^'  -  10'')  D  =  PQ-  F; 

that  is,  10"{10^-1)I)^2'Q-F; 

PQ-P 


D  = 


(10''- 1)10' 


Now  10"—  1  is  a  number  consisting  of  q  nines  :  therefore  the 
denoininatoi'  consists  of  q  nin€s  followed  -j^yjt^  eipbers^.  Hence 
we  have  the  following  rule  for  reducing  a  recurring  decimal  to  a 
vulgar  fraction  : 

For  the  numerator  subtract  the  integral  nutnher  consisting  of 
the  non^'ecurring  figures  from  the  integral  number  consisting  of 
the  non-recurring  and  recurring  figures ;  for  the  denominator  take 
a  number  consisting  of  as  many  nines  as  thei^e  are  recurring  figures 
followed  by  as  many  ciphers  as  there  are  non-recurriyig  figures. 
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60.      Tojind  the  sum  o/n  terms  of  the  series 

a,   (a  +  d)r,   (a  +  2d)  r,   (a+3d)r\ 

in  tvhich  each  term,  is  the  product  of  corresponding  terms  in  an 
aritlimetic  and  geometric  series. 

~/~-  Denote  the  sum  by  S  \  then 

*S^  =  a  +  (a  +  c^+  {a  +  2oQ^+  ...+(«  +  w  -  l</)r^' ; 
.-.  rS:=  a/r  ■\-  (a  +  d)T^+ ...+(a-[-n-2d)r''~^+{a+n^\d)r''. 

By  subtraction, 
S{l-r)  =  a  +  {dr  +  dr^+  ...-^  dr"'^)  -  (a  +  n-ld)  r" 


/<^' 


a         dr  (1  -  r"   ')      (a  +  n-  Id)  r" 


Cob.     Write  S  in  the  form 

a  dr  dr"         (a  +  n~  Id)  r" 

then  if  r<l,  we  can  make  r"  as  small  as  we  please  by  taking  n 
sufficiently  great.  In  this  case,  assuiimig  that  all  the  terms  which 
involve  r^  can  be  made  so  small  that  they  may  be  neglected,  we 

obtain  _ +  ji. .-„  for  the  sum  to  infinity.     We  shall  refer 

..'  \  -r     {i-ry  "^ 

y  J»^iis  point  again  in  Chap.  XXI. 

In  summing  to  infinity  series  of  this  class  it  is  usually  best  to 
proceed  as  in  the  following  example. 

Example  1 .     If  a;  <  1 ,  sum^  the  series 

l  +  2a:  + 3x2  +  4x3+ to  infinity. 

Let  S  =  l  +  2x  +  3x2  +  4a:3+ ; 

.-.  xS=         x  +  2x2  +  3x3+ ; 

.\  S(l-x)  =  l  +  x  +  x''»  +  x3+ 


/ 
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Example  2.    Sum  the  series  l+i  +  ^+=^  +  ...ton  terms. 
5     5p      &•* 

„     ,     4      7      10  3n-2/ 

Let  ^-^  +  5  +  5-^+5-3+ +  -5^1  ' 

1  1      4      7  3n-5     3«-2 
■'■5             5"^52"^5»"^ ■*■  6«-i  **"     S™    ' 

4„     ,       /3      3       3  3   \      3n-2 

•••    5^=1+  (5  +  5^^  +  ^^+ +5^.j-    -SiT- 

,      3  /,      1      1  1   \      3n-2 

?  5'>-i  _  3w-2 

5 

_7      12»  +  7.  /    ^  Ml^ 

-4"  "4.5«  '  -^^    ^  "'^'^ 

35  _    12m +7  ^  ^ 

•'•   '^  ~  16      16 .  5«-i '  ,  . 

EXAMPLES.    V.  b.  ^ 

i/  1.     Sum  l+2a  +  Za^  +  4a^  +  ...  to  ?i  terms. 

«     r,        ,     3      7       15      31  X    .  ^   .J. 

-    2.    Sum  14-4  + j^+g4  +  25g  +  ...to„mfimty. 

3.     Sum  1  +  3.V + 5a'2 + 7^.3  _j.  9^4  _f.  _   to  infinity,  .r  being  <  1. 

2  3       4 

^     4.     Sum  1  +2  +  22  +  93 "*"■■■  *^  '^  terms.  (^t^ 

5.  Sum  ^+2'^4:'^8^"'^^  infinity.  M' 

6.  Sum  1  +  3.V  +  6.V-  +  lOa-"^  + .  .^  to  infinity,  .r  being  <  L ) 

7.  Prove  that  the  {71  +  iy^  term  of  a  G.  P.,  of  which  the  first  term 
is  a  and  the  third  term  b,  is  equal  to  the  (2?i+l)"Vterm  of  a  G.  P.  of 
which  the  fii-st  term  is  a  and  the  fifth  term  b. 

8.  The  sum  of  2n  terms  of  a  G.  P.  whose  first  term  is  a  and  com- 
mon ratio  r  fs  equal  to  the  sum  of  jw>of  a  G.  P.  whose  first  term  is  b  and 
common  ratio  f^.  Prove  that  b  is  equal  to  the  sum  of  the  first  two 
terms  of  the  fii-st  series. 
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\i     9.     Find  the  sum  of  the  infinite  series 

l  +  {l+b)r  +  (l  +  b  +  b'-)r'-  +  {l  +  b  +  b''  +  b^)i^+..., 
r  and  b  being  proper  fractions. 

10.  The  sum  of  three  numbers  in  G.  P.  is  70 ;  if  the  two  extremes 
be  multiplied  each  by  4,  and  the  mean  by  5,  the  products  are  in  A.  P. ; 
find  the  numbers. 

11.  The  first  two  terms  of  an  infinite  G.  P.  are  together  equal  to  5, 
and  every  term  is  3  times  the  simi  of  all  the  terms  that  follow  it ;  find 
the  series. 

Sum  the  following  series  : 

12.  .v,^  a,  .r2 + 2a,  .r^ + 3d . .  .M^  terms. 
^^^^^U^'jc  (.r  +  J/)  -hx^  (.r2  4.  ^2)  ^  (^^3)  ^ ...  to  w  terms. 

14.  «  +  -,  .3a--,  5a  +  — +  ...  to  2jo  terms. 

2      3       2       3       2       3 

15.  3  +  ^2  +  33  +  ^  +  36  +  30+- t"i"£l}iS- 

16.  -  -  ^2  +  fs"^  74  -"tT"  70  +  •  •  •  *«  mfinity. 

17.  If  a,  b,  c,  rtbe  in  G/T^T^rove  that  ,  ^ 

,:  \b~c)^  +  (c-ay  +  (d-b)^  =  (a-d)M 

18.  If  the  arithmetic  mean  between  a  and  b  is  twice  as  great  as  the 
geometric  mean,  shew  that  a  :  6  =  2  +  ^^3  :  2-v'3. 

19.  Find  the  sum  of  n  terms  of  the  series  thoj^^^term  of  which  is) 

(2^-1  )2^ 

:  -^       --         r<  ^_'  ^-^   "- 

20.  Find  the  sum  of  2n  terms  of  a  series  of  which  eveiy  even  term 
is  a  times  the  term  before  it,  and  every  odd  term  c  times  the  term 
before  it,  the  first  term  being  unity. 

21.  If  JS^  denote  the  sum  of  7ijteraQSjofaG;_PJw^  first  term  is 
a,  and  common  ratio  r^  find  the  aum'on^{^~S^:pS^^S2n-i' 

22.  If  /S'l,  S,^,  S^,...Sj,  are  the  sums  of  infinite  geometric  series, 
whose  first  terms  are.l,  2,  3,...p,  and  whose  common  ratios  are 

prove  that  S.  +  S^+S^^ ...*{-Sp=^(p  +  S).  . 

23.  1  f  ?•  <  1  and  positive,  and  m  is  a  positive  integer,  shew  tliat 

(2wi  +  l)r"*(l-r)<l  -r^  +  \ 
Hence  shew  that  nr**  is  indefinitely  fimiall  when  n  is  indefinitely  great. 


(- 


?7^  -hj)(l  >n  -h)\ 


rxfy^)"^^ 


CHAPTER  VI. 


HARMONICAL   PROGRESSION.      THEOREMS   CONNECTED  WITH 
THE   PROGRESSIONS. 

61.  Definition.     Three  quantities  a,  b,  c  are  said  to  be  in 

Harmonical  Progression  when  -  =  ^r—  • 

c     b  —  c 

Any  number  of  quantities  are  said  to  be  in  Harmonical 
Progression  when  every  tJiree  consecutive  terms  are  in  Har- 
monical Progression. 

62.  The  reciprocals  of  q'nantities  in  Harmonical  Progression 
are  in  Arithmetical  Progression. 

By  definition,  if  a,  5,  c  are  in  Harmonical  Progression. 

a     a  —  h 

c      b-c'  i      r  ^ 

.-.  a(6-c)-c  («-&),  __L^    - 

dividing  every  term  by  ahc^-  "■'"'  "*     C         r 

/     1 _1       11 
)       c      b" l      a\ 

which  proves  the  proposition. 

63.  Harmonica!  properties  are  chiefly  interesting  because 
of  their  importance  in  Geometry  and  in  the  Theory  of  Sound  : 
in  Algebra  the  proposition  just  proved  is  the  only  one  of  any 
importance.  There  is  no  general  formula  for  the  sum  of  any 
number  of  quantities  in  Harmonical  Progression.  Questions  in 
H.  P.  are  generally  solved  by  inverting  the  temis,  and  making  use 
of  the  properties  of  the  corresponding  A.  P. 
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64.  To  find  the  harmonic  mean  between  two  given  quantities. 

Let  a,    b   be   the  two  quantities,  7/  their  harmonic   mean 

then  -  ,  ^,,    Y  are  in  A.  if. ; 

a  H      0 


1  M 


Example.    Insert  40  harmonic  means  between  7  and  -^ . 

Here  6  is  the  42";' Jerm  of  an  A,  P.  whose  first  term  is  -  ;  let  rf  be  the 


\  <J 

common  difference  ;   then  ^'-^ 

1  1  V 

6  =    -f  41fZ ;  whence  d=^-.  '^^ 

Thus  the  arithmetic  means  are  --,    -, ^  ;  and  therefore  the  har- 

7 
monic  means  are  3J,  2J,...— r . 

65.     li  A^  G,  H  he  the  arithmetic,  geometric,  and  harmonic 
means  between  a  and  6,  we  have  proved 

a  +  b 

"2"  


(V 


\G  =  J^ (2). 

/7=^..... (3). 

a+b  ^  ' 


Tlierefore  AH  -^  -^  =  ab^G'; 

that  is,  G  is  the  geometric  mean  between  A  and  //. 
From  tliese  results  we  see  that 

,      ^     a  +  b       ,—r    a  +  b  —  2  Jab 
A-G=  --  _  J(d)= 2~ 


<"j^")' 
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which  is  positive  if  a  and  h  aie  positive ;  llierefore  the  arithmetic 
mean  of  any  two  positive  quantities  is  greater  than  their  ^eomej^c 
mean.  — ======s««^ 

Also  from  the  equation  G^  =--  A  //,  we  see  that  G  is  inter- 
mediate in  value  between  A  and  II;  and  it  has  been  proved  that 
A>  G^  therefore  G  >  H  \  that  is,  the  arithmetic,  geometric^  and 
harmonic  means  between  any  two  positive  quantities  are  in  descending 
order  of  magnitude. 

66.  Miscellaneous  questions  in  the  Progressions  afford  scope 
for  skill  and  ingenuity,  the  solution  being  often  neatly  effected 
by  some  special  artifice.  The  student  will  find  the  following 
hints  useful. 

1.  Tfjhp    s?i.mp.  qHMntity  bo  iddnd   t.n^    nn  rnlif  rmnf  nfl   fr»nm     nil 

thp,  tpnnsjif„aii-A,P.,  the  resulting  terms  will  form  an  A. P.  with 
the  same  common.  difJerence  as-bfifo*e.     [Art.  38.] 

2.  If  all  the  terms  of  an  A.  P.  be  multiplied  or  divided  by 
the  same  quantity,  the  resulting  terms  will  form  an  A. P.,  but 
with  a  new  conunon  difference.     [Art.  38.] 

3.  If  all  the  terms  of  a  G.P.  be  multiplied  or  divided  by  the 
same  quantity,  the  resulting  terms  will  form  a  G.P.  with  the 
same  common  ratio  as  before.     [Art.  51.] 

4.  If  a,  b,  c,  d...  are  in  G.P.,  they  are  also  in  continued  ^tro- 
portion,  since,  by  definition, 

(ij_^c^  ^1  -^.Jl^ 

bed     r'  1 


Conversely,  a  series  of  quantities  in  continued  proportion  may 
be  represented  by  x,  xr,  xr^, 

Example   1.     If  «-,  IP,  c-  are  in  A.  P.,  shew  that  h-\-c,  c  +  <r,   a  +  h   are 
in  H.  P. 

By  adding  ab  +  ac-\-  he  to  each  term,  we  see  that 

a^  +  ab  +  ac-\-he,    h"  +  ha  +  bc  +  ac,    c'^ +Ctt  +  c6  + at  are  in  A.P.; 
that  is  (a  +  b)  {a  +  e),  (b  +  c)(b  +  a),  (c  +  a)  {e  +  b)  are  in  A.  P. 

.'.,  dividing  each  term  by  {a  +  b){b  +  c)  [c  +  a), 
111 


wy 


that  is,  h  +  c,  c  + a,  a -i^b  a.re  in 

H.  H.  A. 


A.P. ;  7 
H.P.       ( 
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Example  2.     If  I  the  last  term,  d  the  common  difference,  and  s  the  sum 
of  n  terms  of  an  A.  P.  be  connected  by  the  equation  Sds  —  (d  +  21)^,  prove  that 

d^2a. 

Since  the  given  relation  is  true  for  any  number  of  terms,  put  n  =  l ;  then 

a  =  l~s. 

Hence  by  substitution,  8ad  =  {d  +  2a)  2, 

or  ^  (d-2a)2  =  0; 

.'.d=^2a. 

Example  3.     If  the  p'*',  q**",  r^^,  s""  terms  of  an  A.  P.  are  in  G.  P.,  shew  that 
p-q,  q-r,  r-s  are  in  G.P. 

With  the  usual  notation  we  have 

a  +  {p-l)d_a  +  {q-l)d     a  +  {r~l)d 

a  +  {q-l)d     a  +  {r-l)d~a  +  {8-l)d        L^^'' ««•     l*^J ' 

.'.  each  of  these  ratios 

_  \a  +  {p-l)d\-{a+{q-l)d}  _  {a+{q-l)d}-{a  +  (r-l)d\ 
{a+iq-l)d\-{a+(r-l)d}~  {a  +  (r-l)d}-{a  +  (8-l)d} 

q-r      r-s' 
^^  \  Hence  p  -  5,  5  -  r,  r  -  s  are  in  G.P. 

67.     The  numbers   1,   2,   3, are  often  refeiTed.tp  as  tjie 

nafiirf^^  ny^pihera ;    the  9t"'  terni  ofjbhe  series  is  ql,  and  the  sum  of 

the  jrst  n  terms  is^  (/i  +1). 


68.      To  find  the  sum  of  the  squares  of  tha  first  n    natural 
y/umbers,  ^ 

Let  tlie  sum  be  denoted  by  JS ;  then 

^=r  +  2*  +  3'+ -Mr. 

We  liave  j^-{n-iy^  874^ -?n-\-l; 

and  by  clianging  n  into  ti—  1, 

(n  -  ly  -  (rt  -  2y  --:  'Sin -  ly  -  '6{n  -  1)  +  1  ; 
Bin.ilarly      {n  -  2)^  -  {n  -  3)^  -  3{n  -  iy  -  3(m  -  2)  +  1  ; 


3='-2''-3.3"-3.3+ 1; 
2»  -  P  =  3 .  2' -  3 .  2  +  1  ; 
l»-0^=3.r-3.l4-l. 
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Hence,  by  addition, 


.-.  3S  =  n^-n  +  — 4l ^ 

, •-. zsf 

=  n{n  +  l){n-l  +f); 
_n{n-i-\}(2nW)      \_ 


69.      7o  ^7td    the  siwi  of  the    cubes    of  the  first    ii  natural 
nuvibers. 

Let  the  sum  be  denoted  by  S ',  then 

S=V+2'  +  ^'+ +n\ 

We  liave  n*-{n-  1)'  =  in^  -  6n'  +  4/4  -  1  j 

(ri  _  2)^  -  (/i  -  3)'  -  4  (n  -  2)'  -  6  (7^  -  2)-^  +  4  (n  -  2)  -  1 ; 


3^-2*^4. 3^-6. 3^  +  4. 3-1; 
2"  -  1"  =-  4  .  2^  -  6  .  2^  +  4  .  2  -  1 ; 
r-0*-4.P-6.r  +  4.1-l. 
Hence,  by  addition, 

.-.  4>S'^r**  +  9r+?ri^2^+...,;fcag^t^  4  (1  +  2  +  ...  +7i) 
=  71*  +  n  +  n{n+  \)  (2?^+  1)  -2»t^n+^l) 
-  91  {n  +  l)t??-9*+l  +  2w  +1-2) 
=  n  (n  +  1 ).  (ai^^tji)  j 

^,     yi^(^+l)\    fn(?i+l))=-'    ^.^ 
'  4         ~  (.32—/; 

Thus  tlie  sum  of  the  cubes  of  the  first  11  natural  nutnbers  is 
equal  to  the  square  of  the  sum  of  these  rtumbers. 

The  formulse  of  this  and  the  two  preceding  articles  may  be 
applied  to  find  the  sum  of  the  squares,  and  the  sum  of  the  cubes 
of  the  tenns  of  the  series 

a,  a  +  d,  a  +  2d, 
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70.  Ill  referring  to  tlie  results  we  ]);ive  just  proved  it  will 
be  convenient  to  introduce  a  notation  which  the  student  will  fre- 
quently meet  with  in  Higher  Mathematics.  We  shall  denote  tlie 
series 

1^-2+3+  ...  +n  by  2yt; 
V  +  2'  +  3^+  ...  +  /t^JtfJSi^ ; 

where  %  placed  before  a  term  signifies  the  sum  of  all  terms  of 
which  that  term  is  the  general  type. 

Examjde  1.     Sum  the  series 

1  .  2  +  2  .  3  +  3  .  4+ ..._tojt-temis. 

The  w""  term  =  n{n  +  l)  =  7i'  +  n',   and  by  writing  down   each   term  in  a  ^ 
similar  form  we  shall  liave  two  columns,  one  consisting  of  the  first  n  natural 
numbers,  and  the  other  of  their  squares.  ^^  I 

.-.  the  8um  =  S;i2  +  2?i 


w(n+l)(2n  +  l)     n(H  +  l)^ 

2 
n{n  +  l)   ^2w.  +  l 
2 


.-  w 


n(n  +  l)(/i  +  2) 


3 

Example  2.     Sum  to  n  terms  the  series  whose  «"'  term  is  2""^  +  8;t*  -  6n^. 
Let  the  sum  be  denoted  by  S ;  then 
S  =  2  2«-i  +  82;H3-62na 

_  2»    1     8n'(n  +  l)g  _  6H(n+l)  (2n  +  l) 

~  2-1  "^4  6 

=  2»-l  +  7i(n  +  l){27i(n  +  l)-(2n+l)} 

=  2''-l  +  n(n  +  l)(2/i2-l). 


EXAMPLES.    VI.  a. 

1.  Find  the  fourth  term  in  each  of  the  following  series : 
^         (1)     2,  2*,  31,.. 

^         (2)     2,2^,3,..  Q-.r 

V(3)     2,  2^,  31,...  ^  ^      ■ 

2.  Insert  two  harmonic  mciuis  between  5  and  11. 

2  2 

3.  Insert  four  harmonic  means  between  „  and  -  ^  . 

o  1«3 
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4.  If  12  and  9|  are  the  geometric  and  harmonic  means,  respect- 
ively, between  two  nnmbers,  find  them. 

5.  If  the  harmonic  mean  between  two  quantities  is  to  their  geo- 
metric means  as  12  to  13,  prove  that  the  quantities  are  in  the  ratio 
of  4  to  9.  ,:,^:/o 

#^.     If «,  ^,  c  be  in  H.  P.,  shew  that  ^\     ,    ^ 

y^,/  a  :a-b  =  a-\-c  :a-c.     _  Q;j,;>L'' ■'   ■ 

V^      7.     If  the  7)1*^^  tei-m  of  a  H.  P.  \>e  equal  to  w,  and  the  n^^  term  be    ^A^'  -v^ 
equal  to  m.  prove  that  the  (m  +  nY^  term  is  equal  to .  ^       ;  Jy  ^ 

^        a         ^  ^  ^  m  +  n  '■■■'  \ 

8.  If  the  jt*"*,  2"',  »■"'  terms  of  a  H.  P.  be  a,  6,  c  respectively,  prove 
that  {q  -  r)  be  +  (r  -p)  ^a  +  (p-  q)  ab^  0. 

9.  If  6  is  the  harmonic  mean  between  a  and  c^  prove  that 


b-a     b  —  c     a     c 


term  is 


Find  tbo  sum  of  n  terms  of  the  series  whose  11"' 

r:  ^^-^«-^^_  J         ^    . 

V       10.     ^n^-n.  11.     71^  +  - n.  12.     n(w  +  2).     ifA-^'^ 

13.     n2(2«  +  .3).     ,        14.'.  3"-^';'/  15.     3(4^«+2;i-)-4w3. 

16.  If  the  (m+lA  (h  +  I)"',  and  (r  + 1)*'^. terms  of  an  A.  P.  are  in 

G.  P.,  and  w?,  in,  r  are  in  H.  P.,  shew  that  the  ratio  of  the  common 

2 
diflerence  to  the  first  term  in  the  A.  P.  is  —  . 

n  ! 

17.  If  It  on,  n  are  three  numbers  in  G.  P.,  prove  that  the  first  term 
of  an  A.  P.  whose  l^\  m'**,  and  w***  terms  are  in  H.  P.  is  to  the  common     ^ 
difference  as  w  +  1  to  l.\  -  ';     ■ 

18.  If  the  sum  of  n  terms  of  a  series  be  a  +  bn  +  cn%  find  the  w"* 
term  and  the  nature  of  the  series.  '»*'.'!^*' "^"  '^  i-  '   u  c. 

19.  Find  the  sum  of  n  terms  of  the  series  whose  n**"  term  is 
n  ^  n  - ;  "^  ■.  An  (71^  + 1)  -  (Qn^  + 1).  ,  i^  . .'  -   ■  '-^  -  \c^     > 

V^''"  -  >-  ^^  "  .  .  .  ^^  ~      \ 

20.  If  between  any  two  quantities  there  be  inserted  two  arithmetic  '^ 
means  A^,  A. 2;  two  geometric  means  Gi,  G^',  and  two  harmonic  means 
//i,  7/2;  shew  that  G^G^  :  11^11^  =  A^-\-A^  \  H^^-H.^. 

21.  If  jo  be  the  first  of  n  arithmetic  means  between  two  numbers. 

and  q  the  first  of  n  harmonic  means  between  the  same  two  numbers, 

//i-|-l\2 
prove  that  the  value  of  q  cannot  lie  between  p  and  ( r  j  p. 

22.  Find  the  sum  of  the  cubes  of  the  terms  of  an  A.  P.,  and  shew    <^^  -* 
that  it  is  exactly  divisible  by  the  sum  of  the  terms.  \. 
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Piles  of  Shot  and  Shells. 

71.  To  find  the  number  of  shot  arranged  in  a  complete 
j)i/ramid  on  a  square  base. 

Suppose  tliat  each  side  of  tlie  base  contains  n  sliot ;  tlien  tlie 
number  of  shot  in  tlie  lowest  layer  is  n";  in  the  next  it  is  (n—iy; 
in  the  next  (n-2Y;  and  so  on,  up  to  a  single  shot  at  the 
top. 

...   S^n'  +  {n-iy  +  {n-2y+...  +  \ 

^^l(-±}m^t±}}  [Art.C8.] 

72.  To  find  the  number  of  shot  arranged  in  a  complete 
jiyramid  the  base  of  which  is  an  equilateral  triangle. 

Suppose  that  each  side  of  the  base  contains  n  shot ;  then  the 
number  of  shot  in  the  lowest  layer  is 

n-^{n-\) -\-{n-2)+ +  1; 

XI    X  •  n(n+\)       1.2       . 

that  IS,  —^ — -  or  -  (n''  +  n) , 

In  this  result  write  w  -  1,  w  -  2, for  7i,  and  we  thus  obtain 

the  numljer  of  shot  in  the  2nd,  3rd, layers. 

.-.  S=\{%n'  +  %n) 

^n(n^l^K^  [Art.  70.] 

73.  To  find  tlie  number  of  sJiot  arranged  in  a  complete 
ptjramid  the  base  of  which  is  a  rectangle. 

Let  m  and  n  be  the  numl)er  of  shot  in  the  long  and  sliort  side 
respectively  of  the  base. 

The  top  layer  consists  of  a  single  row  of  m,  -  (n  -  1 ),  or 
VI  -  n+  I  shot ; 

in  the  next  layer  the  number  is  2  {m  -n+2); 

in  the  next  layer  the  number  is  3  (//i  -  n  +  3) ; 

and  so  on ; 

in  the  lowest  layer  the  number  h  n{m~n+  n). 
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.•.  JS  ={m-Qi  +  l)  +  '2  (m  —  71  +  2)  +  S(ni - n  +  3)  +  . . .  +  n{m  - n  +  n) 
=  {m - n)  (1  +  2  +  3  +  ...  +  n)  +  (r  +  2V  3^  +  ...  +  n^) 
{m  - n)  n  (n  +  \)     n  {n  +  \)  {2n  +  \) 

=   ->-    -  '  {3  (m  -  n)  +  2/i  +  1 } 

n{n+\){3m-n+\) 
=  g  . 

74.     To  Jind  the  number  of  shot  arrangexl  in  an  incomplete 
pyramid  the  base  of  which  is  a  rectangle. 

Let  a  and  b  denote  the  number  of  shot  in  the  two  sides  of  the 
top  layer,  n  the  number  of  layers. 

In  the  top  layer  the  number  of  shot  is  ab  ; 

in  the  next  layer  the  number  is  («  +  1)  (6  +  1)  ; 

in  the  next  layer  the  number  is  (a  +  2)  (6  +  2) ; 

and  so  on  : 


in  the  lowest  layer  the  number  is  (a  +  n-1)  {b  +n-l) 
or  ab  +  (a  +  b){n-l)  +  (n-  ly. 

.'.  S^abn  +  {a  +  b)'^(n-l)  +  :${n-iy 

,       (n-\)n(a  +  b)      (n  -  I)  n  (2  .  ^ii^l  +  1) 

=  abn  +  ^ -^ +  ^ —--->. 

2  6 

=  ^{Qab  +  3(a  +  b){n-l)  +  {n  -\){2n  -  1)}. 

75.      In  numerical  examples  it  is  generally  easier  to  use  the 
following  method. 

Example.     Find  the  number  of  shot  in  an  incomplete  square  pile  of  16 
courses,  having  12  shot  in  each  side  of  the  top. 

If  we  place  on  the  given  pile  a  square  pile  having  11  shot  in  each  side  of 
the  base,  we  obtain  a  complete  square  pile  of  27  courses; 

and  number  of  shot  in  the  complete  pile= ^ =6930  ;     [Art  71.] 

11  X  12  X  23 
also  number  of  shot  in  the  added  pile  = —^ =  506  , 

.-.  number  of  shot  in  the  incomplete  pile  ^  6424. 
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EXAMPLES.     VI.  b. 

Find  the  number  of  shot  in 

1.  A  square  pile,  having  15  shot  in  each  side  of  the  base. 

2.  A  triangular  pile,  having  ]  8  shot  in  each  side  of  the  base. 

3.  A  rectangular  pile,  the  length  and  the  breadth  of  the  base  con- 
taining 50  and  28  shot  respectively. 

4.  An  incomplete  triangular  pile,  a  side  of  the  base  having  25  shot, 
and  a  side  of  the  top  14. 

5.  An  incomplete  square  pile  of  27  courses,  having  40  shot  in  each 
side  of  the  base. 

6.  The  numl)er  of  shot  in  a  complete  rectangular  pile  is  24395 ;  if 
there  are  34  shot  in  the  breadth  of  the  base,  how  many  are  there  in  its 
length  ? 

7.  The  number  of  shot  in  the  top  layer  of  a  square  pile  is  169, 
and  in  the  lowest  layer  is  1089;  how  many  shot  does  the  pile  contain  ? 

8.  Find  the  number  of  shot  in  a  complete  rectangular  jMle  of 
15  courses,  having  20  shot  in  the  longer  side  of  its  base. 

9.  Find  the  number  of  shot  in  an  incomplete  rectangular  pile, 
the  number  of  shot  in  the  sides  of  its  upper  course  l)eing  1 1  and  1 8, 
and  the  number  in  the  shorter  side  of  its  lowest  course  heiug  30. 

10.  What  is  the  immber  of  shot  required  to  complete  a  rectangular 
pile  having  15  and  6  shot  in  the  longer  and  shorter  side,  resi>ectively,  of 
its  uj^per  course? 

11.  The  numl)cr  of  shot  in  a  triangular  pile  is  greater  by  150  than 
half  the  number  of  shot  in  a  square  pile,  the  inimber  of  layers  in  each 
being  the  same ;  find  the  number  of  shot  in  the  lowest  layer  of  the  tri- 
angular pile. 

12.  Find  the  number  of  shot  in  an  incomplete  squjire  pile  of  16 
coiH'ses  when  the  number  of  shot  in  the  upper  course  is  1005  less  than 
in  the  lowest  course. 

13.  Shew  that  the  iuimlx;r  of  shot  in  a  square  pile  is  one-fourth  the 
number  of  shot  in  a  triangular  pile  of  double  the  number  of  courses. 

14.  If  the  number  of  shot  in  a  triangular  pile  is  to  the  number  of 
shot  in  a  square  pile  of  double  the  number  of  courses  as  13  to  175;  find 
the  number  of  shot  in  each  pile. 

15.  The  value  of  a  triangular  pile  of  16  lb.  shot  is  ^51 ;  if  the 
value  of  iron  be  10.?.  Gd.  i)er  cwt.,  find  the  numlier  of  shot  in  the 
lowest  layer. 

16.  If  from  a  complete  square  pile  of  n  courses  a  tri.angular  pile  of 
the  same  number  of  courses  be  formed  ;  shew  tliat  the  remaining  shot 
will  he  just  sufficient  to  form  another  triangular  pile,  and  find  the 
number  of  shot  in  its  side. 


,/ 


CHAPTER   VII. 


SCALES   OF   NOTATION. 


76.  The  ordinary  numbers  with  which  we  are  acquainted  in 
Arithmetic  are  expressed  by  means  of  multiples  of  powers^oULO ; 
for  instance 

25-2  X  10  +  5; 

4705  =  4  X  107+ 7^x  10^  +  0x10  +  5. 

This  method  of  representing  numbers  is  called  the  common  or 
denar^i^cale  of  notion,  ami  t-ai^  is  snid  fn  be  the  radix  of  the 
scale.  The  symbols  employed  in  this  system  of  notation  are  ftte 
nine  digits  and  zero. 

In  like  manner  any  number  other  than  ten  may  be  taken  as 
the  radix  of  a  scale  of  notation ;  thus  if  7  is  the  radix,  a  number 
expressed  by  2i^  ^'epresents  2x7^ +  4x7" +5x7  +  3;    and  in 
p><4his  scale^no  di^it  higher  than  j  can  occur. 

Again  in  a  scale  whose  radix  is  denoted  by  y  tlip.  nbovp 
number  2^4il3-Stands  ior^'Ii^  +  Jir^-5r  +A-  More  generally,  if  in 
the  scale  whose  "radix  is  r  we- denote  the  digits,  beginning  with 
that  in  the  units'  place,  by  aJ^Ja^^a^ii^^«  ;  then  the  number  so 
formed  will  be  represented^b^^'^*'^^^'^^^ 

ar  +  a„_,r"^+  a„./'=^-^ ...+  af  +  a,r  4  a„, 

where  the  coefficients  a^^  a^_^,..M^  are  integers,  all  less  than  o-,  of 
which  any  one  or  more^afFeTtHeTTi^srtrray^be  zero. 

Hence  in  this  scale  the  digits  are  rinmvmjjerj  their  values 
ranginor  from  0  to  rzz_L—  / 

V ---^        3  O^  ^  S- 

7Z,  The  nj^es  Binarv,  Teri^a^,  Quaternary,  Quinary,  Senary^ 
Septenary,  Octenary,  Nonary^  Denary,  Un^deuaiy,  amTDuodenary 
are  used  to  denote  the  scales  corresponding  to  the  values  two, 
three,... twelve  of  the  radix. 
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^^     "*    In  the  undenary,  duodenary,. . .  scales  we  shall  require  symbols 

^        to  represent  the  digits  which  are  greater  than  nine.     It  is  unusual 

to  consider  any  scale  higher  than  that  Avith  radix  twelve ;  when 

necessary  we  shall  employ  the  symbols  <,  6,  T  as  digits  to  denote 

*  ten ',  '  eleven '  and  '  twelve '.  —  ^  ~ 

It  is  especially  worthy  of  notice  that  in  every  scale  10  is  tlie 
symbol  not  for  '  ten  ',  but  for  the  radix  itself. 

78.  The  ordinary  operations  of  Arithmetic  may  be  performed 
in  any  scale ;  but,  bearing  in  mind  that  the  successive  powers  of 
the  radix  are  no  longer  powers  of  ten,  in  determining  the  cminjing 
figures  we  must  not  di\^d.e  by  ten,  but  ,b^^he  radix  of  the  scale 


Example  1.     In  the  scale  of  eightsubtraci;^  371532  from   530225,  and 
multiply  the  difference  by  27.  ' 


530225  136473 

371532  /    27  y 


13647a  1226235 

275166 


Jv^'^ 


4200115 


Explanation.  Aitet  the  first  figure  of  the  subtraction,  since  we  cannot 
take  3  from  2  we  addSj  thus  we  have  to  take  3  from  ten,  which  leaves  7 ;  then 
6  from  ten,  which  leaves  4;  then  2  from  eight  which  leaves  6;  and  so  on. 

Again,  in  multiplying  by  7\j5r^iiave- 

3  X  7=t\rgnry"one  =  2x8  +  5j^ 
we  therefore  put  down  5  and  caxEjL^i 

Next  7x7  +  2  =  fifty  one  =  6x8|3; 

put  down  3  and  carry  6 ;   and  so  on,  until  the  multiplication  is  completed. 

In  the  addition, 

3  +  6  =  nine  =  lx8  +  l; 
we  therefore  put  down  1  and  carry  1. 

Similarly  2  +  6  +  l  =  nine  =  l  x8  +  l; 

and  6  +  l+l  =  eight  =  lx8  +  0; 

and  so  on. 

Example  2.     Divide  l^et20  by  9jn  the  scale  of  twelv^ 
9)i5e?20  ' 

l«g96...6. 
Explanation.     Since  15  =  lxr+5  =  seventeen  :=  1  x  9  +  8, 
we  put  down  1  and  carry  8. 

Also  Bx_X^ e  =  one  hundred  and  seven  =  ^  x 9  +  8 ; 
we  therefore  put  down  e  and  carry  8 ;  and  bo  on. 
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Example  3.     Find  the  square  root  of  442041  in  the  scale  of  seven. 
L4264ii546 


V^ 


13411020/, 

[go/ 

1416112441 
12441 


EXAMPLES.    VII.  a. 


Add  together  23241,  4032,  300421  in  the  scale  of  five. 
'       ^."IFTncl  the  sum  of  the  nonary  numbers  303478,  150732,  264305. 

3.  Subtract  1732765  from  3673124  in  the  scale  of  eight. 

4.  From  3^e756  take  2e4&2  in  the  duodenary  scale. 

5.  Divide  the  difference  between  1131315  and  235143  by  4  in  the 
scale  of  six. 

6.  Multiply  6431  by  35  in  the  scale  of  seven. 

7.  Find  the  product  of  the  nonary  numbers  4685,  3483. 

8.  Divide  102432  by  36  in  the  scale  of  seven. 

9.  In  the  tga^j^jr^cale  subtract  121012  from  11022201,  and  divide 
the  result  by  1201. 

V  10.     Find  the  square  root  of  300114  in  the  quinary  scale.        ^  ^'i^ 

V  11.     Find  the  square  of  tttt  in  the  scale  of  eleven. 

12.  Find  the  G.  C.  M.  of  2541  and  3102  in  the  scale  of  seven. 

13.  Divide  14332216  by  6541  in  the  septenary  scale. 

14.  Subtract  20404020  from  103050301  and  find  the  square  root  of 
the  result  in  the  octenary  scale. 

15.  Find  the  square  root  of  ee^OOl  in  the  scale  of  twejve. 

16.  The  following  numbers  are  in  the  scale  of  six,  find  by  the  ordi- 
nary rules,  without  transforming  to  the  denary  scale : 

(1)  the  G.  C.  M.  of  31141  and  3102 ; 

(2)  the  L.  C.  M.  of  23,  24,  30,  32,  40,  41,  43,  50. 

79.      To  express  a  Qiven  integral  number  jn  any  'proposed  scale. 

Let  N  be  the  ^ivei^^^H^bar,  and  r  the  radix  of  th^  pjpnposftd 
scale.  »*^iBi"^^"'^ 

Let  a^,  a,,  a^^,...a^  be  the  required  digits  by  which  N  is  to  be 
expressed^  beginning  with  \\\^\-  In^jJaff  nn'*"'  p^— -'"  •  -^^^^^^ 
N  =  ar'  +  a^_,r"~*  +  . . .  +  a^r^  +  a{r  +  a„. 
We  have  now  to  find  the  values  of  a^,  a^,  a^^...a^ 
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Divide  N  by  r,  then  the  remainder  is  a^,  and  tlie  quotient  is 

If  this  quotient  is  dividedjjy  r,  the  remainder  is  ci^, 

if  the  next  quotient   a^~ 

and  so  on,  until  tliere  is  no  further  quotient. 

Thiis.iill  tl>e  pequiced  digit&-a,y^.,^g^^jjri^^^^^^^  are  determined  b^. 
sii^^*^p[gJYf  divis^^^g  ^^y  iJ^^x-»a.a4Af  ^f  ^^^^  prnriTse(3"s9j^,le.  ~ 

Example  1.     Express  the  denary  number  5213  in  thejgala,fl£-seye». 


Thus  5213  =  2  X  7*+ Ix  73  +  1  x7-  +  2x  7  +  5; 

and  the  number  required  is  21125.  >  A  ^  ) 

,    Example  2.     Transform  21125  from  scale  seven  to  scale  eleven. 
^  ^         e)2n2b 

^)1244T t 

7)61. 0 

3. t 

.'.  the  required  number  is  3fOL 

Explanation.    In  the  first  line  of  work 

21  =  24^JL=  fifteen  =  1  x  e  +  4 ; 
therefore  on  dividing  by  e  we  put  down  1  and  carry  4.  _ 

Next  4  x  7j>WiaKenty  niQe=2x^e> 7  ;  ^ 
therefore  weputaown  2  and  carry  7;  and  so  on. 

Example  3.    Reduce  7215  from  scale  twelye^toscsdetep  by  working  in 
scale  ten,  and -verify  the  result  by  working  in  the^caleTwelv^. 
r         7215                                      /)7215  ] 

!    12  /)874 1  I 

In  scale!  *^**  ^  f  of  twelve 

often      1    _12  010. 4  i 

I     1033  1 2 

I  12  ■' 

1 12401 
Thus  the  result  is  12401  in  each  case. 

Explanation.  7215  in  scale  twelve  means  7  x  12'^  +  2  x  12-  + 1  x  12  +  5  in 
jjcale_t£H.  The  calculation  is  most  readily  eflfected  by  writing  this  expression 
in  the  form  [{(7  x  12  +  2)  <  x  12  + 1]  x  12  +  5  ;  thus  we  multiply  7  by  12,  and 
add  2  to  the  product;  then  we  multiply  80  by  12  and  add  1  to  the  product; 
then  1033  by  12  and  add  5  to  the  product. 
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80.     Hitherto  we  liave  only  discussed  wJiole;  iiuiiil»ers;    but 
fcactionjs-iia^alsa  be-expressed  in  any  scale  of  not  at  ion  ;  tlius 

2        5 
v2^in  scale  ten  denotes  :j^  +  - — ,; 
)  10      lU' 


9 


o 


"25  in  scale  six  denotes  tt  +  ^., , 
6      6- 

2      5 
■25  in  scale  r  denotes  — h  -^ . 
r      r 


Fractions  tlms  expressed  in  a  form  analogous  to  that  of 
ordinary  decimal  fractions  are  called  radix-fractions,  and  the  point 
is  called  the  radix-point.  The  general  type  of  such  fractions  in 
scale  r  is 

^    ^-^    K 

r      r       r 

where  6j,  b^,  b.^, . . .  are  integers,  all  less  than  ?•,  of  which  any  one 
or  more  may  be  zero. 

81.      To  exjjress  a  given  radix  fraction  in  any  iwoposed  scale. 

Let  F  be  the  given  fraction,  and  r  the  radix  of  the  proposed 
scale. 

Let  6j,  5^,  63,...  be  the  required  digits  beginning  from  the 
left;  then 

fJ-^^%^\^ 

r      r'      r 

We  have  now  to  find  the  values  of  6^,  63,  6^, 

Multiply  both  sides  of  the  equation  by  r ;  then 

,^^=6,+i+*|+   ; 

Hence  b^  is  equal  to  the  integral  part  of  rF ;  and,  if  we  denote 
the  fractional  part  by  F^ ,  we  have 

t\J-^A^ 

^      r      r 

Multiply  again  by  r ;  then,  as  before,  6„  is  the  integral  part 
of  rF^ ;  and  similarly  by  successive  multiplications  by  r,  each  of 
the  digits  may  be  found,  and  the  fraction  expressed  in  the  pro- 
posed scale. 
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If  in  tlie  successive  multiplications  by  r  any  one  of  the 
products  is  an  integer  the  process  terminates  at  this  stage,  and 
tlie  given  fraction  can  be  expressed  by  a  Unite  number  of  digits. 
But  if  none  of  the  products  is  an  integer  the  process  will  never 
terminate,  and  in  this  case  the  digits  recur,  forming  a  radix- 
fraction  analogous  to  a  recurring  decimal. 

13 
Example  1.     Express  -^-  as  a  radix  fraction  in  scale  six^ 

13     _     13x3     ,.7 


X6: 


l^^'^l 


i-=^-^=y 


x6  =  3j 


4      5       1      _3 


HI 


.'.  the  required  fraction : 

=  •4513.  >.  . 

Example  2.     Transform  16064*24  from  scale  eight  to  scale  five. 
We  must  treat  the  integral  and  the  Tractional  parts  separately, 
_/  5)16064 .  -24 

y^-  5)2644!.  0  5 

5)440..  4  fvii 

6)71..  3  I      5^  ,^t'^- 

5)13..  2  W.64 

"^..ll  j     5 

(ToT 

(0-24 

After  this  the  digits  in  the  fractional  part  recur;   hence  the  required 
number  is  212340-1246. 

82.  In  aujj  scale  of  iLotation  of  which  the  radix  is_\\  the,  mim. 
of  the  digits  of  any  whol^^JtminksJL^dimdeJJ^^  the 

sanie  remainder  as  the  whole  uimiljiULsiivi^siL^^^^X^ 

Let  y  denote  the  number,  «„,  «,,  a^, a^  the  digits  Ijegin- 

ning  with  that  in  the  units'  place,  and  aS'  the  sum  of  the  di^^its- 

then  °      ' 

X 


,'.  N 


S=a^ 
AS'=a,  (r- 


„  +  a,  +  ttg  + +  a^_j  -f  a^ 

l)+a^{r'~l)+ +«,-,V""'-l)  +  «.(r"-l). 
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Kow  every  term  on  the  right  liand  side  is  divisible  by  r  -  1  ; 
.  . =-  ^  an  integer ; 

that  is, 

wliere  /  is  some  integer ;  Avliich  proves  the  proposition. 

Hence  a  number  in  scale^/>-  will  bp  rii'xMciV.lp  hy  ^.  _  ]  wlion  fho 
sum  of  its  digitsis  divisible  by  r  -  1. 

83.  By  taking  r=10  we  learn  from  the  above  proposition 
that  a  nujiiber  divided  by  9  will  leave  the  same  remainder  as  the 
sum^f  if,s  digits  divided  by  9.  The  rule  known  as  "  casting  out 
the  nines  "  for  testing  the  accuracy  of  multiplication  is  founded 
on  this  property. 

The  rule  may  be  thus  explained : 

>^'^         Let  two  numbers  be  represented  by  9t6  +  6  and  9cjhj^  and 
their  product  by,P;,  then  -^--^^  ^ 

P^{^^n.r.f()hr.4.()n.d4.hr7 

/     Hence  -^  has  the  same  remainder  as  "^^;    and  therefore  the 

\su7n,_o£_JJte^  digits   of    P,  when  divided   by  9,   gives    the   same 

/remainder  as  thG~svMy/  the  digits  of  lid,  when  divided_byj).     If 

/  on  trial  this  should  not  be  the  case,  the  multiplication  must  have 

\ /been    incorrectly  performed.     In    practice    b  and  d   are  readily 

found  from   the  sums  of  thejdi§iis^-Xif_jyie_JiMCQ^umbers  to  be 

multiplied  together.  "         ,      \"\      t.'  3  *^ 

Example.     Can  the  product  of  3125^  and  8427  be  263395312  ? 

The  sums  of  the  digits  of  the  multijilicand,  mutt^lieiyiuiAjjroduct  are  17, 
2t,  and^4  respectively;  again,  the  sums  of  the  digits  of  these  three  numBefs 
are  8^_3»^and  7,  whence  ^i|^8x3^l24,) which  has  6^ for  the  sum  of  the 
digits;  thus  we  have  two  differenfTeinfciders,  6  and  7^  and  the  multiplication 
is  incorrect.    / ' 

84.  If  N  denote  any  number  in  the  scale  q/'r,  and  T>  denote 
the  difference,  supj)osed  jwsitive,  between  the  sunis  of  the  digits  in  the 
odd  and  the  even  j^lcces ;  then  N  —  D  or  N  +  D  is  a  multijyle  of 
r+1. 
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Let  a^,  a,,  a„, a^  denote  the  digits  beginning  with  that 

in  tlie  units'  place;  then 

N=a^^  +  a{r  +  a^  4-  ft^v'  + +  «„_,?•""'  +  ar'\ 

.-.  3^ -«„  +  «, -rta  +  ttg -...=«,  (r+  1)  +^2  (*•■-  l)-f-«3(r'+  1)+  ...; 

and  the  last  term  on  the  right  will  be  a^^(r"+l)  or  a^{r"  —  1) 
according  as  n  is  odd  or  even.  Thus  every  term  on  the  right  is 
divisible  by  r  +  1  ;  lience 


N  -  (a„  -  rt,  +  «2  -  ^:<  ■*■ 


'  -  an  integer. 

Now  (ty  —  rtj  +  'i„  -  «.,  + -  ^  D; 

N^JJ  . 

. '.  —  IS  an  mteijrer  ; 

r+\  "^     ' 

whicli  proves  the  proposition. 

Con.  If  the  sum  of  the  digits  in  the  even  places  is  equal  to 
tlve_suiii_of_the^igits jft-ihe  iidd:places^\^^r(Jj^  and  N'  ib^^diyjsiEIe 
by  r  + 1.  ' 

Example  1.     Prove  that  4L-41_is^asc|uare  nmaber  in  any  scale  of  notation 
whose  radix  is  greater  than_4;____ 

Let  r  be  the  radix  ;   then_ 

-.      .       .         ... 

4-41  =  4  +  -  +  -, 
r      r- 

thuB  the  given  number  is  the  square  of  2-1 


Let_rbe  thescalc^;   then  V 


UHnl 


Example  2.     In  what  scale  is  the  denary  niunber  2-4375  represented  by 
2-13? 


2+-  + -=2-4875  =  2^; 

r     r^         '-_  ^  _  16 

whence  7r^-  16r  -  48  —  0  ; 

that  is,  (7r+12)(/-4)  =  0. 

Hence  the  radix  is  4. 

Sometimes  it  is  best  to  use  the  following  method. 

Example  3.  In  what  scale  will  the  nonary  number  25607  be  expressed 
by  101215?^  m  ■  II  ■ 

The  required  scale  must  be  less  than  9,  since  the  new  number  appears 
the  greater ;  also  it  must  bo  greater  tlTim=64-therefore  the  required  scal-d 
must  be  6,  7,  or  8;  and  by  trial  we  fincflhat  it  is  7. 
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Example  4.  By  working  in  the  duodenary  scale,  find  the  height  of  a 
rectangular  solid  whose  volume  is  iJCl  cub.  ft.  1048  cub.  in.,  and  the  urea  of 
whose  base  is  46  S(i.  ft.  8  s(i.  in. 

The  volume  is  364j-^l|  cub.  ft.,  which  expressed  in  the  scale  of  twelve  is 
264-734  cub.  ft. 

The  area  is  4Gy|^  sq.  ft.,  which  expressed  in  the  scale  of  twelve  is 

We  have  therefore  to  divide  264-734  by  3^08  in  the  scale  of  twelve 


is  3f08.       >  / 


^t08)2UT6^^^^e  X  . 

22^48  -^L        V 


36274 

36274  y   ^   fJ* 

Thus  the  height  is  7ft.  llin.  -f^ 


/. 


^KyvTj^ 


EXAMPLES.    VII.  KV\^     i> 

1.  Express  4954  in  the  scale  of  seven. 

2.  Express  624  in  the  scale  of  five. 

3.  Express  206  in  the  binar^scale^ 

4.  Express  1458  in  the  scale  of  three. 

5.  Express  5381  in  powers  of  nine. 

6.  Transform  212231  from  scale  four  to  scale  fiYe. 

7.  Express  the  duodenary  number  398e  in  powers  of  10. 

8.  Transform  6^12  from  scale  twelve  to  scale  eleven. 

9.  Transform  213014  from  the  senary  to  the  nonary  scale. 

10.  Transform  23861  from  scale  nine  to  scale  eight. 

11.  Transform  400803  from  the  nonary  to  the  quinary  scale. 

12.  Express  the  septenary  number  20665152  in  powers  of  12. 

13.  Transform  Uteee  from  scale  twelve  to  the  common  scale. 

Express  —  as  a  radix  fraction  in  the  septenary  scale. 
Transform  17*15625  from  scale  t^i  toicale  twelve. 


Transform  200-211  from  the  teriMry/lo  the  nonary  scale. 

Transform  71*03  from  the  duodenary  to  tlio  octenary  scale. 

1552  '^ 

Express  the  septenary  fraction  ^.^  as  a  denary  vulgar  fraction 

in  its  lowest  terms. 

19.    Find  the  denary  value  of  the  septenary  numbers  -4  and  -42. 

i    20.    In  what  scale  is  the  denary  number  182  denoted  by  222  ? 

25 
21.     In  what  scale  is  the  denary  fraction     ^o  denoted  by  -0302  ? 

H.  H.  A.  5 

^>x^aAAA  It) 
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Find  the  radix  of  the  scale  in  which  554  represents  the  square 

lu  what  scale  is  511197  denoted  byJ746335]   v-  '■  '  ^^-<>    ^-^^'^ 
Find  the  radix  of  the  scale  in  which  the  numbei-s  denoted  by 
479,  698,  907  are  in  arithmetical  progression. 

25.     In  what  scale  are  the  radix-fractions  -16,  -20,  '28  in  geometric 
progression,? 
V  26.     The  number  212542  is  in  the  scale  of  six ;  in  what  scale  will  it 

^-^  be  denoted  by  17486]  ^-  ^r^'^fo 

27.  Shew  that  148-84  is  a  perfect  square  in  every  scale  in  which  the 
radix  is  greater  than  eight,  ji 

28.  Shew  that  1234321  is  a  perfect  square  in  any  scale  whose  radix 
is  greater  than  4 ;  and  that  the  square  root  is  always  expressed  by  the 
same  four  digits.  l.zi^^  /- 

29.  Prove  that  1-331  is  a  perfect  cube  in  any  scale  (whose  radix  is 
greater  than  three.  7^  *v  a--  .  >      «^  '■'  V>->^      ^  ^  v 

jiA^-i^  .4©       30^     Find  whidi  of  the  weights  1,  2,  4,  8,  16,/V,  lbs.  must  be  used  to 
\\     w^eigh  one  ton.        [■^'^'-      vv-- ^>r«-.'t    >' i,  • 

31.  Find  which  of  the  weights  1,^3;^9^7,  81,...  lbs.  must  be  used 
to  weigh  ten  thousand  lbs.,  not  more  than  one  of  each  kind  being  used 
but  i^i  either  scale  thatjsnecess^ry. 


T        32.     ShewiKat  1367631^s  a  perfect  cube  in  every  scale  in  which  the 
,  •  radix  is  greater  than_seven.         {&:  .4-  ^  i    ■  c  ./  -^  ,.;,    -        '    -^  '      T  I  ) 

^^^  —        33.     Prove  that  in  the  ordinary  scale  a  number  will  be  divisible  by 
^r^  iX'if  \    ^/^  ^^^  number  formed  by  its  last  );hree  d^its  is  divisible  by  eight, 


X 


34.     Prove  that  the  square  of  n-rr  inthe  scale  of  s  is  rrr^OOOl,  where 
ir,  sjaxe  any  three  consecutive  integers.  ^ 

-^-^iRi. '  If  any  number  JV  be  taken  in  the  scale  r,  and  a  new  number  iV 
be  formed  by  "altering  the  order  of  its  digits  in  any  .way,  shew  that  the 
difference  between  N  and  JV'  is  divisible  by  r  -  1. 
ri  ( I    36.     If  a  number  has  an  e^enm^bgr  of  digits,  shew  that  it  is 
Titvisible  by  r+l  if  thejiigits  equmist^t  from  each  end  are  the  same. 

37.  If  in  the  ordinary  scale  S^  be  the  sum  of  the  digits  of  a  number 
iV^,  and^>Sg  be  the  sum  01  the'digits  of  the  number  3iV,  prove  that  the 
differen^^etween  Sj  aiid  S2  is  a  multiple  of  3.  /     /"" 

38.  /shew  that  in  the  ordinary  scale  any  number  formed  by 
•writing  down  three  didts  and  then  repeating  them  in  the  same  order 

^^s  a  multiple  of  7,  11,  ahd'lS. 

39.  In  a  scale  whose  radix  is  odd,  shew  that  the  sum  of  the 
ligits  of  any  number  will  be  odd  if  the  number  be  odd,  and  even  if 
tlie  number  be  even. 

/      40.     If  n  be  odd,  anaa  number  in  the_dfinfl.ry  ficajg  be   formed 
^y\  /by  writing  down  n  digits  and  then  repeating^them  in  the  same  order, 
*i^^  I  shew  that  it  will  be  divisible  by  the  number  formed  by  the  n  digits, 
apd  also  by  9090... 9091  containing  n-  1  digits. 


-^^-^'^-^---'-^-  -^r-  c> 


(Vc    '  -^ 


CHAPTER  VIII. 

SURDS   AND   IMAGINARY   QUANTITIES. 


85.     In  the  Elementary  Algebra,  Art.  272,  it  is  proved  that 

the  denominator  of  any  expression  of  the  form   -rz -j-  can  be 

s/b+  Jc      ■         ■ 

rationalised  by  multiplying  the  numerator  and  the  denominator 
by  ,Jb  -  Jc,  the  surd  conjugate  to  the  denominator. 

Similarly,  in  the  case  of  a  fraction  of  the  form  -j-, -, ,-i , 

^'  ^       Jb+Jc+Jd' 

where  the  denominator  involves  three  quadratic  surds,  we  may  by 

two  operations  render  that  denominator  rational. 


For,    first    multiply    both    numerator    and    denominator    by 
-  J^  +  J^  ~  J^}    ^^^  denominator   becomes    (^6  +  JcY  —  {Jdy   or 
b  +  c  -d  +  2  J  be.    Then  multiply  both  numerator  and  denominator 
y  (b  +  c-  d)-2  J  be;  the  denominator  becomes  (b  +  c-  dy  -  ibc, 
which  is  a  rational  quantity. 


)* 


Example.     Simplify 
The  expression 


12 


3+;v/5-2V2 

^12(3  +  ^5  +  2^2) 
(3+^/5)2 -(2^2)^ 

^12(3  +  ^5  +  2^2) 
6  +  6^5 

^2(3  +  ^5+2^2)  is/ 5-1) 
(V5  +  1)(V5-1) 

-  2  +  2^/5  +  2^10-2^2 
2 

=  l+x/5  +  v/10    V^ 


5—2 
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86.     To  Jind  the  factor  which  will  rationalise  any  given  bino- 
mial surd. 

Case  I.      Suppose  the  given  surd  is  ^a  —  ^b. 

Let  IJa  =  £f,  ^^6  =  y,  and  let  n  be  the  l.c.m.  of  p  and  q ;  then 
«;"  and  y"  are  both  rational. 

Now  .-k"  -  y"  is  divisible  by  x  -  y  for  all  values  of  w,  and 

.r"  _  2/»  =  (aj  -  2/)  (a;""'  +  x'^-^'y  +  .r"  'V  + +  2/""')- 

Thus  the  rationalising  factor  is 

x"~'^  +  x"~^y  +  a;"~y  + +  y"'^', 

and  the  rational  product  is  a?"  -  y". 

Case  II.     Suppose  the  given  surd  is  IJa  +  Hjb. 

Let  X,  y,  n  have  the  same  meanings  as  before;  then 

(1)  If  n  is  even,  a;"  -  y"  is  divisible  by  x  +  y,  and 

x"  -  2/"  =  (a;  +  2/)  (aj"~'  -  x^Sj  + +  xy"'-  -  y"''). 

Thus  the  rationalising  factor  is 

x"-'-x''-'y+ +xy''-'-y"-^', 

and  the  rational  product  is  x"  —  y". 

(2)  If  n  is  odd,  a;"  +  y"  is  divisible  by  a;  +  y,  and 

x'  +  y''=(x  +  y)  {x"-'  -  x'-'y  + -  xy"'  +  y""'). 

Thus  the  rationalising  factor  is 

a;->  _  x''-'y  + -  xy"-'  +  y"-' ; 

and  tlie  rational  product  is  x"  4-  ?/. 

Example  1.     Find  the  factor  which  will  rationalise  ,^3  +  ^6. 

1  1 

Let  x  =  3\  2/  =  5^  ;   then  x**  and  y^  are  both  rational,  and 

a:«  -  y8  =  (x  +  y)  (aH*  -  a;<y  +  xhj^  -  x-j/'  +  .r;/"'  -  y') ; 
thus,  substituting  for  x  and  y,  the  required  factor  is 

0418233         148 

32  _  3a .  53  +  32 .  53  -  3« .  53  +  32 .  53  -  5», 

B  1  8        S  14         6 

or  3'2-9.  55  +  32.5'-16  +  3«.6»-5»; 

6         S 

and  the  rational  product  is     3*  -  5=*  =  3*  -  52 = 2. 
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Example  2.    Express         (s^  +  QV -r  \5"^-9V 

as  an  equivalent  fraction  with  a  rational  denominator. 

1      1  1 

To  rationalise  the  denominator,  which  is  equal  to  5^-3^  put   5'^:^x, 

S*  =  y  ;  then  since      x^-y^={x-  y)  (.-c^  +  xhj  +  xy"^  +  y^) 

3  2        1  12         3 

the  required  factor  is  5^  +  5^ .  3^  +  5^  .  3*  +  3^ ; 

4  4 

and  the  rational  denominator  is  5"^  -  3^  —  5^  -  3  =  22. 


.*.  the  expression 


V5^  +  3V  V5'-^  +  52 .  3j»  +  52^  34  +  3V 
22 

4  31  22  134 

_  52  +  2  .  5"".3^  +  2.5^34'+2.5''.3^+3^ 
~  22 

3         1  113 

_  14  +  52.  3^  +  5.32+52.  34 
11 

87.  We  have  shewn  in  the  Elementary  Algebra,  Art.  277, 
how  to  find  the  square  root  of  a  binomial  quadratic  surd.  We 
may  sometimes  extract  the  square  root  of  an  expression  contain- 
ing more  than  two  quadratic  surds,  such  a.^  a  +  Jb  +  Jc  +  Jd. 


Assume       Ja+  Jb  +  Jc+  Jd  =-  Jx  +  Jy  +  Jz; 

.'.  a  +  Jb  +  Jc  +  Jd  =  x  +  y  +  z  +  2  J^  +  2  Jxz  +  2  Jyz. 

If  then       2jxy=  Jb,  2  Jcc^=  Jc,  2  Jyz  =  Jd, 

and  if,  at  the  same  time,  the  values  of  x,  y,  z  thus  found  satisfy 
x  +  y+z  =  a,  we  shall  have  obtained  the  required  root. 

Example.    Find  the  square  root  of  21  -  4^/5  +  8^/3  -  4^15. 

Assume  ^^21  -  4^5  +  8^3  -  V16 =^x  +  Jy-Jz; 

.-.  21  -  4^5  +  8^3  -  4^15  ==x  +  y  +  z  +  'ij^-  2jVz  -  2jy~z. 

Put  2jxy  =  SsJ^,  2^.^  =  4^/15,  2 Jyz  =  4:^/5; 

by  multiplication,  xyz  =  2i0  ;  that  is  Jxyz  =4:^/15; 

whence  it  follows  that      ^x  =  2^S,  sjy  =  2,  ^z  =  ^5. 

And  since  these  values  satisfy  the  equation  x  +  y  +  z  =  21,  the  required 
root  is  2^3  +  2  -  ^^5. 
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88.  If  J  a.  +  Jh  =  X  +  ^y,  then  will  Ija.  —  Jh  =  x  —  Jy. 
For,  by  cubing,  we  obtain 

a  + Jb^x^'  +  Sx' j7/+3x>/  +  7/ Jj/. 
Equating  rational  and  irrational  parts,  we  have 
a=x^  +  Sx'i/,  Jb  =  3x^  Jy  +  y  Jy, 
.'.  a-  Jb=^x^-  3a;''  Jy  +  3xy  -y  Jy; 
that  is,  ^a-  Jb  =  x-  Jy. 

Similarly,  by  the  help  of  the  Binomial  Theorem,  Chap.  XIII., 
it  may  be  proved  that  if 

Ja  +  Jb  =  x  +  Jy,  then  Ja  -  JO  =^x-  Jy, 
where  n  is  any  positive  integer. 

89.  By  the  following  method  the  cube  root  of  an  expression 
of  the  form  a  ±  Jb  may  sometimes  be  found. 

Suppose  ^a  +  Jb  =  x  +  Jy; 


then  Ja-  Jb=x-  Jy. 

.-.  Ja''^  =  x'-y (1). 

Again,  as  in  the  last  article, 

a-=x^  +  3xy (2). 

The  values  of  x  and  y  have  to  be  determined  from  (1)  and  (2). 

In  (1)  suppose  that  Ja'  —  b  =c ;  then  by  substituting  for  y  in 
(2)  we  obtain 

a  =  x^  +  3x  {x^  -  c) ; 
that  is,  Ax^  —  3cic  =  a. 

If  from  this  equation  the  value  of  x  can  be  determined  by 
trial,  the  value  of  y  is  obtained  from  y  =  x'  -  c. 

Note.  "We  do  not  here  assume  sjx  +  sjy  for  the  cube  root,  as  in  the 
extraction  of  the  sqtiare  root;  for  with  this  assumption,  on  cubing  we  should 
have 

a  +  ^/b  =  xjx  +  'Axjy  +  ^Jx  +  yjy, 

and  since  every  term  on  the  right  hand  side  is  irrational  we  cannot  equate 
rational  and  irrational  parts. 
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Example.  Find  the  cube  root  of  72  -  '62sJo. 

Assume  ^1 72-32^5  =  x  -  ^i/ ; 

then  ^72  +  32^5 =x  +  Jy. 

By  multiplication,         4/5184-1024x5= .r-  -  y ; 

that  is,  4  =  a;2-i/ (1). 

Again  72  -  32^5  =  x^-  Sx^y  +  dxy  -  y^y ; 

whence  72=ar*  +  3a;y (2). 

From  (1)  and  (2) ,  72  =  x^  +  3x  {x'  -  4) ; 

that  is,  a:3_3a;  =  i8. 

By  trial,  we  find  that  x  =  3;  hence  y  =  o,  and  the  cube  root  is  d-^5. 

90.  When  the  binomial   whose  cube    root   we  are   seeking 
consists  of  two  quadratic  surds,  we  proceed  as  follows. 

Example.     Find  the  cube  root  of  ^3  + 11^2. 

;/V3  +  lV2=^3V3  (^3  +  ^^^) 

By  proceeding  as  in  the  last  article,  we  find  that 

.'.  the  required  cube  root        =^3(1+  ,\/ ^  ) 

91.  We  add  a  few  harder  examples  in  surds. 

4 
Example  1.    Express  with  rational  denominator  3/9  _  ya.i  * 

A. 

The  expression 


2      1 
53-33+ 1 
1 


4(33  +  1, 


(33+ 1)  (3^-33  +  1) 
4(33  +  l> 


3  +  1 


1 
=  33  +  1. 
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Example  2.     Find  the  isquare  root  of 

The  expression  =  -  {3a; - 3  +  2  J(2x+l){x-'i) } 

=  ^{{2x  +  l)  +  {x--i)  +  2ji2x  +  l){x^)\; 
hence,  by  inspection,  the  square  root  is 

Example  3.     Given  ,^^5  =  2*23607,  find  the  value  of 

s/2  +  jT^b 
Multiplying  numerator  and  denominator  by  ,^/2, 

2  +  3-Vo 


EXAMPLES.    Villa. 

Express  as  equivalent  fractions  with  rational  denominator : 
1     1 2  ^^ 

1  .  2\/a4^1 


the  expression 


Vl0  +  v/5^s/3  .      (v/34-v/5)(V5  +  ^/2) 

x/3  +  N/lO-^/r)"  •  ^/2  +  V3^-^/5        * 

I'ind  a  f.ictor  wliidi  will  riitionalisc: 

1       ] 
7.     K^^-s'-2.  0.     ^^'^)  +  ^V2.  9.     aHtl 

10.     ^"^3-1.  11.     2  +  4/7.  12.     4/5-^3. 
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Express  with  rational  denominator : 

IR  ^^  17      ^^^±^  IR      -^^       • 

s-'S  +  ^^O*  '•     x/8-;/4'  •'°-     3-4/9' 

Find  the  square  root  of 

19.     16-2^20-2^28  +  2^/35.         20.     24  +  4^15-4^21-2^/35. 

21.     6+x/12-v/24-v/8.  22.     5-^10-^15+^6. 

23.  a  +  36  +  4  +  4  ^/a  -  4  \/36  -  2  \/3Mb. 

24.  21  +3  V8  - 6  v/3  -  6 ^7-  x/24  -  s/56  +  2  ^21. 

Find  the  cube  root  of 

25.  10  +  6^/3.  26.     38  +  17^5.  27.     99-70^2. 

28.     38x/14-100x/2.        29.     54^3  +  41^/5.       30.     135V3-87x/6. 

Find  the  square  root  of 


31.    a+a.'+\/2ax  +  x^]  32.     2a-^/3a^-2ab-b'^. 

1  1 

33.     l+a2  +  (l+a2  +  aT  34.     l  +  (l-a2)'2. 

35.     If  a  =  5 — i_  ,  6  =  5 7^ ,  find  the  vahie  of  la^  +  llab-  *Jb\ 

Find  the  value  of 

\/26-15V3  ^  /6T273 

^^'     5V2-V38-+573'  V  33-19^3- 

1  1  ■  2  2 

39.     (28 -10^3)"^ -(7 +  4^3)"'^.  40.     (26  +  15  v/3)^- (26  +  15  ^3)"^. 

41.  Given  ^5  =  2-23607,  find  the  value  of 

loy^        _    x/10+Vl8 

v/18-\/3+75      v/8  +  \/3-v/5' 

42.  Divide  .r''  + 1  +  3.r  4/2  by  .r  - 1  +  ^2. 

43.  Find  the  cube  root  of  9a/>2  +  (^,2  +  24^2)  sjlf-ia\ 

44.  Evaluate  _Xf^L.     when  2.v  =  ^/r«  +  -}-  , 
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Imaginary  Quantities. 

92.  Although  from  the  rule  of  signs  it  is  evident  that  a 
negative  quantity  cannot  have  a  real  square  root,  yet  imaginary 
quantities  represented  by  symbols  of  the  form  J-  «,  J-  1  are  of 
frequent  occurrence  in  mathematical  investigations,  and  their 
use  leads  to  valuable  results.  We  therefore  proceed  to  explain 
in  what  sense  such  roots  are  to  be  regarded. 

When  the  quantity  under  the  radical  sign  is  negative,  we  can  no 
longer  consider  the  symbol  J  as  indicating  a  possible  arithmetical 
operation ;  but  just  as  J  a  may  be  defined  as  a  symbol  which  obeys 
the  relation  Ja  x  Ja  =  a,  so  we  shall  define  J-  a  to  be  such  that 
J- a  X  J—  a=-a,  and  we  shall  accept  the  meaning  to  which  tliis 
assumption  leads  us. 

It  will  be  found  that  this  definition  will  enable  us  to  bring 
imaginary  quantities  under  the  dominion  of  ordinary  algebraical 
rules,  and  that  tlirough  their  use  results  may  be  obtained  which 
can  be  relied  on  with  as  much  certainty  as  others  which  depend 
solely  on  the  use  of  real  quantities. 

93.  By  definition,       J^  x  J^  =  -  1. 

that  is,  (  J  a  .  J-  If^-a. 

Thus  the  product  J  a  .  J—  1  may  be  regarded  as  equivalent  to 
the  imaginary  quantity  J—  a. 

94.  It  will  generally  be  found  convenient  to  indicate  the 
imaginary  character  of  an  expression  by  the  presence  of  the 
symbol  J^ ',  tlius 

Vr4  =  74x(-1)=.27^. 

j::U'  =  j7a'  X  (  -  l)  =  aJ7j-i: 

95.  We  shall  always  consider  that,  in  the  absence  of  any 
statement  to  the  contrary,  of  the  signs  wliich  may  ]>e  prefixed 
l>efore  a  radical  the  positive  sign  is  to  be  taken.  But  in  the  use 
of  imaginary  quantities  there  is  one  point  of  importance  which 
deserves  notice. 
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Since  (-  a)  x  (—  6)  =  ah, 

by  taking  tlie  square  root,  we  have 

J-  a  X  J-  6  =  =fc  Jab. 

Thus  in  forming  the  product  of  J-  a  and  J-  b  it  would  appear 
tliat  either  of  the  signs  +  or  -  might  be  placed  before  Jab. 
This  is  not  the  case,  for 

J -a  y.J-b  =  Ja.  J -I  x  V^  .  J-  1 

=  -  Jab. 

96.  It  is  usual  to  apply  the  term  '  imaginary '  to  all  expres- 
sions which  are  not  wholly  real.  Thus  a  +  b  J^l  may  be  taken 
as  the  general  type  of  all  imaginary  expressions.  J/ere  a  and  b 
are  real  quantities,  but  not  necessarily  ratioTial. 

97.  In  dealing  with  imaginary  quantities  we  apply  the  laws 
of  combination  which  have  been  proved  in  the  case  of  other  surd 
quantities. 

Example  1.     a  +  b  J^^±{c  +  d  J~l)^a^c  +  {b±d)  J~l. 
Example  2.     The  product  oi  a+h  J  -1  and  c  +  d  J  -l 

=  {a  +  bj'^){c  +  dj^ 

=  ac-bd  +  {bc  +  ad)  J^. 

98.  lfii.  +  hJ^=0,thena  =  0,andh  =  0. 
For,  if  a  +  b  J'^  =  0, 

then  bj—l  =  -a; 

.-.  -b'  =  a'', 

.-.  a'  +  b'  =  0. 

Now  a^  and  b'^  are  both  positive,  therefore  their  sum  cannot 
be  zero  unless  each  of  them  is  separately  zero ;  that  is,  a  —  0, 
and  b  =  0. 

99.  7/a  +  by-l=c  +  d  J~-  1,  then  a  =:  c,  and  b  =  d. 

For,  by  transposition,  a  —  c  +  (b  —  d)  J-1  =0  ; 

therefore,  by  the  last  article,  a  —  g  =  0,  and  b  —  d=  0 ; 
that  is  a  -  c,  and  b  ~  d. 
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Thus  in  order  that  two  imaginary  expressions  7nay  he  equal  it 
is  necessary  and  sufficient  that  the  real  parts  should  be  equal,  and 
the  imaginary  parts  sh/ndd  he  equal. 

100.  Definition.  When  two  imaginary  expressions  differ 
only  in  the  sign  of  the  imaginary  part  they  are  said  to  be 
conjugate. 

Thus  a  —  h  J—  1  is  conjugate  to  a  +  6  ^-  1. 
Similarly   J2  +  3  J-l  is  conjugate  to  J2  -3j—\. 

101.  The  sum  ayui  the  jji'oduct  of  two  conjugate  imaghiary 
expressions  are  hoth  real. 

For  a  +  h  J -I  +a-h  J-1  -  2a. 

Again  {a  +  h  J -I)  {a  -  h  J^)  -  a'-  (-  h') 

=  a'  +  h\ 

102.  Definition.  The  positive  value  of  the  square  root  of 
a^  +  h'  is  called  the  modulus  of  each  of  the  conjugate  expressions 

a  +  h  J  —I  and  a  —  h  J  —  1. 

103.  The  inodulus  of  the  product  of  two  imaginary  repres- 
sions is  equal  to  tJie  product  of  their  moduli. 

Let  the  two  expressions  be  denoted  hy  a+h  J— I  and  c+dJ—1. 

Then  their  -product  =  ac-hd  +  {ad  +  he)  J— 1,  which  is  an 
imaginary  expression  whose  modulus 

=^  J{fic  -  bdy  +  {ad  +  hey 

-^Ja'c'  +  b'd'  +  a'd'  +  h'c' 

--J{^ll,'Y(c'Vd') 

=  Ja'TP  X  JTTd" ; 

which  proves  the  proposition. 

104.  If  the  denominatoi*  of  a  fraction  is  of  the  form  a  +  hj—  1 , 
it  may  he  rationalised  by  nmltiplying  the  numerator  and  the 

denominator  by  the  conjugate  expression  a  —  hJ—\. 
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For  instance 

c  +  dj^  ^  (c+dj^l){a-bj-l) 
a  +  b  7^1  ~{a  +  b  J-i)  (a  -b  /-I) 
ac  +  bd+  (ad  — be)  J—  1 

ac  +  bd     ad-  be    i— — 
"  a'  +  b''^  a'TF  ^~ 

Thus  by  reference  to  Art.  97,  we  see  that  the  sum,  differenee, 
product,  and  quotient  of  tvjo  imagina7"y  expressions  is  in  each  case 
an  imaginary  expression  of  the  same  form. 

105.     To  find  the  square  root  of  Si  +  h  J  —  1, 

Assume  J  a  +  b  \/  -\=^x  +  y  \/  —\, 

where  x  and  y  are  real  quantities. 

By  squaring,     a  + b  J-l  =x^  -  y^  +  2xy  J -I; 
tlierefore,  by  equating  real  and  imaginary  parts, 

x^-y^^a   (1), 

^xy^b  (2); 

.-.  (x^  +  yy^{x'-yr  +  {2xyy 
=  a'  +  b'; 

...  x'  +  y'  =  Ja'  +  b\ ...(3). 

From  (1)  and  (3),  we  obtain 

„     JaF+F  +  a      2     JaF+F-a 
^-  - 2 '  ^       2 ' 


X 


(Ja'+b'+a^  Ua'  +  b'-a\l 


Thus  the  required  root  is  obtained. 

Since  x  and  y  are  real  quantities,  x^  +  y^  is  positive,  and  therefore  in  (3) 
the  positive  sign  must  be  prefixed  before  the  quantity  fja^  +  b^. 

Also  from  (2)  we  see  that  the  product  xy  must  have  the  same  sign  as  b ; 
hence  x  and  y  must  have  like  signs  if  b  is  positive,  and  unlike  signs  if  b  is 
negative. 
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Example  1.     Find  the  square  root  of  -  7  -  24  */  - 1. 


Assume  J  -1  -2i:J  -\=x^xj  J  -i\ 

then  -l-24.J~^l=x^--y^  +  2xyJ-l; 

•••  x^-y'=-7 (1), 

and  2xy=-2i. 

...  (.r2  +  t/2)2  =  (a;2-y2)2  +  (2xt/)2 
=49  +  576 
=  625; 
.-.  x'  +  y^=25    (2). 

From  (1)  and  (2),  x-  =  9  and  y^=  IG ; 

.-.  x=  ±3,  y=  ±4. 

Since  the  product  xy  is  negative,  we  must  take 

x  =  S,  y=  -4;   or  a;=  -3,  i/  =  4. 

Thus  the  roots  are   3-4  J^  and  -3  +  4  v/^HT; 


that  is,  7-7-24^-1=  j--(3-4^-l). 

Example  2.     To  find  the  value  of  *J'^ia\ 

=  2aj2s/^sJ~l. 
It  remains  to  find  the  vahie  of      V  ±  ^^  - 1. 

Assume  J  ■\-J~l=x  +  yJ^^\ 

then  +J-~l=!>^-y^  +  2xyJ'^; 

.'.  x^  -  y^=0  and  2xy  =  1 ; 
whence  .  =  -1,  y  =  ^|^;  orx=-^.  ./=- A 

.•.y+;/Ti  =  ±_^(l  +  7ZT). 

Similarly  JTjTt=  ^  i_  (i  _  ^  ri) 

v'^        

and  finally  ^  -  64a*  =  ±  2a  (1  ±  J^). 
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106.  The  symbol  ^  -  1  is  often  represented  by  the  letter  i;  but 
until  the  student  has  had  a  little  practice  in  the  use  of  imaginary 
quantities  he  will  find  it  easier  to  retain  the  symbol  J  —  I.  It  is 
useful  to  notice  the  successive  powers  of  ^  —  1  or  i  ;  tJius 

and  since  each  power  is  obtained  by  multiplying  the  one  before  it 
by ^y  —  i,  or  2,  we  see  that  the  results  must  now  recur, 

107.  We  shall  now  investigate  the  properties  of  certain  imagi- 
nary quantities  which  are  of  very  frequent  occurrence. 

Suppose        X  =  ^1  ;  then  x^  =1,  or  a?^  -  1  =  0  ; 

that  is,  (x-l)  (x^  +  x+l)  =  0, 

, ',  either        .r  -  1  =  0,  or  a?^  +  x  +  1  =  0  ; 

-1=^733 
whence  £C=  1,  or       x  = ^ . 

It  may  be  shewn  by  actual  involution  that  each  of  these 
values  when  cubed  is  equal  to  unity.  Thus  unity  has  three  cube 
roots, 

'  2  '  2  ' 

two  of  which  are  imaginary  expressions. 

Let  us  denote  these  by  a  and  ft  ;  then  since  they  are  the  roots 
of  the  equation 

x^  +  x  +  \^0, 

their  product  is  equal  to  unity ; 
that  is,  ayS  =  1  ; 

,-.    a^ft  =  a^', 
that  is,  y8  =  a^     since  a"*  =  1 , 

Similarly  we  may  shew  that  a  =  ft^. 

108.  Since  each  of  the  imaginary  roots  is  the  square  of  the 
other,  it  is  usual  to  denote  the  three  cube  roots  of  unity  by  1,  o,  o)^ 
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Also  o)  satisfies  the  equation  x'  +  x+1  =0  ; 
.:   1  +<o +  <!>--- 0; 
that  is,  the  sam  of  the  three  cube  roots  of  unity  is  zero. 

Again,  to .  w^  =^  w*  ^  1 ; 

therefore  (1)  the  product  of  the  two  imagiuary  roots  is  unity  ; 
(2)  every  integral  power  of  ts?  is  unity. 

109.  It  is  useful  to  notice  that  the  successive  positive 
integral  powers  of  u>  are  1,  w,  and  w^;  for,  if  n  be  a  multiple  of  3, 
it  must  be  of  the  form  3m ;  and  o)"=  0)^"*=^  1. 

If  n  be  not  a  multiple  of  3,  it  must  be  of  the  form  3m  +  1  or 
3m  +  2. 

If  n  =  3m+l,  to"-o>^'"+'=(o"".a>  =  w. 

If  W  =  3m  +  2,  a)"  =  w'"'+-  =  a>"".o>'  =  a)^ 

110.  We  now  see  that  every  quantity  has  three  cube  roots, 
two  of  which  are  imaginary.  For  the  cube  roots  of  a^  are  those 
of  a"  X  1,  and  therefore  are  a,  ao),  ata.  Similarly  the  cube  roots 
of  9  are  ^9,  o  ^9,  w^  ^9,  where  ^^9  is  the  cube  root  found  by  the 
ordinary  arithmetical  rule.  In  future,  unless  otherwise  stated, 
the  symbol  ^a  will  always  be  taken  to  denote  the  arithmetical 
cube  root  of  a. 

Example  1.     Reduce  ^ ,  to  the  form  A  +bJ -1. 

2  +  J-l 

The  expression  -^~^  +  ^^-V  ~^ 

2  +  V--1 
_(-5  +  12V=l)  (2-^-1) 
<2+^-l)(2-V-l) 

=  - 10  +  124-29  V^ 
4  +  1 

-2  .29    /-3. 

which  is  of  the  required  form. 

Example  2.     Resolve  x^  +  y^  into  three  factors  of  the  first  degree. 
Since  a^  +  y^={x  +  y)  (x*-xy  +  y^) 

.-.  x^+y^  =  {x  +  y){x  +  uy){x  +  iAf); 
for  w  +  w2^ -1,  and  w»--l. 
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Example  3.     Shew  that 

{a  +  ub  +  urc)  (a  +  oo^b  +  wc)  =  a-  +  6-  +  c"  —  he  -  ca  -  ab. 

In  the  product  of  a  +  w6  +  urc  and  a  +  w-6  +  wc, 

the  coefficients  of  &"  and  c^  are  w^,  or  1 ; 
the  coefficient  of  6c  =ui^+(a^  =  (a^  +  o}—  -1; 

the  coefficients  of  ca  and  a6  =  w^  +  ^  =  _  i  j 

.'.  {a  +  u}b  +  w-c)  (a  +  u"b  +  wc)  =  a-  +  6-  +  c-  -  6c  -  ca  -  ab. 

Example  4.     Shew  that 

(1  +  W  -  w2)3  _  (1  -  w+  w2)a  =  0. 

Since  1  +  w  +  w^  =  0,  we  have 

(1  +  W  -  W2)3  -  (1  -  W  +  w2)3  =  (  -  2w2)3  _  (  _  2w)3 

=  -8w6  +  8w3 
=  -8  +  8 
=  0. 


EXAMPLES.    VIII.  b. 

1.  Multiply  2  V^+3  V^  by  4  V^-  5  V^. 

2.  Multiply  3  V ^  -  5  V"^  by  3  \/^+  5  V^S". 

3.  Multiply  ev^-i+e-^^-^  by  e^^^-e-^"i. 

4.  Multiply  X 2 by  x ^ . 

Express  with  ratioual  denominator : 

5.       7=   .  b.       7=:=^ 7^=-^  . 

3-\/-2  3V-2-2\/-5 

3  +  2  V^      3-2V^  a+W_"-l  _  g-^yV^ 

2-5  V^      2  +  5\/^*         *     a-^V~i      a  +  Jt-V^* 

9    (.r+V3T)2    (x-V~i)2   ^Q    («4.V3T)3_(a_^rT)3 

11.     Find  the  value  of  ( -  V  -  1)"*"^^  when  w  is  a  positive  integer. 


12.     Find  the  square  of  ^9  +  40  V  -  1  +  \/9  -  40  V  -1. 
H.  H.  A.  6 
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Find  the  square  root  of 

13.     -5  +  12  V^.         14.     -11-60V^.         15.     -47  +  8  \/~3. 
16.     -8\/^.  17.     a2-l+2aV^l. 

18.     Aah-2{a?-lr)\J^-^. 
Express  in  the  form  A  +iB 

^^'     2-Si'  ^^'     2V3-t\/2"  1-r 

22.    ^^-^-.  23.    (^)!_(i^zi^\ 

3-1    '  '       a  — 16         a  +  ib    ' 

If  1,  CO,  ©2  are  the  three  cube  roots  of  unity,  prove 

24.      (1+0)2)4  =  0).  25.      (l-0)  +  o>2)(l+a)-a)'-')  =  4. 

26.  (1  -o))  (1  -  0)2)  (1  -  0)4)  (1  -o)-'^)  =  0. 

27.  (2  +  5o)  +  2o)2)6 = (2  +  2a,  +  5o)2)<5  =  729. 

28.  (l-o)  +  o)2)(l-o)2  +  a,4)(l -0,4  +  0)8)...  to  2;i  factors  =  22«. 

29.  Prove  that 

jt-^  +y3  4-  ^3  -_  3^.y ~  ^  (.-p  ^^  _^  ^.)  (.r +ya)  +  Zo)-)  {.c  +^o)2  +  ^o)). 

30.  If  x  =  a  +  h,   y/  =  ao)  +  &o)2,   2  =  ao)2  +  6o), 
shew  that 

(1)  xyz  =  a^  +  b^. 

(2)  a;'^+f+z'^  =  6ab. 

(3)  .^3+^3  +  ^3^  3(^3  +  ^,3). 

31.  If    cix  +  cy  +  6x;  =  A',  ex  +  %  +  az=Y,  bx  -\-ay  -\-cz  =  Z, 

zx  —  Xf/) 

■  X^+Y^+Z'^-  YZ-XZ-XY. 


(^  ^71"^ 


;i^  CHAPTER   IX.  nt  -_  -/j^^^^^/ 


THE  THEORY   OF  QUADRATIC   EQUATIONS. 


-^ 


111.  After  suitable  reduction  every  quadratic  equation  may 
be  written  in  the  form 

aa;^  +  6i«  +  c  =  0   (1), 

and  the  solution  of  the  equation  is 

..-_i±f3^ ...(,, 

We  shall  now  prove  some  important  propositions  connected 
with  the  roots  and  coefficients  of  all  equations  of  which  (1)  is 
the  type. 

112.  A  quadratic  equation  cannot  have  more  than  two  roots. 

For,  if  possible,  let  the  equation  ax^  +  5a;  +  c  =  0  have  three 
different  roots  a,  ^,  y.  Then  since  each  of  these  values  must 
satisfy  the  equation,  we  liave 

aa^'  +  fea  +  c^O (1), 

a^'  +  bjS  +  c^O (2), 

ay"  +  by  +  c  =  0 (3). 

From  (1)  and  (2),  by  subtraction, 

a{a'-l3')  +  b(a-l3)  =  0; 
divide  out  hy  a  —  fS  wliich,  by  hypothesis,  is  not  zero ;  then 
a{a+/3)  +  b  =  0. 
Similarly  from  (2)  and  (3) 

a{/3+y)  +  b^0; 
.  •.  by  subtraction  a  (a  -  y)  =  0  ; 

which  is  impossible,  since,  by  hypothesis,  a  is  not  zero,  and  a  is 
not  equal  to  y.     Hence  there  cannot  be  three  different  roots. 

6—2 
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113.     In  Art.  Ill  let  the  two  roots  in  (2)  be  denotefl  by  «  and 
/S^so  that 

then  we  liave  tlie  following  results  :  \^  ^'^  .^^.-c  0      ^""'^^ 

\J                (1)     |Li»^ — 4«e  (the  quantity  under  the  radical)  is  positive. 
L  /j?,U^   «  and  ,|8^<re_reaTjiTi d  n  Tie^^tt^l^  ' 

Q    iR  ^  K  1]    (2)     If  6' -  4afLJs^ero,   a  and  y8  are  real  and  equal,   eacli 

reducing  in  this  case  to  —  — . 

(3)  If  6^  -  iac  is  negative,  a. and  fi  are  imaginary  and  unequal. 

(4)  If  b^  -  iac  is  a  perfect  square,  a  and  yS  are  rational  and 
imequal. 

By    applying    these    tests    the    nature    of    the    roots    of    any 
quadratic  may  be  determined  without  solving  the  equation. 

Example  1.  Shew  that  the  equation  2a;2-6x  +  7  =  0  cannot  be  satisfied 
by  any  real  values  of  x. 

Here  .a=^  &=  -6,  c  =  7;  so  that 

62_4ac  =  (-6)2-4.2.7=  -20. 
Therefore  the  roots  are  imaeina^.  -^ 

Example  2.    If  the  equation  x^+2{k  +  2)  x  +  ^k  =  0  has  equal  roots,  find  A-. 
The  condition  for  equal  roots  gives 

(A;  +  2)3=9it, 
A;2-oA;  +  4  =  0, 
(A;-4)(fc-l)  =  0; 
.-.  ft  =  4,0^ 
Example  3.     Shew  that  the  roots  of  the  equation 

'  x^  -^px-^-p"^  -  q^  +  2qr  -r^=0 
are  rational. 

The  roots  will  be  rational  provided  {~2p)^--i{p- -(i-  +  2qr-r-)  is  a 
perfect  square.  But  this  expression  reduces  to  4(g''-2gr  +  r''),  or  ^.{q-r)-. 
Hence  the  roots  are  rational. 

,,.       ,..               -b  +  Jb'-iac       „     -b-Jb'-iac 
114.     Since  a= ^- ,     /3  = >^^ , 

weliave  by  addition 

o_-b  +  Jb'^Aai:-b-Jb'-iac 

(1); 
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and  by  multiplication  we  have 

_  (-5)^-(6^-4ac) 
4a^ 

~4a-"!^r ^'^^' 

By  writing  the  equation  in  the  form 

ic^  +  -  a;  +  -  =  0, 
a        a 

these  results  may  also  be  expressed  as  follows. 

In  a  quadratic  equation  where  the  coefficient  of  the  first  term  is 
unity, 

(i)  the  sum  of  the  roots  is  equal  to  the  coefficient  of  x  with 
its  sign  changed ; 

(ii)  the  product  of  the  roQts.is  equal  to  the  third  term. 

Note.    In  any  equation  the  term  which  does  not  contain  the  unknown 
quantity  is  frequently  called  the  absolute  term. 

b  c 

115.     Since  =  a  +  j3,  and  -  =  a/3, 

a  a 

b         c 
the  equation  x^+  -x  +  -  =  0  may  be  written 

x'-{a  +  l3)x  +  al3  =  0 (1). 

Hence  any  quadratic  may  also  be  expressed  in  the  form 

x^  -  (sum  of  roots)  x  +  product  of  roots  =  0 (2). 

Again,  from  (1)  we  have 

(x-a){x-(3)  =  0 (3). 

We  may  now  easily  form  an  equation  with  given  roots. 

Example  1.     Form  the  equation  whose  roots  iire  3  and  -  2. 

The  equation  is  {.v  -  3)  (cc  +  2)  =  0, 

or  x2_^_6  =  0. 

When  the  roots  are  irrational  it  is  easier  to  use  the  following 
method. 
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Example  2.     Form  the  equation  whose  roots  are  2  +  ^3  and  2  -  ,^3. 

We  have  sum  of  roots  ~  4, 

product  of  roots  =  1 ; 
.*.  the  equation  is  X'-4x  +  l  =  0, 

by  using  formula  (2)  of  the  present  article. 

116.     By  a  metliod  analogous  to  tliat  used  in  Example  1  of 
the  last  article  we  can  form  an  equation  with  tliree  or  more  given 

roots. 

7 
Example  1.     Form  the  equation  whose  roots  are  2,  -  3,  and  ^ . 

o 

The  required  equation  must  be  satisfied  by  each  of  the  following  sup- 
positions : 

7 
a;-2  =  0,   a;  +  3  =  0,  x-^  =  0; 
o 

therefore  the  equation  must  be 

{x-2){x  +  3)fx-l\=0; 

that  is,  (x-  2)  {x  +  3)  (5.r  -  7)  =  0, 

or  5x3 -2x2 -37a; +  42  =  0. 

Example  2.     Form  the  equation  whose  roots  are  0,  ^a,-. 

The  equation  has  to  be  satisfied  by 


x  =  0,   x  =  a,   x=-a,   x—t; 


therefore  it  is 


X  (x  +  a)  (x-a) 


H)-^-- 


that  is,  x  (x2  -  a2)  (6x  -  c)  =  0, 

or  ^x*  -  car*  -  a-hx^  +  a^cx = 0. 

117.  Tlie  results  of  Art.  114  are  most  important,  and  they 
are  generally  sufficient  to  solve  problems  connected  witli  the 
roots  of  quadratics.  In  such  questions  the  roofs  should  tiever  be 
considered  singly^  but  use  should  be  made  of  tlie  relations  ob- 
tained by  writing  down  the  sum  of  the  roots,  and  tlieir  product, 
in  terms  of  the  coefficients  of  the  equation. 

Example  1.     If  o  and  /3  are  the  roots  oi  x^-px-\-q  =  0,  find  the  value  of 
(l)a2  +  /3'-!,  {2)a='  +  ^».  "^ 

We  have  a  +  p=p, 
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.      Again,  »-^  +  p'^  =  {a  +  (i){a'  + p- -  afi) 

Example  2.     If  a,  ^  are  the  roots  of  the  equation  /.r- +  ?«.t  +  7i  =  0,  find  the 

equation  whose  roots  are  -  ,     . 
(i    a 

We  have  sum  of  roots  =  ^  +  ^  =  — -^  ,  .  ^ 

pa         0|3  7^ 

product  of  roots  =  _^ .  "  =  1 ; 
p   a 

.'.  by  Art.  115  the  required  equation  is 

or  apx--{a^  +  p')x  +  a^  =  0. 

As  in  the  last  example  a-  +  j3-=  — j^ —  ,  and  aj3=     . 

,,              .•       .                   Wo     w--2/tZ        n     - 
.•.  the  equation  is  .  x- j^ —  a;  +  .  =  0, 

or  nlx'  -  {ill?  -  2nl)  x  +  nl  =  0. 

Example  3.     When  x=    ^    ^^  '  ^^^  *^^  ^'^^"^  "^  2x^  +  2x- -7x  +  12  ; 


and  shew 


3  —  5   /  —  1 
that  it  will  be  unaltered  if — -—— be  substituted  for 


3±5j-l 
Form  the  quadratic  equation  whose  roots  are ^^ ; 

the  sum  of  the  roots  =3j,.^ 

the  product  of  the  roots  ~  6  ' 

hence  the  equation  is  2x-  -  Gx  + 17  -  0  ; 

.*.  2x"-6x  +  n  is  a  quadratic  expresision  which  vanishes  for  either  of  the 

3±5V-i 
values  f, • 

Now     2x3  +  2xr  -  7a:  +  72  -^  x  {2x"  -  6.r  +  17)  +  4  (2.r"  -  Cx  +  17)  +  -1 
which  is  the  numerical  value  of  the  expression  in  each  of  the  supposed  cases. 
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118.  To  find  the  condition  that  the  roots  of  the  equation 
ax^  +  bx  +  c  =  0  should  be  (1)  equal  in  maynilude  and  opposite 
in  sign,  (2)  reciprocals. 

The  roots  will  be  equal  in  magnitude  and  opposite  in  sign  if 
their  sum Js_sew) ;  hence  the  required  condition  is  " 

-  -  =  0,  or  6  =  0. 
a 

Again,  the  roots  will  be  reciprocals  when  ^heir  product  is 
unity ;  hence  we  must  have 

-  —  1 ,  or  c  =  a. 
a 

The  first  of  these  results  is  of  frequent  nr^pjirrpnr'^eJn  Analyti- 
fa]  Opnmpj.ny^  and  the  second  is  a  particular  case  of  a  more 
general  condition  applicable  to  equations  of  any  degree. 

Example.    Find  the  condition  that  the  roots  of  ax^  +  bx  +  c  =  0  may  be  (1) 
both  positive,  (2)  opposite  in  sign,  but  the  greater  ot  them  negative. 

b  c 

We  have  a  +  /3=--,   a8=-. 

a  a 

(1)     If  the  roots  are  both  positive,  g^  is  positive,  and  therefore  c  and  a 
have  hke  signs. 

Also,  since  o+j3  is  positive,  —  is  negative;  therefore  b  and  a  have  unlike 


Signs.  ■   ■■'       — ■--— 

Hence  the  required  condition  is  that  the  signs  of  a  and  c  should  be  like, 
and-xmuositejo  the  sign  of  b. 

(2)    If  the  roots  are  of  opposite  signs,  o^  is  negative,  and  therefore  c  and 
a  have  unlike  signs. 

Also  since  a  +^  has  the  sign  of  the  greater  root  it  is  negative,  and  there- 
fore -  is  positive;  therefore  b  and  a  have  like  signs. 

Hence  the  required  condition  is  that  the  signs  of  ({^&ndb  should  be  like, 
and  opposite  to  the  sifj;n  of  c^  " 


EXAMPLES.    IX.  a. 


d 


Form  the  etiuations  whose  roota  are 

5'    7 
4.     7  ±2^5. 


2.    ^\    -2. 

n          m 

3     p-q          p+q 
•     p+q'        p-q 

5.     ±2^/3-5. 

6.      -^±2^2^. 
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7.      -3±5i.  8.      -a±ih.  9.     ±i{a-b). 

10.      -3,|,   1.         11.     f,0,   -?.  12.     2±V3,4.- 

13.  Prove  that  the  roots  of  the  following  equations  are  real : 

(1)  .r2-2a.r+a2_52_c2=:0, 

(2)  (a-h-\-c)x^-{-4:{a-h)x  +  {a-h-c)^0. 

14.  If  the  equation  x'^-\^-vi  {2x  -  8)  =  0  has  equal  roots,  find  the 
values  of  m. 


P^ 


/O 


15.  For  what  values  of  m,  will  the  equation 

^•2  -  2.'/;  (1  +  3m)  +  7  (3  +  2m)  =  0 
have  equal  roots  ? 

16.  For  what  value  of  m  will  the  equation 
/  x^-hx  _m-\         t^     \f] 

^  ax-c  ~m  +  l 

have  roots  equal  in  magnitude  but  opposite  in  sign  ? 

17.  Prove  that  the  roots  of  the  following  equations  are  rational: 

(1)  (a+c-6)a;2  +  2a^+(6  +  c-a)=0,         —^  \{^(i^~'  H-'^-^t-^f) 

(2)  a6c2^2  +  ^a'^cx + h^cx  -  6a2  -  a6  +  262  =  0.  v(^  -tC  '  1^  )  -  fe^ 

I f  a,  /3  are  the  roots  of  the  equation  ax"^ ->th(c-\-c  =  0,  fkid  .the  y^ues  of 

18.  1  +  ^,.  19.    a^^r^^r^,  20.     (^-fj. 

Find  the  value  of  4^  r 

21.  x^  +  x^-x  +  22\fhenx=tl  +  2i.  U     -      V~ 

22.  .^  -  3.^2  -  8.V  +15  when  x  =  2  + 1 

23.  x^  -  a.t'2  +  2a2i^  +  4a^  when  -  =  1  -  ^^^ 

7 

24.  If  a  and  ^  are  the  roots  of  x^+px  +  q  =  0,  form  the  equation 
N^\  whose  roots  are  (a  -  ^3)2  and  (a+)3)2. 

'T^  25.     Prove  that  the  roots  of  {x-  a)  {x-b)  =  h^  are  always  real.  {^t^KoMS^  f^ 
^ \\>26.     If  x^ ,  .^2  are  the  roots  of  ax^  +  bx  +  c  =  0,  find  tho  value  of     \|  '^r 

y^  (1)     (ax,  +  b)-^  +  {ax,  +  b)-^  H\(S^j^^ 


fm 
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r       27.     Fin 


d  the  couditioii  that  one  root  of  ijui^  +  b,v  +  c  =  0  shall  be 
11  times  the  other.  ' — 

28.  If  a,  )3  are  the  roots  of  ax^  +  b:v  +  c  =  0,  form  the  equation  whose 
roots  are  a^  +  jS-  and  a~'^  +  fi~'^. 

29.  Form  the  equation  whose  roots  are  the  squares  of  the  sum  and 
of  the  difference  of  the  roots  of 


2x^  +  2(m  +  n)  x  +  ni^  -Hjc  =  0. 


4- 


30.     Discuss  t)ie  signs  oft^erbots  or  the  equ^oii  *"^^*-*  /,  /        ,n 

119.  yihe  following  example  illustrates  a  useful  application 
of  the  results  proved  in  Art.  113. 

X'  4-  2x  —  11 

Example.    If  a;  is  a  real  quantity,  prove  that  the  expression  —^ -r— 

2  (x  —  Of 
can  have  all  numerical  values  except  such  as  lie  between  2  and  6. 

Let  the  given  expression  be  represented  hy  y,  so  that 
a;H2a;-ll_ 
'~2(^y  ~^^' 
then  multiplying  up  and  transposing,  we  have 

x^  +  2x{l-ij)  +  6y-ll  =  0. 

This  is  a  quadratic  equation,  and  in  order  that  x  may  l^ave  real  values 
4(l-9/)2-4(6?/-ll)  must  be  positive;  or  dividing  by  Van d  simplifying, 
y--8y  + 12  must  be  positive ;  that  is,  (y  -  6)  {y  -  2)  mustrlbe  positive.  ^  Hence 
the  factors  of  this  product  must  be  both  positive,  or  both  negative.  In  the 
former  case  y  is  greater  than  6;  in  the  latter  y  is  less  than  2.  Therefore 
y  cannot  lie  between  2  and  6,  but  may  have  any  other  value. 

In  this  example  it  will  he  noticed  tliat  the  quadratic  expression 
y^  -Sy+  12  is  positive  so  long  as  y  does  not  lie  between  the  roots 
of  the  corresponding  quadratic  equation  v/"  -  8y  +  12  -  0. 

This  is  a  particular  case  of  the  general  proposition  investigated 
in  the  next  article. 

) 

I  120.     For  all  real  values  of  x  tlue  expression  ax*  +  bx  +  c  has 

the  same  siyn  as  a,  except  ivhen  the  roots  oftJte  equation  ax'+bx+c-O 
are  real  and  unequal,  and  x  has  a  value  lying  between  tJiem. 

Case  I.     Suppose  that  the  roots  of  the  equation 
ax^  +  6a;  +  c  -  0 
are  real  ;  denote  them  by  a  and  ft,  and  let  a  be  the  greater. 
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Then      ax'  +  bx  +  c  —  a  ix^  +  -  x  +     ) 
\        a        aj 


{x^- 


{a  +  li)x  +  ali\ 


=  a(x-a)  (x-  y8).  y 

Now  if  ft.' ds-gi'eajifji  than  a»^li»  fftetora-fg — a^-* — -fi-J^^'^)  both 
positive ;  and  if  x  is  less  than  y8,  the  factors  x  —  a,  x—  ^  are  both 
negative ;  therefore  in  eacli  case  the  expression  (x  —  a)  (x  —  /3)  is 
positive,  and  ax^  +  bx  +  c  has  the  same  sign  as  a.  But  if  x  has  a 
value  lying  between  a  ajid^  tlie  expression  (x  —  a)  (x-  fS)  is 
negative,  and  the  sign  ^^'a^c'^bx  +  c  is  opposite  to  that  of  a. 

Case  II.     If  a  and  (3  are  equal,  then 

ax^  +  bx  +  c  =  a(x—  a)^, 

and  (a;  -  a)^  is  positive  for  all  real  values  of  x ;  hence  ax^  +  bx  +  c 
has  the  same  sign  as  a. 

Case  III.  Suppose  that  the  equation  ax^  +bx  +  c  =  0  has 
imaginary  roots ;  then 

ax^  +  bx  +  c  =  a\x'  +  -x  +  -\- 
I        a        a) 


{(^4J^^=^} 


But  b^  —  Aac  is  negative  since  the  roots  are  imaginary ;  hence 
— j-^—  IS  positive,  and  the  expression 

Aac-b' 


(^  ^  rj 


w 


is  positive  for  all  real  values  of  a? ;  therefore  ao?  +  bx  +  c  has  the 
same  sign  as  a.     This  establishes  the  proposition. 

121.  From  the  preceding  article  it  follows  that  the  expression 
ax'  +  6a;  +  c  will  always  have  the  same  sign  whatever  real  value  x 
may  have,  provided  that  b^  —  4ac  is  negative  or  zero ;  and  if  this 
condition  is  satisfied  the  expressioiTia  puylLivu  ui  itegative  accord- 
ing as  a  is  positive  or  negative. 

Conversely,  in  order  that  the  expression  ax^  +  bx+c  may  be 
always  positive,  b^  —  4a£.^ns^|  b*^  iif^.ofativa  or  ;;ero,  and  a  must  be 
positive  ;  and  in  order  ffiaf  aa;"  + '^i' +  c  may  be  always  negative 
b^  -  iac  must  be  negative  or  zero,  and  a  must  be  negative. 
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Example,     Find  the  limits  between  which  a  must  He  in  order  that 

ax^-lx  +  b 

5x^  —  7x  +  a 

may  be  capable  of  all  values,  x  being  any  real  quantity. 

^  ,                                         ax--7x  +  5 
Put  -- — = =w;. 

then  {a-5y)x^-7xi).-y)  +  {5-ay)  =  0. 

In  order  that  the  values  of  a;  found  from  this  r|ngflrgfin  rn^j^^  i-qqI  the 
expression  y"^ 

49  (1  -  yf^^{a  -  5y)  (5  -  ay)  must  be  positive^ 

that  is,        (49  -  20a)  y^  +  2  {2a^  + 1)  y  +  (|^^2Qa)  must  be  positive ; 

hence  (2a^jiDl.-  (49  -  20a)2  must  be  negative  or  zero,  and  49  -  20a  must  be 
positive.  \/ 

Now  (2a2  + 1)2  -  (49  -  20a)2  is  negative  or  zero,  according  as 

2  (a^  -  10a  +  25)  X  2  (a^  +  lO^-.a^ia  negative  or  zero ; 

that  is,  according  as     4  (a  -  5)^  (a  ^f- 12)  (a  -  2)  is  negative  or  zero. 

This  expression  is  negative  as  long-as  a  lies  between  2  and  - 12,  and  for 
such  values  49  -  20a  is  positive ;  the  expression  iszeroAvhtu  it  —  0,  -  12,"or  2, 
but  49-20a  is  negative  when  a  =  5.  Hence  the  limiting  values  are  2  and 
-  12,  and  a  may  liave  any  intermediate  value. 


rv    v       / 


EXAMPLES.    IX.  b 

1.     Determine  the  limits  between  which  n  mijst  lie  in  order  that 
e  equation 


may  have  real  roots.     (^Lv<-vv  '-vj      -        ^^   ,,.^.»vCT 


¥ 


If  X  be  real,  prove  that  -^ — '- r-Jimfet  lie  l)etween  1  and  -  , - '. 

^  .r2-5.t'  +  9j  .  11 

^—x^-\  1 

3.  Shew  that  -, — '- lies  between  3  and  -  for  all  real  values  of  x. 

x^-{-x-\-\  3 

v2+34r  — 71 

4.  If  A' be  real,  prove  that  *   -„ — - — -^-  can  have  no  value  l>etween 

J  X  "T"  ^x  —  / 

fd9. 

A  Ja 

5.  Find  the  equation  whoso  roots  are . 

/v/cr  +  Y  a  -  h 

6.  I  f  o,  /3  are  roots  of  the  equation  oiP'-px+q  =  0,  find  the  value  of 

(1)  a2(a2/3-»-/3)+/32  032a-i-a), 

(2)  („-^)-4  +  (^_p)-4. 
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7.     If  the  roots  of  Ix^  +  nx'+n=0  be  in  the  ratio  of  p  :  q,  prove  that 


rt 


A    .  8.     If  .V  be  real,  the  expression  ^ — ^;-r4 r —  admits  of  all  values 

Uexcept  such  as  lie  between  27i  and  2m. 

XI  9.     If  the  roots  of  the  equation  aa;2+26a;+c=0  be  a  and  /3,  and 

[  those  of  the  equation  Ax^  +  2Bx  +  0=  0  be  a  +  d  and  ^J:.&r4JP»ve  that 

/  ipyp.  ^  3^ ^ 

/      10.     Shew  that  the  expression  ^ — ^-^  will  be  capable  of  all 

values  when  x  is  real,  provided  that  p  has  any  value  between  1  and  7. 

x-\-2      o  '  ^ 

11.  Find  the  greatest  value  of  ^--^ — for  real  values  of  x. 

12.  Shew  that  if  x  is  real,  the  expression 

has  no  real  values  between  6  and  c. 

13.  If  the  roots  of  ax'^  +  2hx  +  c  =  0  be  possible  and  difi'erent,  then 
the  roots  of 

(a  +  c)  (aa.-2  +  26^  +  c)  =  2  (ac  -  62)  (^2  ^  1) 

will  be  impossible,  and  vice,  versa. 

14.  Shew  that  the  expression  jy (y -y(  will  be  capable  of  all 

{^OX  —  Cfi)  yCX  —  Ct) 

values  when  x  is  real,  if  a^  -  b^  and  c^  -  d^  have  the  same  sign. 

\  /  *122.  We  shall  conclude  this  chapter  with  some  miscellaneous 
\  theorems  and  examples.  It  will  be  convenient  here  to  introduce 
ya  phraseology  and  notation  which  the  student  will  frequently 
Ameet  with  in  his  mathematical  reading. 

/     Definition.     Any  expression  which  involves  x,  and  whose 

\  A^alue   is   dependent    on   that   of   x,   is   called   a  function  of  X. 

y  Functions  of  x  are  usually  denoted  by  symbols  of  the  form  /{x), 

y\j'(x),,^(x). 

Thus  the  equation  y  =/{x)  may  be  considered  as  equivalent 
to  a  statement  that  any  change  made  in  the  value  of  x  will  pro- 
duce a  consequent  change  in  y,  and  vice  versd.  The  quantities  x 
and  2/  are  called  variables,  and  are  further  distinguished  as  the 
independent  variable  and  the  dependent  variable* 


.2a* 


An  independent  variable  is  a  giiant.if.y  winch   may  havft  any 
value  we  choose  to  assign  to  it,  and  the  correspond  in  or  depeadeuL, 
variable  has  its  value  deterininjsd  as  soon  as  the  value  of  tlie-inde- 
pendent  variable  is  known. 

*123.     An  expression  of  the  form     y  t         f^c   >vtr^       ^y 


wJiere  n  is  a  jwsiiive  integer,  am^xlie  coefRcieifts  ;;„,  ^j,,  p^,...]?  do 
not  involve  x,  is  called  a  rational  and  integral  algebraical  "function 
of_g.  In  the  present  chapter  we  shall  contineour  attention,  to 
iFunctions  of  this  kind.  .,      A,r  ;  '•  ■■^M:-" 

*124.  A  function  is  said  to  be  linear  when  it  contains  no 
higher  power  of  tlio  variable  than  the  first ;  thus  ax  +  &  is  a  linear 
function  of  x.  A  function  is  said  to  be  quadratic  when  it 
contains  no  higher  power  of  the  variable  than  the  second ;  thus 
aaf  +  bx  +  c  is  a  quadratic  function  of  x.  Functions  of  the  third, 
fourth,...  degrees  are  those  in  which  the  highest  power  of  tlie 
variable  is  respectively  tlie  third,  fourth,....  Thus  in  the  last 
article  the  expres.:ion  is  a  function  of  x  of  the  ?i*^  degree. 

*125.  The  symbol/(a;,  y)  is  used  to  denote  a  function  of  two 
variables  x  and  y ;  thus  ax  +  by  ■¥  c,  and  aaf+  bxy  +  cy^+  dx  4-  ey  +f 
are  respectively  linear  and  quadratic  functions  of  x,  y. 

/*  The  eqications  f{x)  =  0,  f{x,  y)  -  0  are  said  to  be  linear,  quad- 
/ratic,...  according  as  the  functions  f{x),  f{x,  y)  are  linear,  quad- 
l  ratic, .... 

*126.  We  hive  proved  in  Art.  120  that  the  exjn'ession 
CLot?  +  bx  +  c  admits  of  being  put  in  tlie  form  a(x-a)  (x  —  )8), 
where  a  and  /3  arc  the  roots  of  the  equation  ax'  +  bx  +  c=^0. 

Thus  a  quadratic  expression  ax'  +  bx  +  c  is  capable  of  being 
resolved  into  two  rational  factors  of  the  first  degree,  whenever 
tlie  equation  ax^  +  bx  +  c  --  0  has  rational  roots ;  that  is,  when 
b^t-  iac  is  a  perfect  square. 

*127.  To  Jind  the  condition  that  a  quadratic  fmiction  ofx,  y 
viay  be  resolved  into  two  linear  factors. 

Denote  the  function  hyf{x,  y)  where 

/(a;,  y)  ^  ax*  +^hxy  +  by*  +  2^a:+  2fy  +  c. 


THE  THEORY  OF  QUADKATIC  EQUATIONS.       95 

Write  this  in  descejiding  powers  of  x,  and  equate  it  to  zero; 
thus 
^  ax'  +  2x{h]/  +  !fl+h/  +  2/y  +  c  ^  0 .      ^      ^ 

Solving  this  quadratic  in  x  we  have  T    '     "^  / 

^  _^  (%  +g)^  Ji^j  +  gf  ^a  {by"'  ^  2fy  +  c)  ^  ^^  ^   . 

V  ^  ' 

or         ax+  hy  +  g  =  ^  Jy^  (h"  —  ab)  +  2y  {lig  —  af)  +  (g'  —  ac). 

Now  in  order  that  /(x,  y)  may  be  the  product  of  two  linear 
factors  of  the  form  px  +  qy  +  r,  the  quantity  under  the  radical 
must  be  a  perfect  square  ;  hence 

{hg  -  a/y  ^.  (h^  -  ab)  (g'  -  ac). 

Transposing  and  dividing  by  a,  we  obtain 

abc  +  2fgh-a/'-bg'-ch'  =  0; 

which  is  the  condition  required. 

This  proposition  is  of  great  importance  in  Analytical  Geometry, 

■'*"128.     To  find  the  condition  that  the  equations 
ax^  +bx  +  c  =  0,  a'x^  +  i'aj  +  c'  =  0 
may  have  a  common  root. 

Suppose  these  equations  are  both_satisfiedj2yjB.=  a ;  then 
aaV+  ba  -t,c  =  0, 

.'.by  cross  multiplication 

__a^___a__  1 

be  -  b'c     ca  —  c'a     ab'  -r  a'b ' 

To  eliminate  a,  square  the  second  of  these  equal  ratios  and 
equate  it  to  the  product  of  the  other  two ;  thus 

2  2  1 

a  a  1 

{ca'  —  c'ay     {be  -  b'c)  '  {ab'  —  a'b) ' 
.'.   {ca  -  caf  =  {be  -  b'c)  {ab'  -  a'b), 
which  is  the  condition  required. 

It  is  easy  to  prove  that  this  is  the  condition  that  the  two 
quadratic  functions  ax^  +  bxy  +  cy^  and  a'x^  +  b'xy  +  c'y'  may  have 
a  common  linear  factor. 


'^■ 


^p^yi 
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-r^jl 


*EXAMPLES.    IX.  c. 


1.  For  what  values  of  m  will  the  expi-esHion 

be  capable  of  resolution  into  tw6  rational  factors  ? 

2.  Find  the  values  of  m  which  will  make  '2.,v'  +  mxy  +  ^i/'- -by  -^ 
ccjTiivalent  to  the  product  of  two  linear  factors. 


3.     Shew  that  the  expression 


always  admits  of  two  real  linear  factors.^'f>i'*  ^  <^^  ^    t 

\|       4.     If  the  equations 

havef' a  amnion  root,  shew  that  it  must  be  either 

/  vv^         -  - — ' 


P9  -P9  oj.  9_-q 


h- 


^o^it 


A 


5.  Find  the  condition  that  the  expressions 
lx^-\-mxy-^ni/^,     l'x^-\-7n\v}j-\-n'ij'^ 

may  have  a  common  linear  factor. 

6.  If  the  expression 
3.^2  +  2Pxy  +  ^7/  +  2ax-4j/+l 

can  be  resolved  into  linear  factors,  prove  that  P  must  be  one  of  the 
roots  of  the  equation  P^  +  4aP  +  2a^  +  6  =  0.  v^^*-*^ 

(/^-'  <^^  j^        ax"'  +  2hxy ^hfy    a'x^  +  2h'xy + hY      ^?*^ 

>V\)|^i?ifiay  be  respVctively  divisible  by  factors  of  th'e  form  y  -  mx,  my-\-x. 
«      rii         1    i  •„  ^j^g  equatio 
x'^-Zxy'+2y'^ 


8.     Shew\hat  ni  the  equatio  A  >a  l'  '^ 

2.f  -  .3y  -  35  =^  0,  jt.^  *-j^ 

br  every  real  value  of  x  there  is!  a  real  value  of  y,  and  for  every  real 
value  of  y  there  is  a  real  value  of  jx  ^==3? 


9.     If  j;  and  y  are  two  real  quantities  connected  by  the  equation 


9a;2  +  2.«y+y2- 


92a: -20j/  + 244=0, 


then  will  x  lie  between  3  and  6,  apd  y  between  1  and  10. 

10.     If  {cuv^  +  hx  +  c)ij-\-a'x'^+h'x-\-c'=^Oi  find  the  condition  that  x 
may  be  a  rational  function  of  y. 


A' 


c^r 


-f 


U.  !^      -  0 

CHAPTER  X, 

MISCELLANEOUS  EQUATIONS. 

129.  In  this  chapter  we  propose  to  consider  some  mis- 
cellaneous equations  ;  it  will  be  seen  that  many  of  these  can  be 
solved  by  the  ordinary  rules  for  quadratic  equations,  but  others 
require  some  special  artifice  for  their  solution. 

—        --I 
Example  1.     Solve  Sx-^-Sa;  ='«=63. 

Multiply  by  x'^^  and  transpose ;  thus 

1  L 

8a;" -63x2" -8  =  0; 

(ic2'*-8)(8a;2«  +  l)  =  0; 

-1  1 

a;2n  =  8,  or--; 

o 

2m 
2n  /  1  \    3 

a:  =  (23)3,or(^--3J    ; 

•••  ^  =  2^01-21^. 

Example  2.     Solve     2  ^  /^+  3  ^  /^  =  ^  +  ^f  .                ,          y^ 
\/  a         \/  X     a      b  L  .^  

^       .-.2,  +  ?  =  ^^; 
"^    y     a      b 

2a6y2  _  Qa^y  _  ja^  +  3a6  =  0 ; 
{2ay-b)(by-Sa)=0; 
b         Sa 


X  _IP_         9a2_ 
a  ~  4a-'= '  ^^  h-  ' 


thatis,  ^-^ia'^^-^ 

H.  H.  A. 


h 
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Example  3.     Solve     [x  -  5)  (x  -  7)  (a;  +  6)  (a:  +  4)  =  504. 
We  have  (a-  -  a; - 20)  {x^-x- 42)  =  504 ; 

which,  being  arranged  as  a  quadratic  in  x^  -  x,  gives 
(a;2  -  a;)2  -  62  (a^  -  x)  +  336  =  0  ; 
.-.  (a;2-a;_6)(x2-a;-56)  =  0; 
.:  x^-x-&  =  0,  or  x^-x-5Q  =  0 
whence  a;  =  3,   -2,  8,  -7. 

130.      Any  equation  which  can  be  thrown  into  the  form 
ax^  +  bx  +  c  +  p  Jaa^  +  hx  +  c  =  q 
may  be  sohed  as  follows.     Putting  y  =  Jax^  +  bx  +  c,  we  obtain 

Let  a  and  yS  be  the  roots  of  this  equation,  so  that 
J  ax"  +  bx  +  c  =  a,      J  ax'  +  bx  +  c  =  ft ; 
from  these  equations  we  shall  obtain  ybwr  values  of  x. 

When  no  sign  is  prefixed  to  a  radical  it  is  usually  understood 
that  it  is  to  be  taken  as  positive;  hence,  if  a  and  ft  are  both 
positive,  all  the  four  values  of  x  satisfy  the  original  equation. 
If  however  a  or  ^  is  negative,  the  roots  found  from  the  resulting 
quadratic  will  satisfy  the  equation 

oaf  +  bx+  c  —  p  Jaa?  +  bx  +  c-q, 

but  not  the  original  equation. 

Example.     Solve  a;2-ox  +  2^x2-5x  +  3  =  12. 
Add  3  to  ^lagk-gidej  then 

gSir  5x  4- 3 +^  ^EJiTa  =  16. 
Putting  j!X^-5x  +  3  =  y,  we  obtain  y'  +  2i/ -  15  =  0;  whence  y  =  3  or  -5. 
Thus  Jx^  -  5a;  +  3  =  +3,  or  Jx^-!)X  +  S=  -5. 

Squaring,  and  solving  the  resulting  quadratics,  we  obtain  from  tlie  first 
as =6  or  -1;  and  from  the  second  x=  ') — -.  The  first  pair  of  values 
satisfies  the  given  equation,  but  the  second  pair  satisfies  the  equation 


x«-5a:-2  7x«-5x  +  3  =  12. 
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131.  Before  clearing  an  equation  of  radicals  it  is  advisable 
to  examine  whether  any  common  factor  can  be  removed  by 
division. 

Example.     Solve  Jx-  -  lax  +  lOa-^  -  Jx-  +  ax-  6a'-  =  x-2a. 
We  have 

^(x-2a){x-5a)  -  J{x-2a)  (x+Sa) =x-2a. 

The  factor  Jx  -  2a  can  now  be  removed  from  every  termj 

.-.  sjx-5a-  Jx  +  M— Jx-2a\ 

X- 5a +  05  + 3a -2  J{x  -  5a)  (a:  +  3a)  =  a;  -  2a  ; 

a;  =  2  sjx''  -  2ax  -  15a'^ ; 

3x2-8aa;-60o2  =  0; 

ix-6a)(3a:  +  10a)  =  0; 

10a 
x  —  m,  or  — — . 

o 

Also  by  equating  to  zero  the  factor  Jx  -  2a,  we  obtain  a;  =  2a. 
On  trial  it  will  be  found  that  x=6a  does  not  satisfy  the  equation  :  thus 
the  roots  are  — — -  and  2a. 

The  student  may  compare  a  similar  question  discussed  in  the  Elementary 
Algebra,  Art.  281.  . 

132.  The  following  artifice  is  sometimes  useful. 

Example.     Solve  JSx'  -  4x  +  34  +  ^305^  -  4a;  -  11  =  9  (1). 

We  have  identically 

(3^-'-i;c  +  34)-j3i2-^a;-ll)  =  45. (2). 

Divide  each  member  of  (2^  by  the  corresponding  member  of  (1) ;  thus 
Jix^  _  4a;  +  U-Jdx^  -  4a;  -  11  =  5 (3). 

Now  (2)  is  an  identical  equation  true  for  all  values  of  x,  whereas  (1)  is  an 
equation  which  is  true  only  for  certain  values  of  x ;  hence  also  equation  (3) 
is  only  true  for  these  values  of  x. 

From  (1)  and  (3)  by  addition 

J-6j,^-Ax  +  sI=:7; 
5 


whence  a; =3,  or 

o 


7—2 
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133.     The  solution  of  an  equation  of  the  form 
ax^  ±  hx^  =t  ca;^  ±  6a;  +  a  =  0, 
in  which  the  coefficients  of  terms  equidistant  from  the  beginning 
and  end  are  equal,  can  be  made  to  depend  on  tlie  solution  of  a 
quadi-atic.      Equations  of  this  type  are  known  as  reciprocal  equa- 
tions^ and  are  so  named  because  they  are  not  altered  when  x  is 

changed  into  its  reciprocal  - . 

For  a  more  complete  discussion  of  reciprocal  equations  the 
student  is  referred  to  Arts.  568 — 570. 

Example.     Solve      12a;^  -56^^ 4- ftQrS -  nr»x ^1%=0. 

Dividing  by  x^  and  rearranging, 

Put 


whence  we  obtain 


13    2 

By  solving  these  equations  we  find  that  jc  — 2,  -  ,  - ,  q  . 

134.     The  following  equation  though  not  reciprocal  may  be 
Ived  in  a  similar  manner. 

Example.     Solve         Gx*  -  25x3-{-12xSj-j5j;  +  G  =  0 
We  have 


X 

z ; 

then  a;2  +  — 
or' 

'.  12  [z 

2  _ 

2)- 

-562  +  89 

z  = 

5 
^2 

.  or 

13 

6  • 

.-.  x  + 

1 

X 

5 
"2' 

13 

or-^. 

/      i\2       /      i\  iQ»r!r-- 

6(x-M  -25(.T-^j+24  =  0: 
!(x-^)-3^0,or3(x-^)-8=0; 


v/hence  we  obtain  x  =  2,  -  -  ,  3,  -  -  , 


135.  When  one  root  of  a  quadratic  equation  is  obvious  by 
inspection,  the  other  root  may^^jftei),.  l>e  readily  obtained  by 
making  use  of  the  properties  pf  the  TOots  of  quadratic  equations 
proved  in  Art.  114. 


-^a,.-o> 
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Example.     Solve      {I  -  a-)  {x  +  a) -2a{l-x^)=0. 

This  is  a  quadratic,  one  of  whose  roots  is  clearly  a. 

Also,  since  the  equation  may  be  written 

2ax2  +  (l-a2)x-a(l+a2)^0, 

l  +  a^                                                     .       1  +  «* 
the  product  of  the  roots  is ^  ;  and  therefore  the  other  root  is ^  . 

EXAMPLES.    X.  a. 

[When  any  of  the  roots  satisfy  a  modified  form  of  the  equation,  the  student 
should  examine  the  particular  arrangement  of  the  signs  of  the  radicals  to  which 
each  solution  applies.]  n 

Solve  the  following  equations  :  *>^     ^-   /  '  ^  i  )  V^ 

^^    ^  1.    a;-2- 2^-1  =  8.     ^  2.     9  +  ^-*=  10^-2^  :^-.  )  •" 


^1 

3.  2^.v  +  2.v  2==  5. 

2  1 

9.  GV^  =  5^"2-13.  10.     l+8.r^  +  9^u.-3-0. 

11.  32*  + 9  =  10.  3^.  12.     5  (5* +  5-*)  =  26. 

13.  22^  +  8+1=32.2^.  14.     22*  +  3_57  =  65(2«_l). 

\    17.  Li:^Au^J^\(:t^m^4^U^lQ80.        J:^'^ 

18.  (A'4-9)(^-3)(:f-V)(a,-  +  5)  =  385.-"^ 

19.  .r(2a;+l)(:p-2)(2^--3)  =  63. 

20.  (2*-  -  7)  (.^2  _  9)  (2^  +  5) = 91. 

21.  a.-2  +  2v/.t-2  +  6.r=24-6a;.  ><-   '^ 

22.  3a^2  -  4^+  x/3a'2  -  4a-  -6  =  18. 

23.  3a;2 _ 7  +  3  ^3^21716^+21  =  16.c. 

24.  8  +  9  J  (So;  - 1)  (a'  -  2)  =  3^2  _  7^.. 

25.  ?:?:^2^V2-^^r5F+3=^l^^ 
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j3:^-8.v+l 


(i*-")" 


1 


27.     ^4^- 7:^-15  -  V^2_ar=  V^-9. 

23.     V2.v2-9^  +  4+ 3  Var^  =  V2a;2+21^-ll. 

29.     V2^r2  4-5:p-7  +  j3{x^-7a;+6)  -  J7a;^-6x-i=0. 


30.  V«^  +  2flM7-  3.^2- VaHow;-6A-^=  J2a^+3aa;-9aj^. 

'      32.  j3a^-2a;+9+j3ai^-2a;-4=l3.  (WJUc^l- 

33.  ^2.^2-7^+1-  J^^-9a;A-4=l.  IUl--  -^^^^^^-^ 

34.  ^3^^- 7a;- 30-^2^^ -7^ -5=  x-5.  -^-vt^^  ^^*-jH^^--— ^ 

36.  x^  +  -a;^  +  l=3x^+3a;.  37.    ^4-r-3A«34.^]>=g.r» 

~A  38.  10  (.j^-^i^- 63^(^-1) +  52^=0.     liJo-r-OU  "^K 


^.r+Vl2a-^     Va+1 


40. 


a  +  2^+  /y/a^  —  4r2  _  5a; 


A'2— 1  V  . 


42.  ^^;^|^=^ 


%Jx-h      J3x-1 


\J     \  48.     (a4-A*)^^+4(a-a;)3  =  5(a2-a;2)3. 

^^  ^9.     Ja^+ax-l^^x^  +  bx-l^^a-^'b. 


^^ \  18 (7a; -3)  ^  2bOj2x+l 
2a;+l  3V7^ir^ 


.v-.vfe 


^+Va;«-1  ^  -^-V-^^^jg 


^ 


y^Sl.     .rj;-2a;3  4.,^  =  330.  52.     27a-3  +  2U  +  8=0. 
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136.     We  shall  now  discuss  some  simultaneous  equations  of 
two  unknown  quantities. 

Example  1.     Solve  x  +  2  +  ij  +  d  +  J{x  +  2){y  +  S)  =  39. 
(X  +  2)2  +  (y  +  3)2  +  (a;  +  2)  (y  +  3)  =  741. 

Puta;  +  2=M,  and  y  +  3=t;;  then 

u+v  +  Jwv  =  S9 (1), 

u^  +  v^  +  uv  =  7Al (2), 

hence,  from  (1)  and  (2),  we  obtain  by  division, 

u  +  v-  Juv  =  19 (3). 

From  (1)  and  (3),  u  +  v  =  29; 

and  Juv  =  10, 

or  Mr  =  100; 

whence  u  =  25,  or  4;  i;  =  4,  or  25  ; 

thus  a;=:=23,  or  2;  y  =  l,  or  22. 

Example2.     Solve  x*  +  y*=82.... (1), 

x-y  =  2..... (2). 

Put  x  =  u  +  v,  and  y  =  u-v\ 

then  from  (2)  we  obtain  v  =  l. 

Substituting  in  (1),  (tt  +  l)'*  +  (M- l)''-^82; 

.-.  2(m4  +  6m2  +  1)  =  82; 
w'  +  6u2-40=0; 
whence  u2  =  4,  or  -10; 

and  w=i2,  or  ±  V-10- 

Thus  ^  =  3,  -1,  l±s/^r0; 

y  =  l,  -3,  -I^J^TO. 

Examples.     Solve  |±^^-|^^  =  2A (1), 

7x  +  5y  =  29 (2). 

From  (1),  15  {2x'^  +  Bxy  +  y^  -  3a;2  +  \xy  -  f)  =  38  (3x2  +  2a-7/  -  J/2) ; 
.-.  129x2 -29^;^/- 387/2  =  0; 
.-.  (3x-22/)(43a;  +  19r/)-0. 

Hence  3x  =  2?/  (3), 

or  43a;=-19y ...(4). 
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From  (3),  ^__ij__7x  +  5y 

2-3-      29~ 

=  1,  by  equation  (2). 

.-.  a;  =  2,  y  =  3. 

Again,  from  (4)  ^  -  JL  -  ZfL+% 

19~-43~    -82 

29 
=  -  02  '  l^y  equation  (2), 

551  1247 

82  '  ^       82 

Hence  x^2,  y  =  3;  or  x= -^^    V  =  — ^ 

82  '  ^       82    • 

Example  4.     Solve  4:x^  +  Bx^y  +  i/  =  8, 

2x^-2x^y  +  xy^  =  l. 
Put  y  =  mx,  and  substitute  in  both  equations.     Thus 

x^{i  +  3m  +  m^)  =  8  d). 

x3(2-2»n-m2)^l  (2). 

4  +  3m  +  m3_ 

''■2-^wi+^2-«; 

m3-8«i2  +  19m  -12  =  0; 
*ha*  is,  („i  _  1 )  („j  _  3)  („j  _  4)  =, 0 ; 

.'.  m  =  l,  or  3,  or  4. 
(i)     Take  vi:^  1,  and  substitute  in  either  (1)  or  (2). 
From  (2),  ^3=1;  .-.  x  =  l; 

^°^  y=mx=x  =  l. 

(ii)     Take  m~3,  and  substitute  in  (2) ; 

**^»8  5x3=1;    ...   X=^-; 

and  y  =  m.r  =  3x  =  3 //-. 

(iii)     Take  m  =  4;  we  obtain 


and 
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Hence  the  complete  solution  is 

^"^'   VS'    \/lO' 

Note.     The  above  method  of  solution  may  always  be   used  when   the 
equations  are  of  the  same  degree  and  homogeneous. 

Example  5.     Solve     Blx^y^-7y*-ll2xtj  +  6i  =  0 (1), 

a;2- 7x1/ +  41/2  +  8  =  0 (2). 

From  (2)  we  have  -S=x"-7xy  +  iy' ;  and,  substituting  in  (1), 
•dlx^y^  -  It/  +  l^y  (x2  -  7ay  +  4j/2)  +  {x^  -  Ixy  +  'iy^ = 0 ; 
.-.  31a;V  _  7i/4  ^  (3.2  _  7^^  ^  4^2)  (14^;^  +  a;2  _  7^^  +  4^2)  ^  q  . 
.-.  31a;2|/2  -  7y*  +  (a;2  +  4t/2)2  -  (7xi/)2 ^ q  ; 

that  is,  a;4-10a;V  +  V  =  0 (3). 

.-.  (x2-2/2)(;r2-9i/2)  =  0; 
hence  a;=  ±2/>  or  a;=  ±3i/. 

Taking  these  cases  in  succession  and  substituting  in  (2),  we  obtain 
x  =  y=^2; 


=W-h 


x=  -y 
a;=±3,  «=±1 


^^'^^xZ-^'^^^V^^- 


Note.  It  should  be  observed  that  equation  (8)  is  homogeneous.  The 
method  here  employed  by  which  one  equation  is  made  homogeneous  by  a 
suitable  combination  with  the  other  is  a  valuable  artifice.  It  is  especially 
useful  in  Analytical  Geometry. 

ExamjJle  6.     Solve  {x  +  tjfs  +  2{x-y)^  =  3{x^-y'^)^ (1). 

Sx-2y  =  lS (2). 

Divide  each  term  of  (1)  by  {x^  -  y^)^,  or  {x  +  y)^  (x  -  y)^; 


...  (5±?y+2('^?'y=3. 

\x-yj  \x  +  yj 
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^  J    ,  from  which  we  easily  find. 


mf- 


;  2  or  1 ;    whence =  8  or  1  ; 


x-y 

.'.  7x  =  9y,  OT  y  =  0. 
Combining  these  equations  with  (2),  we  obtain 

13 
x=9,  y  =  7;  or  x  =  ^,y^O. 


EXAMPLES.     X.  b. 


Solve  the  foUowmg  equations  :     ^  ^^yy-S 

1.     3^-2y=7,               2.  5*--y  =  3,               3.            4j."-3y-l, 

a:i/  =  20.  y  2  _  g^,2  ^25.                    1 2ay  + 1 3y2  ^  25. 

^/  4.    A-4  +  a;y+y4  =  931,  /"  5.    ^24.  .^^  +3,2  =  84, 

.^2-  ^^  +/  =  19.  I          X  -  Jxy-ity  =6. 

6.     X -\-Jxij+y  ^Qb,  7.     x+y=l  +  Jxy, 

^2+ xy  +y2=,2275.  ^        ^2+^2=  133  _^^. 

'8.^3:c2_5^2_7^           9.  5y2_7.r2=17,         10.     3u,-2+165-16.ry, 

ry  -4^2  =  2.  bxy  -  Qx"-  =  6.                    Ixy  +  3y2  ^  1 32. 


11.           3A-2+xy  +  ?/2  =  15,  12.       a,-2  +  y2_3_3^^^ 

3Uv/  -  3^-2  -  5/  =  45.  2x2  _  6  +  y-^  =  0. 

-)    "      13.     a;* +7/4  =706,          14.  .^,'*  +  y/*-272,           15.    ^•^-^^  =  992, 

r ix^'^'^Y^'l^^  ^.2  .2  9             ,   ,, 

>'  -+r^'      17.  ^-+^=|,     18.  1+1=5. 

1    y+-^=25.  ^=1.         -^^=^ 

^                                              f  '          1                                          ^    t» 

19.    a;+y=1072,          20.  .i/+ya;2  =  2(),         21.  j           5^:2+^2=5^ 

jfi+f=\Q.           /^  .r2+y2  =  65.                [6(.r   2+y    2)^5. 
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22.     Jx+y+slx-y=A,  23.  *""  """^ 


^  .^•2-/=9.  Vj;+i-v^-i  =  Vi^/  \)if'^-  ^. 


;r+y=10.  |Y  ^/        :p2+^2  =  706.  L. 

,26.    .^^4/- 15^=  10  (ay -8),    a;y  =  6.  ^  .'- 

(iv^  27.    aV+ 400 =41.^3/,    y2=5^^_4^2.  ^.i^'' '         ^->c 

29.  9^72  +  3307  -  12  =  12a;y-4y2  +  22y,    o^^-^^y^lS. 

30.  (^2_^2)(^._^)^lg^,y^       (a-4 -y4)  (^.2  _  ^2)^640^2^2, 

31.  ^x'^-xy+y^=^2y,     ^^  +  Axy  =  by. 
«3^.     7 — ; — To  +  /  —  S9  =  —FT  ,     5x  -  7v  =  4. 

33.  3/ (y2- 307^-^^2)^24  =  0,    xi:y^-Axy  +  ^x'^)-\-Q^O. 

34.  3o73_8o7y2+3,3  +  2i=o,     x'{y-x)  =  \. 

35.  y2(4^2_io8)  =  o7(o,-3-9y3),     2072 +  9o7y+y2  =  108. 

36.  Qx/^+xhf+\Q  =  ^a;{l^x+y^),     x^  +  xy-y^^4.. 

37.  A'(a  +  ^)=y(6+y),     ax  +  hy^{x  +  yf. 

38.  o;?^  +  a6  =  2ao7,    3^hf^aW  =  Wy'^. 

a-*  o-*       07-6     y-a     «-6 

40.  6.r3=10a26a;  +  3a3y,     ayS  _  10a62^  +  363^. 

41.  2af^-^V4«^-4^-^+^-^-2  =  l- 

\y     x)  2a     a2 

137.  Equations  involving  three  or  more  unknown  quantities 
can  only  be  solved  in  special  cases.  We  shall  here  consider  some 
of  the  most  useful  methods  of  solution. 

Examplel.     Solve  x  +y  +2=13 ; (1), 

x2  +  y2  +  22  =  65 (2), 

xy  =  lQ.. (3). 

From  (2)  and  (8),  {x  +  yf  +  z'^=S^.  ^  . 

Put  ufoxx  +  y,  then  this  equation  becomes 

tt2 +  22-85. 
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Also  from  (1),  m  +2  =13; 

whence  we  obtain  tt  =  7  or  6 ;  2  =  6  or  7. 

Thus  we  have  x  +  y=  7,)      ^  ^  +  y=  6,j 


xy  =  10\  xij  =  10\ 

Hence  the  solutions  are 

x  =  5,  or  2,|  x  =  B±'s/-i,'\ 

y  =  2,  or  5,(     or  y  =  3Tv^^,l 

Example  2.     Solve  {x  +  y)[x+z)  =  30, 

{y  +  z){y  +  x)  =  15, 
{z  +  x){z  +  y)  =  18. 

Write  ti,  V,  w  for  y  +  z,  z+x,  x  +  y  respectively  ;  thus 

vw  =  SO,  wu  =  15,  uv  =  18  (1). 

Multiplying  these  equations  together,  we  have 

u'v^w^  =  30  X  15  X  18  =  152  X  62 ; 
.'.  uvw=  ±90. 
Combining  this  result  with  each  of  the  equations  in  (1),  we  have 
«  =  3,  i;  =  6,  10  =  5;  or  u  =  -3,  i?  =  -6,  w=-5; 
y  +  z=3, 


,'.  y  +  Z=6,\  y  +  z  =  -6,\ 

z  +  x  =  &,\  or  z  +  x  =  -6,\ 
x  +  y  =  5i]         x  +  y  =  -5,l 


y  =  b',t         x  +  y: 
whence  x=:4,  y  =  l,  z  =  2;  or  x=-4,  y=-l,  z  =  -2. 

Examples.     Solve  y^  +  yz+z^=A9 (1), 

z^  +  zx  +  x^  =  19 (2), 

x^  +  xy  +  y^  =  39 (3). 

Subtracting  (2)  from  (1) 

y^-x^  +  z{y-x)  =  BO; 
thatis,  {y-x){x  +  y  +  z)  =  SO  (4). 

Similarly  from  (1)  and  (3) 

{z-x){x  +  y  +  z)  =  10  ..(5). 

Hence  from  (4)  and  (5),  by  division 

Z   -  X 

whence  y  =  Bz-  2x. 
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Substituting  in  equation  (3),  we  obtain 

x^-dxz  +  3z"=l'd. 
From  (2),  x^+  xz+  z^=19. 

Solving  these  homogeneous  equations  as  in  Example  4,  Art.  136,  we  obtain 
aj==t2,  z=±3;  and  therefore  y  =  ±  5 ; 

or  x=  ± -7s  >  ^=  =*=  ~7^  J   ^^^  therefore  y  =  =p -— . 

Example  4.     Solve  x^-yz  =  a^,  y^  -zx=h^,  z^  —  xy  =  c^. 

Multiply  the  equations  by  y,  z,  x  respectively  and  add ;  then 

c'^x  +  a^y  +  h^z^O (1). 

Multiply  the  equations  hy  z,  x,  y  respectively  and  add ;  then 

b^-x  +  c^y  +  ah=0  (2). 

From  (1)  and  (2),  by  cross  multiplication, 

X  y  z  . 

-1 — Tq-o  =  ,.      o  o  =  -3 TiTT,  =  k  suppose. 

a^-ftV     b*-c^a^     c*-a^b^  ^^ 

Substitute  in  any  one  of  the  given  equations ;  then 
F(a«  +  b6  +  c6-3a262c2)  =  l; 

^      y     ^ 


•   a*-b^c^      b*-c'a^ 


^^^'^         VaB  +  68  +  c«  -  3a26V 


EXAMPLES.    X.  c. 


Solve  the  following  equations 

1.     9.v+^-8z  =  0, 
4j?-8?/  +  72  =  0, 

3.     x-7/-z=2, 

xy  =  b. 

5.      .^2+/- 2^=21, 

Zxz-\-2yz-2xy=\8, 
x-\-y  —  z  —  h. 


7. 


2?/2  +  3_y2+3/a?=10, 
3z^  +  za;  +  2zy  =  lO. 


6. 


3x  +  i/-2z  =  0, 
4x-i/-Sz=0y 
^+y^+z^  =  4G7. 

x  +  2i/-z=ll, 

A^2-4/  +  22  =  37, 

xz=24. 

x^+a:i/  +  a;z=18, 
f  +  i/z+yx+l2  =  0, 
z^  +  zx+zy  =  30. 

(i/-z)(z+a^)  =  22, 
{z+x)(x-y)  =  33, 
{x-y){i/-z)  =  Q. 
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;iyz+y-yj^  =  u-^,  ,        J.   -       ,■. 
6.hz  +  3z^f^=29l   J^^-fl)V 


11.     xy+x+y  =  2S,  ^   12.      2^-i.r+j^=l7jj.     ufoo^r^)'^ 


.r2+^+2=41,  \  3yz  +  i/-6z=52.  I         H  <? 

.  \  y2+y+2  =  27.  C  6%z  +  3z^f\^-. 

la^    xz+v^7z,  ^z  +  x==8zj  x  +  y+z=l2. 


.'v^+,i/^+^=aKx^+^^  +  z^  =  a^,  x  +  9/  +  z  =  a. 
a:^+i/^+z^=yz+zx+xi/  =  a%  3x-y  +  z  =  aj2. 

Indeterminate  Equations.  -^  /  i  -t )  ^(''^  '^  ^ 

138.  Suppose  the  following  problem  were  proposed  for  solu- 
tion : 

A  person  spends  j£461  in  buying  horses  and  cows;  if  each 
horse  costs  £23  and  each  cow  £16,  how  many  of  each  does  he  buy*? 

Let  ic,  y  be  the  number  of  horses  and  cows  respectively ;  then 
23a;+16y  =  461. 

Here  we  have  one  equation  involving  two  unknown  quantities, 
and  it  is  clear  that  by  ascribing  any  value  we  please  to  «,  we  can 
obtain  a  corresponding  value  for  y ;  thus  it  would  appear  at  first 
sight  that  the  problem  admits  of  an  infinite  number  of  solutions. 
But  it  is  clear  from  the  nature  of  the  question  that  x  and  y  must 
be  positive  integers ;  and  with  this  restriction,  as  we  shall  see 
later,  the  number  of  solutions  is  limited. 

If  the  number  of  unknown  quantities  is  greater  than  the 
number  of  independent  equations,  there  will  be  an  unlimited 
number  of  solutions,  and  the  equations  are  said  to  be  indeter- 
minate. In  the  present  section  we  shall  only  discuss  the  simplest 
kinds  of  indeterminate  equations,  confining  our  attention  to  jtosi- 
iive  integral  values  of  the  unknown  quantities;  it  will  be  seen 
that  this  restriction  enables  us  to  express  the  solutions  in  a  very 
simple  form. 

The  general  theory  of  indeterminate  equations  will  be  found 
ill  Chap.  XXVI. 


INDETERMINATE   EQUATIONS. 


Ill 


Example  1.     Solve  7x  +  12y  =  220  in  positive  integers. 
Divide  throughout  hj  7,  the  smaller  coefficient ;  thus 


x+y  + 


5y 


:3H-: 


x  +  y  + 


5y 


?=31 


(1) 


Since  x  and  y  are  to  be  integers,  we  must  have 
5y~S_ 


and  therefore 

that  is, 

and  therefore 


7 
15y-9 


integer ; 
: integer ; 


-l  +  !'-^=i„t 


}r; 


y-' 


=  integer =|)  suppose. 


.-.  2/-2  =  7^, 
or  y  =  7p  +  2    

Substituting  this  value  of  y  in  (1), 

X  +  7p  +  2  +  5p  +  1  =  S1 ; 
that  is,  x  =  2&-12p 


.(2). 


(3). 


If  in  these  results  we  give  top  any  integral  value,  we  obtain  corresponding 
integral  values  of  x  and  y ;  but  it  p>'2,  we  see  from  (3)  that  x  is  negative  ; 
and  if  ^  is  a  negative  integer,  y  is  negative.  Thus  tho  only  positive  integral 
values  of  x  and  y  are  obtained  by  putting  p  =  Q,  1,  2. 

The  complete  solution  may  be  exhibited  as  follows : 
P=  0,       1.       2,  j 
a;  =  28,     16, 


=  2, 


9,    16 


:( 


Note.     When  we  obtained -^y— =  integer,  we  multiplied  by  3  in  order 

to  make  the  coefficient  of  y  differ  by  unity  from  a  multiple  of  7.  A  similar 
artifice  should  always  be  employed  before  introducing  a  symbol  to  denote 
the  integer. 


Example  2.     Solve  in  positive  integers,    14a;  -  lly  =  29. 
Divide  by  11,  the  smaller  coefficient;  thus 


.(1). 


3a;  —  7 

—-  =  2  -  as -f  y  =  integer ; 


I 
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12a; -28     .  ^ 
hence  — r-r = integer; 

x-6 
that  is ,  a:  -  2  +  — —  =  integer  ; 

X-&     .  ^ 
.'.  — YT-=  integer  =2>  suppose; 

.-.  x  =  llp  +  G)^ 
and,  from  (1),  y  =  lip  +  5J 

This  is  called  the  general  solution  of  the  equation,  and  by  giving  to  p 
any  positive  integral  value  or  zero,  we  obtain  positive  integral  values  of  x 
and  y ;  thus  we  have 

p  =  Q,     1,    2,     3,.... 

x  =  (S,  17,  28,  39,.... 

?/  =  5,  19,  33,  47,.... 

the  number  of  solutions  being  infinite. 

Example  3.  In  how  many  ways  can  £5  be  paid  in  half-crowns  and  florins? 
Let  X  be  the  number  of  half-crowns,  y  the  number  of  florins ;  then 
5a;-|-4y  =  200; 

.-.  x-|-y+|=   50; 

.  • .  2  =  integer = p  suppose  ; 

.'.  a;=4p, 
and  y  =  50  -  5p. 

Solutions  are  obtained  by  ascribing  to  p  the  values  1.  2,  3,  ...9;  and 
therefore  the  number  of  ways  is  9.  If,  however,  the  sum  may  be  paid  either 
in  half-crowns  or  florins,  p  may  also  have  the  values  0  and  10.  \i  p  =  Q, 
then  a;  =  0,  and  the  sum  is  paid  entirely  in  florins  ;  if  2>  =  10,  then  y  —  0,  and 
the  sum  is  paid  entirely  in  half-crowns.  Thus  if  zero  values  of  x  and  y  are 
admissible  the  number  of  ways  is  11. 

Example  4.  The  expenses  of  a  party  numbering  43  were  £5.  14.?.  &d. ;  if 
each  man  paid  5«.,  each  woman  2.-5.  Gd.,  and  each  child  l.s.,  how  many  were 
there  of  each? 

Let  X,  y,  z  denote  the  number  of  men,  women,  and  children,  respectively; 
then  we  have 

x  +  y  +  z=  43  (1), 

10.T-|-5t/-f-22  =  229. 

Eliminating  z,  we  obtain  8x  +  Sy  =  143. 

The  general  solution  of  this  equation  is 

x=3p  +  l, 

y  =  45-8i); 
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Hence  by  substituting  in  (1),  we  obtain 
z  =  5p-B. 
Here  p  cannot  be  negative  or  zero,  but  may  have  i:)ositive  integral  values 
from  1  to  5.     Thus 

p=  1,  2,  3,  4,  5; 
x=  4,  7,  10,  13,  16; 
y  =  37,  29,  21,  13,  5; 
z=  2,    7,  12,  17,  22. 


EXAMPLES.    X.  d. 

Solve  ill  positive  integers : 
1.     3.r  +  8y  =  103.  2.     5a;  +  2i/  =  b3.  3.     7a;+12y-152. 

4.     13*  +  lly  =  414.       5.     23^  +  25y-915.       6.     4U-  + 47^  =  2191. 

Find  the  general  solution  in  positive  integers,  and  the  least  values 
of  X  and  y  which  satisfy  the  equations : 

7.     5x-7y=3.  8.     6^-13y=l.  9.     8^-21y  =  33. 

10.     17y- 13^-0.         11.     19y-23^-  =  7.         12.     77y-30^-=295. 

13.  A  farmer  spends  £752  in  buying  horses  and  cows ;  if  each  horse 
costs  £37  and  each  cow  £23,  how  many  of  each  does  he  buy  ? 

14.  In  how  many  ways  can  £5  be  paid  in  shillings  and  sixpences, 
including  zero  solutions  ? 

15.  Divide  81  into  two  parts  so  that  one  may  be  a  multiple  of  8 
and  the  other  of  5, 

16.  What  is  the  simplest  way  for  a  person  who  has  only  guineas 
to  pay  10s.  6d.  to  another  who  has  only  half-crowns  ? 

17.  Piiid  a  number  which  being  divided  by  39  gives  a  remainder  16, 
and  by  56  a  remainder  27.     How  many  such  numbers  are  there  ? 

18.  What  is  the  smallest  number  of  florins  that  must  be  given  to 
discharge  a  debt  of  £1.  6s.  (5d.,  if  the  change  is  to  be  paid  in  half-crowns 
only? 

19.  Divide  136  into  two  jjarts  one  of  which  when  divided  by  5 
leaves  remainder  2,  and  the  other  divided  by  8  leaves  remainder  3. 

20.  I  buy  40  animals  consisting  of  rams  at  £4,  pigs  at  £2,  and  oxen 
at  £17  :  if  I  spend  £301,  how  many  of  each  do  I  buy  ? 

21.  In  my  pocket  I  have  27  coins,  which  are  sovereigns,  half-crowns 
or  shillings,  and  the  amount  I  have  is  £5.  Os.  6d. ;  how  many  coins  of 
each  sort  have  I  ? 

H.  H.  A.  8 
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CHAPTER  XL 
Permutations  and  Combinations. 


139.  Each  of  tlio  (irrdiniruh  hIs  AvliicU  cm  be  made  by  taking 
some  or  all  of  a  number  oi  things  is  called  a  permutatioi).. 

Each  of  the  groups  or  selections  which  can  be  made  by  taking 
some  or  all  of  a  number  of  things  is  called  a  combination. 

Thus  the  jy^^^niutations  which  can  be  made  by  taking  the 
letters  a,  b,  c,  d  two  at  a  time  are  twelve  in  number,  namely, 

ab,     ac,     ad,     be,     bd,     cd,  /.l^ 

ba,     ca,     da,     cb,     db,     dc; 

each  of  these  presenting  a  different  arrangement  of  two  letters. 

The  combiTiations  which  can  be  made  by  taking  the  letters 
a,  b,  c,  d  two  at  a  time  are  six  in  number :  namely, 

ah,     ac,     ad,     be,     bd,     cd; 

each  of  these  presenting  a  different  selection  of  two  letters. 

From  this  it  appears  that  in  forming  combiruUions  we  are  only 
concerned  with  the  number  of  things  each  selection  contiiins ; 
whereas  in  forming  jjermutations  we  have  also  to  consider  the 
order  of  tlie  things  which  make  up  each  arrangement;  for  instance, 
if  from  four  letters  a,  b,  c,  d  we  make  a  selection  of  three,  such 
as  abc,  this  single  combination  admits  of  being  arranged  in  the 
following  ways  : 

abc,    acb,    bca,     bac,     cab,     cba, 

and  so  gives  rise  to  six  different  permutations. 
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140.  Before  discussing  the  general  propositions  of  this 
chapter  there  is  an  important  principle  which  we  proceed  to 
explain  and  illustrate  by  a  few  numerical  examples. 

If_^m3~Dperat{on  can_bQ^  nsilfoJaueKL  in .  m .  wauis*  Miiid  (when  it 
has-been  i^erforined  in  any  one  of  these  tvays)  a  second  operation 
cant]i,en  he  performed  in  tj*  ways  :  the  number  qf  ways  of  per - 
fm^ing  the  two  operations  will  benn  x  n.  1 

If  the  Urst  operation  be  periormed  m  any  one  way,  we  can 
associate  with  this  any  of  the  n  ways  of  performing  the  second 
operation  :  and  thus  we  shalj  have  n  ways  of  performing  the  two 
operations  without  considering  more  than  one  way  of  performing 
the  first;  and  so,  corresponding  to  each  of  the  m  ways  of  per- 
forming the  first  operation,  we  shall  have  7t,  ways  of  performing 
the  two;  hence  altogether  the  number  of  ways  in  which  the  two 
operations  can  be  performed  is  represented  by  the  product 
mxn. 

Example  1.  There  are  10  steamers  plying  between  Liverpool  and  Dublin; 
in  how  many  ways  can  a  man  go  from  LiverpooLtQ_Duhlin  and  return- by  a 
different  steaiqer? 

There  are  <cnjgayg_of  making  the  first  passage ;  and  with  each  of  these 
there  is  a  choice  of  mi2iLJffiayKQf_retuming  (since  the  man  is  not  to  come  back 
by  the  same  steamer) ;  hence  the  number  of  ways  of  making  the  two  journeys 
is  10  X  9.,i)i;jjp^ 

This  principle  may  easily  be  extended  to  the  case  in  which 
there  are  more  than  two  operations  each  of  which  can  be  per- 
formed in  a  given  number  of  ways. 

Example  2.  Three  travellers  arrive  at  a  town  where  there  are  four 
hotelsj  in  how  many  ways  can  they  take  up  their  quarters,  each  at  a 
different  hotel? 

The  first  traveller  has  choice  of  fomJiotels,  and  when  he  has  made  his 
selection  in  any  one  way,  the  second  travellerhas  a  choice  of  three ;  there- 
fore the  first  two  can  make  their  choice  in  4  x  3  ways ;  and  with  any  one  such 
choice  the  third  traveller  can  select  his  hotel  in  2  ways;  hence  the  required 
number  of  ways  is  4  x  3  x  2,  or  24. 

1 41.  2^0  find  the  number  of  permutations  of  n  dissimilar  things 
taken  r  at  a  time. 

Tljis  is  the  same  thing  as  finding  the  number  of  ways  in  which 
we, can  fill  up  r  places  when  we  have  /?.  different  things  at  our 
disposal 

The  first  place  may  be  filled  up  inji_3£ays,  for  any  one  of  the  n 
things  may  be  taken ;  when  it  has  been  filled  up  in  any  one  of 

8—2 
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these  ways,  the  second  place  can  then  be  filled  up  jn  n  -  1  ways  ; 
and  since  each  way  of  filling  up  the  first  place  can  be  associated 
with  each  way  of  filling  up  the  second,  the  number  of  ways  in 
which  the  first  two  places  can  be  filled  up  is  given  by  the  product 
n  {n  -  1).  And  when  the  first  two  places  have  been  filled  up  in 
any  way,  the  third  place  can  be  filled  up  in  tLz^J^^^y^-  -^^^^ 
reasoning  as  before,  the  number  of  ways  in  which  three  places  can 
be  filled  up  is  n  [n—  1)  {ii-  2).^ 

Proceeding  thus,    and  Tiotifing  ^^af  a   n^w  fnif^ffftr  1ft  jnfrnrliint^fl 

"^^iilL^achjiew jglace  filled  up,  and  that  at  any  stage  the  number 
of  jagtors  is  the  same  as  the  number  of  places  filled  up,  wf  shall 
have-  the  number  of  ways  in  which  r  places  can  be  filled  up 
equal  to  •     X.         j  '^ 

n{ri-  1 )  C)i  -  2). to  r  factors ;       [vj^ 

and  the  r^^factorjs  [^^ 

n-{r-l),    or   ^  -  r  +  1. 

Therefore  the  number  of  permutations  of  n  things  taken  r  at 
a  time  is  ^  ""^ 

n  {n  -1)  {n-2) (n-r+l). 

Cor.  The  number  of  permutations  of  n  things  taken  all  at 
a  time  is  p  i 

n{n^:_lXi7i-2) to  ^^^^otb^s^ ^  .  M ^ 

or  n(n-l){n-2) 3.2.  1. 

It  is  usual  to  denote  this  product  by  the  symbol  \u,  which  is 
read  "factorial  n."     Also  nl  is  sometimes  used  for  [w-_, 

142.  We  shall  in  future  denote  the  number  of  permutations 
of  n  things  taken  r  at  a  time  by  the  symbol ^i*^,  so  that 

"l\  =  n  {n  -  1)  (n  -  2) {n  -  r  +  1) : 

also  "P  =  \n. 

In  working  numerical  examples  it  is  useful  to  notice  that  the 
suffix  in  the  symbol  "1\  always  denotes  the  number  of  factors  in 
the  formula  we  are  using. 

143.  The  number  of  pernmtiitions  of  ?i  things  taken  r  at 

itime  may  also  be  found  in  the  following  manner. 
Let  "I\  represent  the  number  of  permutations  of  n  things 
ken  r  at  a  time. 


PERMUTATIONS   AND   COMBINATIONS.  117 

Suppose  we  form  all  the  permutations  of  n  things  taken  r  —  1 
at  a  time ;  the  number  of  these  will  be  "P^_^. 

With  each  of  these  put  one  of  the  remaining  n-r  +\  things. 
Each  time  we  do  this  we  shall  get  one  permutation  of  n  things 
Ir  at  a  time ;  and  therefore  the  whole  number  of  the  permutations 
'of  n  things  r  at  a  time  is  "/*,_,  x  (ti  -  r  +  1) ;  that  is, 

"P,  =  "P_,x(w-r+l). 

By  writing  r  -  1  for  r  in  this  formula,  we  obtain 

similarly,  "P^_^  =  "P^_^  x  (n  -  r  +  3), 


"^3  =  "^2x(^-2), 

'T,  =  »P,x(n-l), 

"Pi  =  n. 

Multiply  together  the  vertical  columns  and  cancel  like  factors 
from  each  side,  and.  we  obtain  ,  .  * 

"P^^n{n-\){n-2)  . .  .1*.  .\n  -  r  +  \).       ~^ 

Example  1.  ^^W  Persons  enter  a  railway  carriage  in  which  there  are  six 
seats;  in  how  many  ways  can  they  take  their  places? 

The  first  person  may  seat  himself  in  6  ways^;,  and  then  the  second  person 
in  5 ;  the  third  in  4 ;  and  the  fourth  in  3 ;  and  since  each  of  these  ways  may 
be  associated  with  each  of  the  others,  the  required  answer  is  6x5x4x3, 
or  360. 

Example  2.  How  many  different  numbers  can  bo  formed  by  using  six  out 
of  the  nine  digits  1,  2,  3,... 9? 

Here  we  have  9  different  things  and  we  have  to  find  the  number  of  per- 
mutations of  them  taken_6  ai  a  time ;     'fLy^ 

\'  .'.  the  required  result  =  ^Pg  /^  > 

At/  """"^^l^Sx  7x6x5x4 

=  60480. 

144.      To  find   the    yiumher    of  combinations    of  n  dissimilar 
things  taken  y  at  a  time. 

Let  "(7;;>denote  the  required  number  of  combinations. 

Then   each  of  these  combinations  consists  of    a  group  of  r// 
dissimilar  things  which   can  be  arranged   among  themselves  ii/^ 
Ir  ways.      [Art.  142.] 


118  HIGHER  ALGEBRA. 

Hence  "C^  x  \t  is  equal  to  the  number  of  aTrangemgnU-^  n 
things  taken  rjj^a  iinie ;  that  is, 

=  n(n-l)  {n-2)  ...  (n-r+  1) ; 


.(7  =  n{n-l)(n-2)...{n-r+l) 


Cor.  This  formula  for  "C,  may  also  be  written  in  a  different 
form ;  for  if  we  multiply  the  numerator  and  tiie  denominator  by 
\n  —  r  we  obtain  ~ 

n(n-l)  (n-2)  ...  {n-r+l)x  \n-r 

\r\n-r 

The  numerator  now  consists  of  the  product  of  all  the  natural 
numbers  from  92^  to  1  ; 

*  \n 

••■"^-  =  17^7 •■•-. (^)- 

It  will  be  convenient  to  remember  both  these  expressions  for 
"C^,  using  (1)  in  all  cases  where  a  numerical  result  is  required, 
and  (2)  when  it  is  sufficient  to  leave  it  in  an  algebraical  shape. 

Note.     If  in  formula  (2)  we  put  r=n,  we  have 

but  ♦'C„  =  l,  so  that  if  the  formula  is  to  be  true  for  r  =  n,  the  jgmbol  10  must 
be  considered  as  equivalent  to  1. 

Example.  From  12  books  in  how  many  wava  can  a  selection  of  5  be 
naadig,  (1)  when  one  specified  book  is  always  included.  (2)  when  one  specified 
book  is  always  excluded  ? 

(1)     Since  the  specified  book  is  to  be  included  in  every  selection,  we 
have  only  to  choose  4  out  of  the  rcmainingj[i^ 

Hence  the  number  of  ways  =  "(7^  '  ^C  '' 

11x10x9x8 
~  'Ix2x'3x4 

=  330. 
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(2)     Since  the  specified  book  is  always  to  be  excluded,  we  have  to 
select  the  5  books  out  of  the  remaining  11.  '^>nw^^-' 

Hence  the  number  of  ways  =  ^^C5 

11x10x9x8x7 
~   1x2x3x4x5 

=  462. 

i/^       145.     The  number  of  combinations  of  n  things  y  at  a  time  is 
^  equal  to  the  number  of  combinations  of  n  things  n  —  r  at  a  time. 

In  making  all  the  possible  combinations  of  n  things,  to  each 
group  of  r  things  we  select,  there  is  Jef t  a  corresponding  group  of 
n  -  r  thing^  ;  that  is,  the  number  of  combinations  of  n  things 
r  at  a  time  is  the  same  as  the  number  of  combinations  of  7i  things 
n  —  7*  at  a  time  ; 

The  proposition  may  also  be  proved  as  follows  : 

\n 
"C„  ,=  -, r^ [Art.  144.] 

\n 


\n  —  r\r 

=  "Or- 
Such  combinations  are  called  complementary. 
Note.     Put  r=n,  then  «Co  =  "C,j=1. 

The   result  we  have  just  proved  is  useful  in  enabling  us  to 
abridge  arithmetical  work. 

Example.     Out  of  14  men  in  how  many  ways  cari  an  eleven  be  chosen  ? 
The  required  number  =  ^^C^y^ 

14x13x12 
~    1x2x3 

=  364. 

If  we  had  made  use  of  the  formula  ^"^Cji,  we  should  have  had  to  reduce  au 
expression  whose  numerator  and  denominator  each  contained  11  factors. 
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146.  To  find  the  number  of  ways  in  which  m  +  n  things  can  be 
divided  i^ito  two  groups  containing  m  andp.  tilings  respectively. 

This  is  clearly  equivalent  to  finding  the  number  of  combi- 
nations of  m  +  n  things  ni  at  a  time,  for  every  time  we  select 
one  group  of  m  things  we  leave  a  group  oin  things  behind. 

\m+  n  ^^  Cy^r^ 

Thus  the  required  number  =  v — ; — .  '^ 

Note.  If  n  =  m,  the  groups  are  equal,  and  in  this  case  the  number  of 
different  ways  of  subdivision  is  - — ^T^"^ ;  for  in  any  one  waj'  it  is  possible 
to  interchange  the  two  groups  without  obtaining  a  new  distribution. 

147.  To  find  the  number  of  ways  in  which  m  +  n  +  p  things  can 
be  divided  into  three  groups  containing  m,  n^  p  things  severally. 

First  divide  m  +  w  +  p  things  into  two  groups  containing  7n_ 
and  n+p  things  respectively  :  the  number  of  ways  in  which  this 

'''="^»'      ^  "      ^   \m  +  n+p 

can  be  done  is  K~^"y ^^  • 

vm  \n+p 

Then  the  number  of  ways  in  which  the  group  of  n+p  things 
can  be  divided  into  two  groups  containing  n  and  p  things  respec- 

^.     ,     .  >+?  ' 

tively  is  •; —     . 

^  l!!^  _     _       . 

V^         Hence  the  number  of  ways  in  which  the  subdivision  into  three 
^xgroups  containing  m,  n,  p  things  can  be  made  is 


inVj(? 


\m  +  n+p      |H-Pj(?  \m-\-n  +  p 

X  —  ■.•--,  or 


m  \n  + 


J)        \n  \p  \m  \n  T 


13»i 

Note,     If  we  put  n=p  =  m,  we  obtain  ; — v=-; — ;  but  this  formula  regards 

\m  vm  \m 

as«^igQj:ent^4tll  tha -pQsaibl^_orderg_in  which  "tlie  three  groups  can  occur  in 
any  onq  jnode  of  subdivision.  And  since  there  are  1.3  such  orders  cor- 
responding to  each  mode  oi  subdivision,  the  number  o?  different  w^vs  in 

1 3m 

which  subdivision  into  three  equal  groups  can  be  made  is  -=^ — — . 

— — i ^ *■■  ■     \in  \ni  \in  [3 

Example.    The  number  of  ways  in  which  15  jr^cruits  can  be  divided  into 

*hr"°  f1"fl1  (Tr"'W  '"  16  isTJ    3  5  ^^^  *^^  number  of  ways  in  which  they 

!  '  =-^-^=-  ,15  - 

can  Ife  drafted  into  three  different  rociments.  five  into  each,  is  .  ^  -rr  -, ,  . 
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148.  In  the  examples  which  follow  it  is  important  to  notice 
that  the  formula  for  permutations  should  not  be  used  until  the 
suitable  selections  required  by  the  question  have  been  made. 

Example  1.  From  7  Englishmen  and  4  Americans  a  committee  of  6  is  to 
be  formed;  in  how  many  ways  can  this  be  done,  (1)  when  the  committee  con- 
tains exactly  2  Americans,  (2)  at  least  2  Americans  ? 

(1)    We  have  to  choose  2  Americans  and  4  Englishmen. 

The  number  of  ways  in  which  the  Americans  can  be  chosen  is  *C^ ;  and 
the  number  of  ways  in  which  the  Englishmen  can  be  chosen  is  "^G^.     Each  of 
the  first  groups  can  be  associated  with  each  of  the  second ;  hence 
the  required  number  of  ways  =  '*C2  x '■C4 


l!_=210. 

(2)     The  committee  may  contain  2,  3,  or  4  Americans. 

We  shall  exhaust  all  the  suitable  combinations  by  forming  all  tbe  groups 
containing  2  Americans  and  4  EngHshmen  ;  then  3  Americans  and  3  EngHsh- 
men ;  and  lastly  4  Americans  and  2  EngHshmen. 

The  sum  of  the  three~rSsuks  will  give  the  answer.  Hence  the  required 
number  of  ways         =(^(7o  x  '^c\  ^G.^  x  ''G^  +  *G^  x  '"Co 

\4^\1        |4\     17  17 

|2|2       j4|3  ^  |_3       |3|4^        |2|5 

=  210  +  140  +  21  =  371. 

In  this  Example  we  have  only  to  make  use  of  the  suitable  formulae  for 
combinations,  for  we  are  not  concerned  with  the  possible  arrangements  of  the 
members  of  the  committee  among  themselves. 

If  ^-      '      -^ 

Example  2.     Out  of  7  consonants  and  4  vowels,  how  many  words  can  be 
ade  each  containing  3  ^conso^antsandjygwels  ? 

The  number  of  ways' of  choosing  the  three  consonants  is  ^G.^,  and  the 
number  of  ways  of  choosing  the  2  vowels  is  ^Cg ;  and  since  each  of  the  first 
groups  can  be  associated  with  each  of  the  second,  the  number  of  combined 
groups,  each  containing  3  consonants  and  2  vowels,  is  ''C3  x  ^G^. 

Further,  each  of  these  groups  contains  5  letters,  which~may  be  arranged 
among  themselves  in  l5  ways.    Hence 

the  required  number  of  words  =  ^(73  x  ^Cg  x  \5 


i 


-}i 


14 


=  5x|7 
=25200. 
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/    '    I 
Example  3.     How  many  words  can  be  formed  out  of  the  letters  ari,i<;l^,  so 
that  the  vowels  occupy  the  even  places? 

Here  we  have  to  put  the  3  vowels  in  3  specified  p^ces,  and  the  4  conso- 
nants in  the  4  remaining  places ;.  the  first  operation  can  be  done  in  [  3  ways, 
and  the  second  infT!     Hence  ~" 

the  required  number  of  words        =  |3  x  |4 

=  144. 

In  this  Example  the  formula  for  permutations  is  immediately  applicable, 
because  by  the  statement  of  the  question  there  is  but  one  way  of  choosing  the 
vowels,  and  one  way  of  choosing  the  consonants. 


EXAMPLES  XI.    a. 

1.  In  how  many  ways  can  a  consonant  and  a  vowel  be  chosen  out  of 

the  letters  of  the  word  courage?  "^ 

2.  There  are^-dandidate(s  for  a  Classical,  "^for  a  Mathematical,  and 
4^Jbr  a  Natural  Science  Scholarship.  In  how  many  ways  can  the 
Scholarships  be  awarded  I         "  .       ,  ^  -^ 

3.  Find  the  value  of  si^,  ^^P^,  W4,  i»CA. 

4.  How  many  different  arrangements  can  be  made  by  taking  5 

of  the  letters  of  the  word  equation,  ?         '  \_ 
-  ^  ■  .^  ~     •t 

5.  If  four  times  the  number  of  permtffcations  of  n  thiiiga  3  to^ether_ 
is  equal  to  five  times  the  number  of  i>ermutations  of  7i_- 1  things 
3  together,  find  n, 

6.  How  many  permutations  can  be  made  out  of  the  letters  of 

the  word  triangle?     How   many  of  these  will  begin  with  t  and  end 

with  e?  L.    .  W:    -     '  '  ~ 

\ 

7.  How  many  different  selections  can  be  made  by  taking  four  of 


the  digits  ^  4  7,  5»  8,  1?     How  many  different  numbers  can  1k5  formed     \ 
^  with  four  of  tbese  digits  ?       sf  ^^  ~^^^.12:^J^'>^~y7  "'T^^k  ¥-^^  ^  ^^ 
^    8.     If  gHC'a  :''a^  =  U  :  3,  find  n.  J^>  -  \  •  -''  I 

Jz.  9.     How  many  cHlinges  can  be  rung  with  a  peal  of  5  bells  ? 

Ji^  /         10.     How  many  changes  can  be  rung  with  a  i)eal  of  7  bells,  the  tenor 
always  being  last  ? 

11.  On  how  many  nights  may  a  watch  of  4  me!i  Ix^  drafted  from  a 
crew  of  24,  so  that  no  two  watches  are  identical  ?  On  how  many  of  these 
would  any  one  man  be  taken  ?  ^"^i. 


12.    ^ow  many  arrangements  can  he  made  out  of  tlie  letters  of  the 
word  cm^jA/ughtp  the  vowels  never  being  separated  V 

I 
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-:)  ^  ^  / 

0 

13.  In  a  town  council  there  are  25  councillors  and  10  aldermen ; 
how  many  committees  can  beformed  each  consisting  of  5  councillors 
and  3  aldermen  ?  '  ^,.\^  W ,0^1'^^ '>"^  •'"  w^ H  /-^v.Y  ' 

14.  Out  of  the  letters  ^  2?,  (7,  p,  q,  r  how  many  arrangements  can  ,  lU 
be  made  (1)  beginning  with  a  capital,  (2)  beginning  and  ending  with  a  ^  ' 
capital?  y^(;    ^ 

15.  3^  W^  ^^?,  number  of  combinations  of  50  things  46  at  a  time.     ^     '     i 

16.  If  «C,;=<,  find  -C,r,  22C„.  '  ^'^  C^ 


n:: 


In  how  many  ways  can  the  letters   of  the  word  vowels  be-   (p  [^ 
arranged,  if  the  letters  oe  can  ofdy  occupvodd  places  1  1^  Vi  ^ 

18.  From  4  officers  and  8  priva^es^  in  how  many  ways  can  '6  helf&JL2J- 
chosen  (1)  to  include  exactly  one  o^cer,'^  (2)  to  include  at  least  one  vj-^ 
officer?  ^-^jrrr---  2<TwlLii>  ^  ,  ^— 

19.  In  how  many  ways  can  a  party  of  4^or  morQ  be  selected  from 
10  persons?    |  fir  —  :?/L -V  .'ci^  ^     '  '■' 

21.  Out  of  25  consonants  and  5  vowels  how  many^woTds  can  be 
formed  each  consisting  of(2  consonants  and  3, vowels  i\         LJiT   ^     

22.  In  a  library  there  are  20  Latin  and  6  Greek  books;  in  how 
many  ways  can  a  group  of  5  consisting  of  3  Ljatin  and  2_Greek_bpoks  be 
placed  on  a  shelf?  "^ 

23.  In  how  many  ways  can  12  things  be  divided  equally 
Sersons  ?       ^  ^  z^"  x    i^C  ^  x  <  ^    . 

24.  From  3  capitals,  5  consonants,  and  4  vowels,  how  many  words 
can  be  made,  each  containing  3  consonants  and  2  yowels,  and  beginning 
with  a  capital  ? 

/  25.  At  an  election  three  districts  are  to  be  canvassed  by  10, 15,  and 
20  men  respectively.  If  45  men  volunteer,  in  how  many  ways  can  they 
be  allotted  to  the  different  districts?  i 

26.  In  how  many  ways  can  4  Latin  and  1  English  book  be  placed 
on  a  shelf  so  that  the  English  book  is  always  in  the  middle,  the  selec- 
tion being  made  from  7  Latin  and  3  English  books? 

27.  A  boat  is  to  be  manned  by  eight  men,  of  whom  2  can  only  row 
bow  side  and  1  canmly  Jow  on  stroke  side;  in  how  many  ways  can 

the  crew  be  arranged  ?  c  ^  j^. 

' '^  "       ■Sw 

28.  There  are  two  works  each  of  3vplumes,  and  two  works  each  of 
2  volumes  ;  in  how  many  ways  can  theK)  books  be  placed  on  a  shelf  so 
that  volumes  of  the  same  work  are  not  separated  ? 

29.  In  how  many  ways  can  10  oxaniination  papers  be  arranged  so 
that  the  best  and  worst  papers  never  come  together  ? 


T^i^'l/ 


/th( 
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30.  All  eight-oared  boat  is  to  be  manned  by  a  crew  chosen  from  1 1 
men,  of  whom  3  can  steer  but  cannot  row,  and  the  rest  can  row  but  can- 
not steer.  In  how  many  ways  can  the  crew  be  arranged,  if  two  of  the 
men  can  only  row  on  bow  side? 

31.  Prove  that  the  number  of  ways  in  which  p  positive  and  n 
negative  signs  may  be  placed  in  a  row  so  that  no  two  negative  signs  shall 
be  together  is  ^  +  ^C„. 

32.  lf^Pr  +  6  ■  ^"Pr^- 3= 30800  :  1,  find  r. 

33.  How  many  different  signals  can  be  made  by  hoisting  6  diffei::^ 
ently  coloured  flags  one  above  the  other,  when  any  number  of  them 
may  be  hoisted  at  oiice  ? 

34.  If  28^2,  :  24C2,_4=225  :  11,  find  r. 

149.  Hitherto,  in  the  formulae  we  have  proved,  the  things 
have  been  regarded  as  unlike.  Before  considering  cases  in  which 
some  one  or  more  sets  of  tl^ngs  may  be  like,  it  is  necessary  to 
point  out  exactly  in  what  sense  the  words  like  and  unlike  are 
used.  When  we  speak  of  things  being  dissimilar,  different,  un- 
like, we  imply  that  the  things  are  visibly  unlike,  so  as  to  be 
easily  distinguishable  from  each  other.  On  the  other  hand  we 
shall  always  use  the  term  like  things  to  denote  such  as  are  alike 
to  the  eye  and  cannot  be  distinguished  from  each  other.  For 
instance,  in  Ex.  2,  Art.  148,  the  consonants  and  the  vowels  may 
be  said  each  to  consist  of  a  group  of  things  united  by  a  common 
characteristic,  and  thus  in  a  certain  sense  to  be  of  the  same  kind; 
but  they  cannot  be  regarded  as  like  things,  because  there  is  an 
individuality  existing  among  the  things  of  each  group  which 
makes  them  easily  distinguishable  from  each  other.  Hence,  in 
the  final  stage  of  the  example  we  considered  each  group  to 
consist  of  five  dissimilar  things  and  therefore  capable  of  1 5 
arrangements  among  themselves.     [Art.  141  Cor.] 

1 50.  Suppose  we  have  to  find  all  the  possible  ways  of  arrang- 
ing 12  books  on  a  shelf,  5  of  them  being  Latin,  4^_English,^nd 
the  remainder  in  different  languages. 

The  books  in  each  language  may  be  regarded  as  belonging  to 
one  class,  united  by  a  common  characteristic ;  but  if  they  were 
distinguishable  from  each  other,  the  number  of  permutations 
would  1)0  112,  since  for  the  purpose  of  arrangement  among  them- 
selves they  are  essentially  different. 
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If,  however,  tlie  books  in  the  same  language  are  not  dis- 
tinguishable from  each  otlier,  we  should  have  to  find  the  number 
of  ways  in  which  12  things  can  be  arranged  among  themselves, 
when  5  of  them  are  exactly  alike  of  one  kind,  and  4  exactly  alike 
of  a  second  kind :  a  problem  which  is  not  directly  included  in  any 
of  the  cases  we  have  previously  considered. 


A 


151.  To  find  the  nu7)iher  of  ways  in  which  n  things  may  he 
arranged  among  thernselves,  taking  them  all  at  a  time,  when  p 
of  the  things  n^^P^imrihj  alikf  pf  f^^f-  kind,  q  of  them  exactly 
alike  of  another  kind,  r  of  them  erartly  alike  nf  n.ilmdLkindy  and 

the  rest  all  different. 

^  .^ 

Let  there  l>c  n  IcttLia^  suppose^;  of  them  to  be  a,  q  of  them 
to  be  6,  r  of  them  to  be  c,  and  the  rest  to  be  unlike. 

I^t  a;  be  the  required  number  of  permutations;  then  if  the 
J)  letters  a  were  replaced  by-ju.  unlike  letters  ctitteFent  from  any 
of  the  rest,  from  any  one  of  the  x  permutations,  without  alter- 
ing the  position  of  any  of  the  remaining  letters,  we  could 
form  \p  new  permutations.  Hence  if  this  change  were  mad^ 
in  each  of  the  x  permutations  we  should  obtain  a?  x  |/>  permuta- 
tions. 

Similarly,  if  the  q  letters  h  were  replaced  by  q  unlike  letters, 
the  number  of  permutations  would  be 

xxlp  X  \q. 

In  like  manner,  by  replacing  the  r  letters  c  by  r  unlike  letters, 
we  should  finally  obtain  x  y.  \py.  \q  x  \r  permutations. 

But  the  things  are  now  all  diflferent,  and  therefore  admit  of  \n 
permutations  among  themselves.     Hence 

X  x\p  y.\q  y.  \r  —  \ri ; 

\n 
that  IS,  a;  =  -i— f^,-  ; 

which  is  the  required  number  of  permutations. 

Any  case  in  which  the  things  are  not  all  diflferent  may  be 
treated  similarly. 
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Example  1.  How  many  dififereuL-Pfirnp^aioons  can  be  made  out  of  the 
letters  of  the  word  assassination  taken  all  together  ? 

We  have  here  13  letters  of  which  4  are  s,  3  are  a,  2  are  /,  and  2  are  n. 
Hence  the  number  of  permutations 

[4[3|2|2 
=  13.11.10.9.8.7.3.5 
=  1001 X 10800 = 10810800. 

Example    2.     How    many    numbers    can    be    formed    with    the   digits 

1,  2,  3,  4,  3,  2,  1,  so  that  the  odd  digits  always  occupy  the  odd  places? 

^ v_- '        _,  -'"    ■ 

The  odd  digits  1,  8,  3,  1  can  be  arranged  in  their  four  places  in 

^  l^-^y« : w- 

The  even  digits  2,  4,  2  can  be  arranged  in  their  three  places  in 

bways (2). 

Each  of  the  ways  in  (1)  can  be  associated  with  each  of  the  ways  in  (2). 
14         13 
Hence  the  required  number  =  7^==^  x  {^  =  6  x  3  =  18. 

1%       152.     To  find  the  number  of  j^ermutations  of  n  things  r  at  a 

V  time,  when  each  thing  may  he  repeated  once,  twice, uj)    to  r 

'i  times  in  any  arrangement. 

Here  we  have  to  consider  the  number  of  ways  in  which  r 
places  can  be  tilled  up  when  we  have  n  different  things  at  our 
disposal,  each  of  the  n  things  being  used  as  often  as  we  please  in 
any  arrangement. 

The  first  place  may  be  filled  up  in  n  ways,  and,  wlien  it  has 
been  filled  up  in  any  one  way,  the  second  place  may  also  be  filled 
up  in  n  ways,  since  we  are  not  precluded  from  using  the  same 
thing  again.  Therefore  the  number  of  ways  in  which  the  first 
two  places  can  be  filled  up  is  rt  x  w  or  9i*.  The  third  place  can 
also  be  tilled  up  in  n  ways,  and  therefore  the  first  three  places  in 
n'  ways. 

Proceeding  in  this  manner,  and  noticing  tliat  at  any  stage  the 
index  of  n  is  always  the  same  as  the  number  of  places  tilled  up, 
we  shall  have  the  number  of  ways  in  which  the  r  places  can  be 
tilled  up  equal  to  71'. 
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Example.  In  how  many  ways  can  5  prizes  be  given  away  to  4  boys,  when 
each  boy  is  eligible  for  all  the  prizes? 

Any  one  of  the  prizes  can  be  given  in  4  ways ;  and  then  any  one  of  the 
remaining  prizes  can  also  be  given  in  4  ways,  since  it  may  be  obtained  by  the 
boy  who  has  already  received  a  prize.  Thus  two  prizes  can  be  given  away  in 
4"  ways,  three  prizes  in  4^  ways,  and  so  on.  Hence  the  5  prizes  can  be  given 
away  in  4^,  or  1024  ways. 

\  /\j      153.     To  find  the  total  number  of  ways  in  which  it  is  jjossible 
to  make  a  selection  hy  taking  some  or  all  o/n  things. 

Each,  thing  maybe  dealt  with  in  two  j^^ays.  for  it  may  either 
b»-t«iken:--OF  lef^ ;  and  since  either  way  of  dealing  with  any  one 
thing  may  be  associated  with  either  way  of  dealing  with  each  one 

of  the  others,  the  nnrnbf>r  of  w^^Y*^  of  dpalingr  wif.h  t.hfi  n.  t.hiTigrR  ia 
2  X  2  X  2_x  2 to  9^1  factors. 

But  this  includes  the  case  in  which  all  the  thvn^garp.  Ipf*^^^ 
therefore»j^^eting  thio  oaoo,  the  totiMil  Dumber  of  ways^JJs  jX-1. 

This  is  often  spoken  of  as  "tlie  total  number  of  combinations" 
of  n  things. 

Example.  A  man  has  6  friends ;  in  how  many  ways  may  he  invite  one  or 
more  of  them  to  dinner? 

He  has  to  select  some  or  all  of  his  6  friends ;  and  therefore  the  number  of 
ways  is  2^  -  1,  or  63. 

This  result  can  be  verified  in  the  following  manner. 

The  guests  may  be  invited  singly,  in  twos,  threes, ;   therefore  the 

number  of  selections     =6C^  +  ^C^  +  ^C,  +  ^Q  +  ^Cg  +  eCg 

f.\j^  =6  +  15  +  20+15  +  6  +  1-63. 

^  /^  •     154.      To  find  for  what  value  of  r  the  number  of  combinations 
ofn  things  r  at  a  time  is  greatest. 

-     '  1.2.3 {r-l)n         \ 

n{n-l)(n-2)  (n~r  +  2)  _ 

^-'"  1.2.3 (r-l)  ' 


and 


Ihe    multiplying   factor  - — — —    may  be  written 1, 

which  shews  that  it  decreases  as  r  increases.     Hence  as  r  receives 


128  HIGHER   ALGEBRA. 

the  values  1,  2,  3 in  succession,  "C^  is  continually  increased 

n  +  \ 

until 1  becomes  equal  to  1  or  less  than  1. 

r     • 

Now  1-^1, 

r 

n+l 
so  long  as  — —  >  2  ; 

that  IS,  —   -  >  r. 

J 

We  have  to  choose  the  greatest  value  of  r  consistent  with 
this  inequality. 

(1)  LeLaaJjeeyen,  and  equal  to  2m ;  then 

71  + 1     ^2m  +  Y  1  % 

and  for  all  values  of  r  ^^^_to^ mj.nclusive  thij  is  greater  jthan  r. 
Hence  by  putting  rr^m^-^,  we  find  that  the  greatest  number  of 
combinations  is  "C  . 

M 

(2)  LetjL_bfiLQdd,  and  equal  to  2m  +  \.;  then 

n  +  \      2m  +  2i  ^ 

and  for  all  values  of  r  up  to  m  inclusive  this  is  greater  tlian  r ; 
but  when  r=^m+\  the  multiplying  factor  becomes  equal  to  1,  and 

"C„^j=:"C„.;   that  is,  "C,^^^) 

and  therefore  the  number  of  combinations  is  greatest  wlicn  the 
things  are  taken  — ^r—  ,  or  at  a  time;  the  result  being  the 

same  in  the  two  cases. 

A  155.  The  formula  for  the  number  of  combinations  of  n  things 
r  at  a  time  may  be  found  without  assuming  the  formula  for  the 
number  of  permutations. 

Let  "C^  denote  the  number  of  combinations  of  n  things  ttiken 
r  at  a  time;  and  let  the  n  things  be  denoted  by  the  letters 
a,  6,  c,  d^.. 
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Take  away  a ;  then  with  tlie  remaining  letters  we  can  form 
""'C^j  combinations  of  ih—\  letters  taken  r  -  1  at  a  time.  With 
each  of  these  write  a ;  tlius  we  see  that  of  the  combinations 
of  n  things  r  at  a  time,  tlie  number  of  those  which  contain 
a  is  "~^C^_j;  similarly  the  number  of  those  which  contain 
h  is  "~^C^_i ;  and  so  for  each  of  the  n  letters. 

Therefore  n  x  "~'C,_i  is  equal  to  the  number  of  combinations 
r  at  a  time  which  contain  «,  together  with  those  that  contain  6, 
those  that  contain  c,  and  so  on. 

But  by  forming  the  combinations  in  this  manner,  each  par- 
ticular one  will  be  repeated  r  times.  For  instance,  if  r  =  3,  the 
cqnjbination  ahc  will  be  found  among  those  containing  a,  among 
those  containing  h,  and  among  those  containing  c.      Hence 


/ 


# 


c 


W 


Similarly, 


■'0  = 

■-'C,_,  X 

n 
r 

and  r  - 

1  instead  of 

n  and 

-'Or-, 

=  "-^^.-. 

n 

X   — 

r 

-1 

-r 

'-'Or-., 

-"-'(1-. 

n- 

_  2 

r  ■ 

-2' 

—c. 

-"-"+'(7, 

n 

-r  +  2 

^ 

9 

A 


and  finally,  "-'^'C,  =n-r+\. 

Multiply  together  the  vertical  columns  and  cancel  like  factors 
from  each  side  ;  thus 

^^/      „^  _n(n-l){n-2) (n-r+1) 

^.>'''  ""  r(r-l)(r-2) 1 

'        156.      To  jind  the  total  number  of  kuays  in  wliiclh  it  is  possible 

to  TYiake  a  selection  by  taking  some  or  all  out  o/'p  +  q-l-r+ 

things^  whereof;]^  are  alike  of  one  kind,  qalike  of  cTse^'^idncind,  r 
cdike  of  a  third  kind;  and  so  on. 

The  p  things  may  be  disposed  of  in  |>»  +  1  ways ;  for  we  may 

take  0,  1,  2,  3,  jj  of  them.     Similarly  the  q  things  may  be 

disposed  of  in    q  +  \    ways;  the   r  things    in    r+\    ways;    and 
so  on. 

H.  H.  A.  9 
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Hence  the  number  of  ways  in  which  all  the  things  may  he 
disposed  of  is  (p+l)  (q  +  \)  (r+l) 

But  this  includes  the  case  in  which  none  of  the  things  are 
taken ;  therefore,  rejecting  this  case,  the  total  niimber  of 
ways  is 

(;,4-l)(^+l)(r+l) -1. 

157.  A  general  formula  expressing  the  number  of  permuta- 
tions, or  combinations,  of  oi  things  taken  r  at  a  time,  when  the 
things  are  not  all  different,  may  be  somewhat  complicated ;  but  a 
particular  case  may  be  solved  in  the  following  manner. 

Example.  Find  the  p umber  of  ways  in  which  (1)  a  selection,  (2)  an  ar- 
rangement, of  four  letters  can  be  made  from  the  letters  of  the  word 
proportion. 

There  are  lILletters  Qlaix^differerit-SQitg,  namely  o,  o,o;  p,p;  r,  r;t;  i;  n. 
In  finding  groups  of  four  these  may  be  classified  as  follows : 

(1)  Three  alike,  one  different. 

(2)  Two  alike,  Iwo  others  alike. 

(3)  Two  alike,  the  other  two  different. 

(4)  All  four  different. 

(1)  The  selection  can  be  made  in  5  ways;  for  each  of  the  five  letters, 
;),  r,  t,  i,  n,'  can  be  taken  with  the  single  group  of  the  three  like  letters  a. 

(2)  The  selection  can  be  made  in  ^Co  ways;  for  we  have  to  choose  two  out 
of  the  three  pairs  o,  o;  p,  p;  r,  r.     This  gives  ^elections. 

(3)  This  selection  can  be  made  in  3  x  10  ways;  for  we  select  one  of  the 
3  pairs,  and  then  two  from  the  remaining  o  letters.    This  gives  30  selections. 

(4)  This  selection  can  be  made  in  "C^  ways,  as  we  have  to  take  4  different 
letters  to  choose  from  the  six  o,  p,  r,  t,  i,  n.     This  gives  15  selections. 

Thus  the  total  number  of  selections  is  5  +  3  +  30  + 15  ;  that  is,  53. 

In  finding  the  different  arrangements  of  4  letters  wa  have  to  pernmte  in 
all  possible  ways  each  of  the  foregoing  groups. 

4 

(1)  gives  rise  to  5  x  ^  ,  or  20  arrangements. 

w 

(2)  gives  rise  to  3  x  -~^  ,  or  18  arrangements. 

14 

(3)  gives  rise  to  30  x  -—  ,  or  3G0  arrangements. 

(4)  gives  rl^e  to  15  x  j4  ,  or  360  arrangements. 

Thus  the  total  number  of  arrangements  is  20  +  18  +  360  +  360;  that  is,  758. 


letters  of  the  words 

(1)     independeThce,  ^  (2)     superstitious,  ^^ 

(3)  !  institutions.  fj>  \^ 


V         . 

■  \  /■ 
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EXAMPLES.    XI.  b. 

^     1.     Find  the  number  of  arrangements  that  can  be  made  out  of  theJ*  \ 

2.  In  how  many  ways  can  17  billiard  balls  be  arranged,  if  7,  of 
them  are  black,  6  red,  and  4  white? 

"^  3.  A  room  is  to  be  decorated  with  fourteen  flags ;  if  2  of  them  are 
blue,  3  red,  2  white,  3  green,  2  yellow,  and  2  -purple,  in  how  many  ways 
can  they  be  hung? 

4.  How  many,  immbers  greater  than  a  million  can  be  formed  with 
the  digits  2,  S,  0,  3,  4,  2,^? 

5.  Find  the  number  of  arrangements  which  can  be  made  out  of  the 
letters  of  the  word  algebra,  without  altering  the  relative  positions  of 
vowels  and  consonants. 

6.  On  three  different  days  a  man  has  to  drive  to  a  railway  station, 

and  he  can  choose  froni5£aQv§yq,nces ;  in  how  many  ways  can  he  make       -^jtJ. 
the  three  journeys  ?      '^==^''j=^  -rf^  ^J_^  .sxpXtw^.^iir'^ 

y  7.     I  have  counters  of/jLdifferentj^aloiiES,  red,  white,  blue, ;  in        />  .^ 

^how  many  ways  can  I  makean  arrangement  consisting  of  r  counters, 
^supposing  that  there  are  at  least  r  ofjeach  differentjcolour?    ^  '"'I    ^ 

8.  In  a  steamer  there  are  stalls  for  J. 2  animals,  and  there  are 
cows,  horses,  and  calves  (not  less  than  12  of  each)  rea,;Iy  to  be  shipped;  "^ 

in  how  many  ways  can  the  shipload  be  made?  '^    % 

/     9.     In  how  many  ways  canljj.iiuiig^  be  given  to  p  persons,  whenM  ^^ 
Sthere  is  no  restriction  as  to  the  number  of  things  each  may  receive  ?  ^/      ^ 

/       10.     In  how  many  ways  ,can  five  things   be  divided  between  two'     5^ 
persons?  '•1^.^'-      (t)  '■■■■■'■        .    ■-.  ^'  -  ■'- 

^  11.     How  many  different  arrangements  can  be  made  out  of  the  letters 
/m  the  expression  a^b'^d^  when  written  at  full  length  ? 

12.  A  letter  lock  consists  of  threg^ngs  each  marked  with  fifteen 
different-letters ;  find  in  how  many  ways  it  is  possible  to  make  an 
unsuccessful  attempt  to  open  the  lock.  •  J-^1^ 

13.  Find  the  number  of  triangles  which  can  be  formed  by  joining         .  . /' 

three  angular  points  of  a^uindecagon.  lii'^,':^^.--'.^,   v      i;,        %   f  •'    •  ^'"I[!!^r^^^^^U> 

[   '       14.     A  library  has  ^copies  of  one  book,  b  copies  of  each  of  twO'  if^^^^^j^ 
^  books,  c  copies  of  each  of  three  books,  and  single  copies  of  d  books.  In  ^pZ^ 
how  many  ways  can  these  books  be  distrib^tipd,  if  all  are  out  at  once  ? 

15.  How  many  numbers  less  than  IQQOQ  can  be  made  with  the     ^ 
eight  digits  ^ 2,  3,  g^,  5,  <  7  ?  .'  '  "  '  Lf   ^  ' 

16.  In  how  many  ways  can  the  following  prizes  be  given  away  to  a 
class  of  2(Lboy.s:  first  and  second  Classical,  first  and  second  Mathe- 
matical, first  Science,  and  first  French  ? 

■c     I  \  -  '-'  i 


V 
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17.  A  telegraph  has  5  arms  and  each  arm  is  capable  of  4  distinct 
positions,  including  the  position  of  rest ;  what  is  the  total  number  of 
signals  that  can  be  made?  •  '*■ 

1^.  In  how  many  ways  can  V  persons  form  a  ring?  In  how  many 
ways  can  7  Englishmen  and  7  Americans  sit  down  at  a  round  table,  no 
two  Americans  being  together?  ^;rrr=^ 

19.  In  how  many  ways  is  it  possible  to  draw  a  sum  of  money  from 
a  bag  containing  a  sovereign,  a  ha^'-sovereign,  a  crown,  a  florin,  a  shilling, 
a  penny,  and  a  ftirthing?  ;,\  .^i.,^f^  ^Th'^^         ^'    • 

20.  From  .3  cocoa  nuts,  4  apples,  and.  2  oranges,  how  toany  selec- 
^itions  of  fruit  can  be  made,  taking  at  leastv^e  ofeach  kindf) 

21.  Find  the  number  of  different  ways  of  dividing  tmi  things  into 
equal  groups.  »  -f  hP_  ^  ^   3  -^^'/^-^'V 

22r  So^v  many  signals  can  be  made  by  hoisting  4  flags  of  different 
colours  one  above  the  other, Nyhen  any  number  of  them  may  be  hoisted 
at  once?     How  many  with  5  TOgs?  '' 

~"\     23.     Find  the  number  of  pm-mutations  which  can  be  formed  out  of 
the  letters  of  the  Avord  setnes  takcKi  three  together?  Vi  ^^  \ 

-^      24.     There  are  jo  poiiYts  in  a  plane,  no  three  of  which  nvt/in  the/same 

straight  line  with  the  exception  of  y,  which  are  all  in  the  s^ime  straight 
J  line;  find  the  number  (1)  of  straight  lines,  (2)  of  triangles  which  result 
li         from  joining  them. 

"w  "j        25.     There  are  p  points  in  space,  no  four  of  which  are  in  the  same^ 
^'^       plane  with  the  exception  of  q,  which  are  all  in  the  same  plane;  find 

how  many  planes  ;t\\ex^  are  each  containing  *^#,®  ^/  ^^^  points^ 

26.     There  are  n  different^ books,  and  p  copies  of' each;  find  the 

number  of  ways  in  which  a  selection  can  he  made  from  them. 

^     27.     Find  the  number  of  selections  and  of  aiTangei:|i«nts  that  can  lye 
made  by  taking  4  letters  from  the  word  ^xpressioiits    yt 

LXA/"  28.     How  many  permutations  of  4  letters  can  be  made  out  of  the 

Jetters  of  the  word  ^aminatio^  ?  -" 

.v^'X\*  29.     Find  the  sum  of  Jill  numb^  greater  than  lOOCB  formed  hy     \ 

using  the  digits  1,  ^i^^^Jt^j  no  digit  |;)ei»g~rei)eated  in  any  number.         J 

'"'^SO.     Find  the  su^'o^ll  numbers  greater  than  lOOCja  formed  h/vi 

using  the  digits^  2/4,  678^.110  digit  being  repeated  in  any  number. 
^.  31.     If  of  j^+5'  +  r  things  p  be  alike,  and  q  be  alike,  and  the  rest 

different,  shew  that  the  total  number  of  combinations  is 
'      ■  (;?+l)(.y+l)2''-l. 

32.  Shew  that  the  number  of  pernuitations  which  can  be  formed 
from  271  letters  which  are  either  a's  or  Jia  is  gre^itest  when  the  number 
of  a's  is  equal  to  the  number  of  6's. 

33.  If  the  71  + 1  numbers  a,  b,  c,  d, te  all  different,  and  each  of 

y  them  a  prime  numlier,  i)rove  that  the  number  of  different  factors  of  the 

expression  a^cd is  (m  +  l)  2'*-  1. 


¥ 
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Mathematical  Induc 


158.  Many  important  mathematical  fornmko  are  not  easily 
demonstrated  by  a  direct  mode  of  proof;  in  such  cases  we  fre- 
quently find  it  convenient  to  employ  a  method  of  proof  known  as 
mathematical  induction,  which  we  shall  now  illustrate. 

Example  1.  Suppose  it  is  required  to  prove  that  the  sum  of  the  cubes 
of  the  first  ?i  natural  numbers  is  equal  to  <  — ^-^ — '- 1  .    r'^ 

We  can  easily  see  by  trial  that  the  statement  is  true  in  simple  cases,  such 
as  when  n  =  l,  or  2,  or  3 ;  and  from  this  we  might  be  led  to  conjecture  that 
the  formula  was  true  in  all  cases.  Assume  that  it  is  true  when  n  terms  are 
taken  ;  that  is,  suppose 

13  +  23  +  3^^ to  nterms-j'^''^"  ('• 

Add  the  (?i  +  l)"^  term,  that  is,  (/t+l)^  to  each  side;  then 

13  +  2^  +  83+ to  n  +  1  terms  =  j '^  ^" "*" ^^ { ^+{n+l)^ 

-(«  +  l)'(j  +  »  +  l) 

4 

in+run+^r' 

2  i' 

which  is  of  the  same  fo>-ni  as  the  result  we  assumed  to  be  true  for  n  terms, 
/i  +  1  taking  the  place  of  n;  in  other  words,  if  the  result  is  true  when  we  take 
a  certain  number  of  terms,  whatever  that  number  may  be,  it  is  true  when  we 
increase  that  number  by  one;  but  we  see  tliat  it  is  true  when  3  terms  are 
taken;  therefore  it  is  true  when  4  terms  are  taken;  it  is  therefore  true  when 
5  terms  are  taken ;  and  so  on.     Thus  the  result  is  true  universally.      , 
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Example  2.  To  determine  the  product  of  n  binomial  factors  of  the  form 
x-\-a. 

By  actual  multiplication  we  have 

{x-\-a)  (x  +  ft)  {x-\-c)  =  x^  +  {a  +  h  +  c)x^  +  [ah  +  hc  +  ca)x  +  ahc\ 

{x  "{-  a)  {x  -Vh)  {x  -\-  c)  {x  +  d)  —  x^  +  {a  ■\-h  -\-  c  +  d)  x^ 

+  {ah  +  acJr  ad  +  6c  +  6d  +  cd)  x^ 
+  {abc  +  ahd  +  acd  +  bed)  x  +  abed. 
In  these  results  we  observe  that  the  following  laws  hold : 

1.  The  number  of  terms  on  the  right  is  one  more  than  the  nimiber  of 
binomial  factors  on  the  left. 

2.  The  index  of  x  in  the  first  term  is  the  same  as  the  number  of 
binomial  factors ;  and  in  each  of  the  other  terms  the  index  is  one  less  than 
that  of  the  preceding  term. 

3.  The  coefficient  of  the  first  term  is  unity ;  the  coefficient  of  the  second 

term  is  the  sum  of  the  letters  a,   b,   c, ;    the  coefficient  of  the  third 

term  is  the  sum  of  the  products  of  these  letters  taken  two  at  a  time; 
the  coefficient  of  the  fourth  term  is  the  sum  of  their  products  taken  three  at 
a  time ;  and  so  on ;  the  last  term  is  the  product  of  all  the  letters. 

Assume  that  these  laws  hold  in  the  case  of  n  -  1  factors ;  that  is,  suppose 

{x  +  a){x+b)...  (x  +  h)  =  a;"-!  +PiX''-^  +p^x'*-'^  +p.^^-*  +...  +Pn-i , 

where  Pi  =  a  +  b  +  c+  ...h; 

p.,=iib  +  ac+  ...  +  ah+bc  +  bd+ ; 

2},i=abe  +  abd+ ; 


Pf^_i  =  abc...h. 
Multiply  both  sides  by  another  factor  x  -{-k;  thus 
{x  +  a){x  +  b) ...  {x  +  h)  {x  +  k) 
=  x**  +  (7^1  +  k)  .i;«-i  +  (p.^  +pik)  a;"-2  +  {p.^  +  p.,k)  .r"-'  +  . . .  +iJ„_i^-. 

Now  p^  +  k  =  {^a  +  b  +  e  +  ...  +  h)  +  k 

=  sum  of  all  the  n  letters  a,  6,  e,...k', 
p.,  +Pik  =2>o  +k(a  +  b+  ...  +  h) 

=  sum  of  the  products  taken  two  at  a  time  of  all  the 
n  letters  a,  fc,  c, ...  fc; 

P.i  +  P2^=P:i  +  k{ab  +  ac  +  ...+ah  +  bc+ ...) 

=  sura  of  the  products  taken  three  at  a  time  of  all 
the  n  letters  «,  6,  c, ...  ft ; 

j:;„_ifc  =  product  of  all  the  n  letters  a,  b,  c,  ...  k. 
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If  therefore  the  laws  hold  when  ?t  - 1  factors  are  multiplied  together, 
they  hold  in  the  case  of  n  factors.  But  we  have  seen  that  they  hold  in  the 
case  of  4  factors ;  therefore  they  hold  for  6  factors ;  therefore  also  for  6 
factors  J  and  so  on ;  thus  they  hold  universally.     Therefore 

(x  +  a)  (x  +  h)  (x  +  c)  . . ,  (x  +  it)  =  x"  +  S^x"^-^  +  S.^x"--'-^  +  S.^x''-'^  +  . . .  +  /S'„ 

where  /Si  =  the  sum  of  all  the  n  letters  a,  6,  c  ...  ^'; 

/S.^j^the  sum  of  the  products  taken  two  at  a  time  of  these  n  letters. 


the  product  of  all  the  n  letters. 


159.  Tlieorems  relating  to  divisibility  may  often  be  esta- 
blished by  induction. 

Exaviple.     Shew  that  x"  -  1  is  divisible  by  x  -1  for  all  jjositive  integral 
values  of  7<. 

T>     ->•  •  •                         x"-l      „  ,     x'^-i^l 
By  division ==x''~^+  — — r-  ; 

05-1  JC-  1 

if  therefore  x^-^  -  1  is  divisible  by  a;  -  1,  then  a;"  -  1  is  also  divisible  by  x  -  1. 
But  x^-1  is  divisible  by  x~l;  therefore  x^ -X  is  divisible  by  a; - 1 ;  there- 
fore x*  -  1  is  divisible  by  x  -  1,  and  so  on ;  hence  the  proposition  is  established. 

Other  examples  of  the  same  kind  will  be  found  in  the  chapter  on  the 
Theory  of  Numbers. 

IGO.  From  the  foregoing  examples  it  will  be  seen  that  the 
only  theorems  to  which  induction  can  be  applied  are  those 
which  admit  of  successive  cases  corresponding  to  the  order  of 
the  natural  numbers  1,    2,   3, n. 


EXAMPLES.    XII. 

Prove  by  Induction : 

1.  1+3  +  5+ +  (2n-l)  =  7i\ 

2.  P  +  22  +  32+ +n^=^n(n  +  l)(27i+l). 


3.     2  +  22  +  23+ +2«  =  2(2«-l). 

*•     172  +  2:3  +  3:4+ tonterms^— ^. 

5.     Prove  by  Induction  that  .r"  — ?/"•  is  divisible  by  >v+^  when  n  is 


even. 


,.e,  ^: 
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161.     IIt  maV 
(x  +  d)  {x  +  5) 


ly  be\shewii 
{x+d)(x  +  l){xi^c)'{x  +  'd) 


by  actual  multiplication  that 


=  x*  +  {a-\-h  +  c  +  d)'3^  +  {ah-{-ac  +  ad+bc  +  hd  +  cd)  x* 

+  (abc  +  ahd  +  acd  +  hcd)  x  +  aicc? (1). 

We  may,  however,  write  down  this  result,  by  inspection ;  for  the 
complete  product  consists  of  the  sum  of  a  number  of  partial  de- 
ducts each  of  which  is  formed  by  multiplying  together  four 
letters,  one  being  taken  from  each  of  the  four  factors.  If  we 
examine  the  way  in  which  the  various  partial  products  are 
formed,  we  see  that 

(1)  the  term  a;Ms  formed  by  taking  the  letter  x  out  of  each 
of  the  factors. 

(2)  tlie  terms  involving  x^  are  formed  by  taking  the  letter  x 
out  of  any  three  factors,  in  every  way  possible,  and  one  of  the 
letters  a,  6,  c,  d  out  of  the  remaining  factor. 

(3)  the  terms  involving  a;*  are  formed  by  taking  the  letter  x 
out  of  any  two  factors,  in  every  way  possible,  and  two  of  the 
letters  a,  6,  c,  d  out  of  the  remaining  factors. 

(4)  the  terms  involving  x  are  formed  by  taking  the  letter  x 
out  of  any  one  factor,  and  three  of  the  letters  a,  6,  c,  d  out  of 
the  remaining  factors. 

(5)  the  term  independent  of  x  is  the  product  of  all  the  letters 
a,  6,  c,  d. 

Example  1.  (.c  -  2)  {x  +  3)  (.r  -  5)  (x  +  9) 

=  .T<  +  (-  2 +  3  -  5  +  9)  x3  + (-6  + 10 -18 -15  +  27- 45)  a:'-' 

+  (30  -  54  +  90  -  135)  x  +  270 
=  X*  +  r>x^  -  47.T«  -  GOx  +  270. 
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Example  2.     Find  the  coefl&cieut  of  ay^An  the  product      ^ ' 
,  (;r  -  3)  {x  +  5)  {X  ~  1')  {x  +  2)  {x  -  8). 

The  terms  involving  x^  are  formed  by  multiplying  together  the  x  in  any 
three  of  the  factors,' and  two  of  the  numerical  quantities  out  of  the  two  re- 
maining factors  •/  hence  the  coefficient  is  equal  t  y  the  sunii  of  the  products 
of  the  quantities  -  3,  5,  -1,2,  -  8  taken  two  at  a  time.  J/ 

Thus  the  required  coefficient 

= -15  +  3 -6  + 21 -5  + 10- 40- 2  +  8- 16    " 
=  -39. 

162.  If  in  equation  (1)  of  the  preceding  article  we  suppose 
b=c=d=a,  we  obtain 

{x  +  ay  ^x*  +  iax''  +  6aV  +  ia^x  +  a*. 

The  method  here  exemplified  of  deducing  a  particular  case 
from  a  more  general  result  is  one  of  frequent  occurrence  in 
Mathematics  ;  for  it  often  happens  that  it  is  more  easy  to  prove 
a  general  proposition  than  it  is  to  prove  a  particular  case  of  it. 

We  shall  in  the  next  article  employ  the  same  method  to  prove 
a  formula  known  as  the  Binomial  Theorem,  by  which  any  binomial 
of  the  form  x  +  a  can  be  raised  to  any  assigned  positive  integral 
power.  ^  *- 

163.  To  find  the  expansion  of  (x  +  a)°  when  n  is  a  vositive 
intec/er.  .^ 

Consider  the  expression 

{x  +  a)(x  +  b){x  +  c) (x  +  k), 

the  number  of  factors  being  n. 

The  expansion  of  this  expression  is  the  continued  product  of 

the  n  factors,  x  +  a,  x+b,  x+  c,  x+k,  and  every  term  in  the 

expansion  is  of  n  dimensions,  being  a  product  formed  by  multi- 
plying together  n  letters,  owe  taken  from  each  of  these  n  factors. 

The  highest  power  of  x  is  x",  and  is  formed  by  taking  the 
letter  x  from  p.nrh  of  |^|j^  n  laotors.. 

The  terms  involving  £c"~'  are  formed  by  taking  the  letter  x 
from  W)ty'n—li  ol  theTactors,  and  ovie  of  the  lettersj:«,  J>,j;,  .,,,^ 
from  the  remaining  factor;    thus  the  coefficient  of   x"~^  in    the 

final  product  is  the  sum  of  the  letters  a,  b,  c, k;  denote  it 

by^,. 

Tlie  terms  involving  x''~^  are  formed  by  taking  the  letter  x 
from  any  n-2  oi  tlie  factors,  and  two  of  the  letters  a,  b,  c,  ...k 
from  tlie  two  remaining  factors  ;  thus  the  coefficient  of  x"~'  in 
the  final  product  'is.  the  sum  of  the  products  of  the  letters 
a,  b,  c,  ...  k  taken  two- at  a  time;  denote  it  by  S^. 
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And,  generally,  the  terms  involving  a;""''  are  formed  by  taking 
the  letter  x  from  any  n-r  of  the  factors,  and  r  of  the  letters 
rt,  6,  c,  . . .  A;  from  the  r  remaining  factors ;  thus  the  coefficient  of 
a;""''  in  the  final  product  is  the  sum  of  the  products  of  the  letters 
a,  6j  c,  ...  k  taken  r  at  a  time;  denote  it  by  S^. 

The  last  term  in  the  product  is  cihc  ...k;  denote  it  by  .b\ 

Hence  {x  +  a){x-\-h){x  +  c) {x  +  k) 

I       ^  =^x"  +  aS'jO;""*  +  S^x"''  +  ...  +  Sx"'"  +  . . .  +  S^_^x  +  S^. 

In  aS'j  the  number  qf  Terms  is  n;  in  ii^  tlie  nwmhef  of  Uruis  is 
the  same  as  the  number  of  combinations  of  n  things  2  at  a  time ; 
that  is,  "C'g ;  in  S^  the  number  of  terms  is  "C^ ;  and  so  on. 

/       Now  suppose  5,   c^  ^. .  A;,  each  equaL  to  a ;  then  S    becomes 
X/       I  "^lO^^I'S'^  becomes  "Cjn^;  S^  becomes  "Cg«'*;  and  so  on;  thus 

{x  +  ay  -  ic"  +  "(7,^"-'  +  "CWar^+  "C^f^^-'-h  . ..  +  "C  a" ; 

substituting  for  "(7,,  "U^, ...  wj^btain 

\n       «           H-1     n(n-l)    „  „_2    n(7i-l)(n-2)    .  „_„ 
{x + a)  =x  +  nax      +  -^ — ^ ^  a'x    ^+  -^ — ^' '-  a^x    ^  + . . .  +  a  , 

the  series  containing  n+  1  terms.  ' 

This  is  the  Birwniial  T/teorem^^'And  the  expression  on  the  right 
is  said  to  be  the  e'xpansion  of  (a;  +  a)". 

1G4.     The  Binomial  Theorem  may  also  be  proved  as  follows: 
By  induction    we    can    find    the    product    of    the    n   factors 
x  +  a,  x  +  b,  x  +  c,...x  +  k  as  explained  in  Art.  158,  Ex.  2;   we 
can  then  deduce  the  expansion  of  (x+a)"  as  in  Art.  163. 

1G5,     The  coefficients   in  the  expansioni  of  (x  +  a)"  are  very 
•conveniently    expressed    by    the    symbols   "^i>[^a)_"^iai__:--  'S'n- 
We  shall,  however,  sometimes  further  abbrevfate  thenT  by  omitSng 
-n,  and  writing  (7,,  C^^,  C\,  ...  C„.      With  tliis  notation  we  have 

If  we  write  -  a  in  the  place  of  a,  we  obtain 

{x  -<iy - X"  +  C,  (- a)  x"- '+C,(- ayx'-'+c^i- ayx-'-^ ...  +  cj-ay 

=  x"  -  C.ax"-'  +  C^a'x"-' -  Cyx"-'  +...+(-  iyCa\ 

Tims  tlie  terms  in  the  expansion  of  (x  +  a)"  and  (x-a)"  are 
nnmArically  the  same,  Ijut  in  {x-a)"  they  arc  alternatelypositive 

and    negative,  and  the  last  t-pJ-m   is  pnKifivn  nr  npgn.yyp  "^^^ivi^'g" 

as  n  is  eveiLiiiLodcL 
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Example  1.     Find  the  expansion  of{x  +  yY. 
By  the  formula, 

[x  +  y)«  =  x^  +  «C\  x^y  +  "Cg  x^y"^  +  '^C^  a?y^  +  ^G^x^y*  +  «f 5  xy^  +  «C«  y« 
=  x6  +  6x5?/  +  i^xhf  +  20x3|/3  +  15xV  +  6x1/5  +  ^6^ 
on  calculating  the  values  of  ^Cj ,  "C'g ,  ^Cg , 

Example  2.     Find  the  expansion  of  (a  -  2a;)''. 
(a  -  2xy  =  dJ  -  Wj_  a«  {2x)  +  ^C,  a^  {2xf  -  ^G^  a^  {2xf  + to  8  terms. 

Now  remembering  that  "C^="C,j_^,  after  calculating  the  coefficients  up  to 
7C3,  the  rest  may  be  written  down  at  once;  for  '^C^  =  '^C^;  ^Cg  -''C.^;  and  so  on. 
*Hence 

(a-2x)7  =  a7-7a«(2a;)H-^^a-'(2x)2-[^^aM2x)3+ 

^a7-  7a6  {2x)  +  21a^  (2a;) 2  -  SSa"  {2xf  +  SSa^  (2a;)'* 

-  21a2  {2xf  +  la  {2xf  -  {2xy 
=  «7  -  14a«a;  +  8ia^x^  -  280a*x^  +  560a^x* 

-  672aV  +  448ax«  -  128a;''. 

Example  3.     Find  the  value  of 

(a  +  J^^iy  +  (a  -  Va^:^!)''. 

We  have  here  the  sum  of  two  expansions  whose  terms  are  numerically 
the  same ;  but  in  the  second  expansion  the  second,  fourth,  sixth,  and  eighth 
terms  are  negative,  and  therefore  destroy  the  corresponding  terms  of  the  first 
expansion.     Hence  the  value 

=  2  { a^  +  21a5  (a^  -  1)  +  d5a^  {a^  -  \f  +  la  {a^  -  1)3} 

=  2a  (64a«  -  112a4  +  5&a^  -  7). 

/\  166.^In  the  expansion  of  (a^^llj  tlie  coefficient  of  the  second 
/  term  isrC^)  of  the  third  terni  is  C\ ;  of  the  fourth  term  is  "C^; 
and  so  on ;  the  suffix  in  each  term  being  one  less  than  the 
number  of  the  tenn.^o  which^t  applies  :  hence  "C,  is  the  co- 
efficient  of  the  (r  +  ly^  term./"  This  is  called  the  general  term, 
because  by  giving  to  f  Uillln^ent  numerical  values  any  of  the 
coefficients  may  be  found  from  "C^;  and  by  giving  to  x  and  a 
their  appropriate  indices  any  assigned  term  may  be  obtained. 
Thus  the  (r+  ly^  term  may  be  written 

"Cx^W,  or  — ^^ ^-^ / -^- ^  x"  ''a\ 

^  ••  .'    ^    ,  |r 

In  applying  this  formula  to  any  particular  case,  it  should  be 
observed  that  the  hidex  ofa  is  the  sam£  as_the  svjfix  of  C.  and 
that  the  sum  qfjh&Midicesof^  and  a  %s^ 
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Example  1.     Find  the  fifth  term  of  (a  +2x3)^7, 
The  required  term  =  '^'G^  a>^  (2x3)^ 

17.16.15.14 


1.2.3.4 

=  38080ai3xi2. 


X  IGa^^x" 


Example  2.     Find  the  fourteenth  term  of  (3  -  a)^'. 
The  required  term  =  '^^Gy^  (8)2  ( -  a)" 

=  i5C2x(-9a")  [Art.  145.] 

=  -  945ai3. 

167.  The  simplest  form  of  the  binomial  theorem  is  the  ex- 
pansion of  (1  +  x)".  This  is  obtained  from  the  general  formula 
of  Art.  163,  by  writing  1  in  the  place  of  a;,  and  x  in  tlie  place 
of  a.     Thus 

(1  +  a,-)"  -  1  +  "Cjic  +  "Cgrc"  +  . . .  +  "Caf  +    ..  +  "Cx" 

_  7i(n-\)    „ 

=  \+iix+  — — ^  x''  +  ... . .^.,^4-a;  ; 

the  general  term  being 

n{n-\){n-2) (n-r  +  1) 

The  expansion  of  a  binomial  may  always  be  made  to  depend 
upon  the  case  in  which  the  first  term  is  unity ;  thus 


X 


(..,r={.(i.|))" 


y 

=  x^(  1  +  z)\   where  ;:;  =  -. 
^  ^  X 

Example  1.    Find  the  coefficient  of  x^^  in  the  expansion  of  {x^  -  2x)^ 
We  have    {x"-2xy^=x^^(l--\   ; 
and,  since  ^S^multiplies  every  term  in  the  expansioft-of  ( 1  -  -  )    » we  have  in 
this  expansion  to  seek  the  coefficient  of  the  term  which  contains  — j . y 
Rence  the  required  coefficient = ^"C?^  ( -  2)* 
/     10.9.8.7 


1.2.3.4 
3360. 


xlC. 


In  some  cases  the  following  method  is  simpler. 


s 
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Example  2.     Find  the  coefficient  of  x^  in  the  expansion  of  (.r^+  —  )  . 
Suppose  that  x^  occurs  in  the  (2>  + 1)^''  term. 

The  (p  + 1)"^  term  =«C7p  {x'^)^-p  (^ 

271  —  r 

But  this  term  contains  a;**,  and  therefore  2n-5p  =  r,  or  p  = . 

5 

Thus  the  required  coefficient  =  '»Cp="C2„_y 

5 

_  1^ 


j-(2n-r) 


g(3n  +  r) 


2rt  —  r 
Unless  — = —  is  a  positive  integer  there  will  be  no  term  containing  a'^  in 
5 

the  expansion. 


168.  In  Art.  163  we  deduced  the  expansion  of  (x+  a)"  from 
the  product  of  n  factors  (x  +  a)  (x  +  b)  ...  (x  +  k),  and  the  method 
of  proof  there  given  is  valuable  in  consequence  of  the  wide  gene- 
rality of  the  results  obtained.  But  the  following  shorter  proof  of 
the  Binomial  Theorem  sliould  be  noticed. 

It  will  be  seen  in  Chap.  xv.  that  a  similar  method  is  used 
to  obtain  the  general  term  of  the  expansion  of 

{a  +  b  +  c+ )". 

169.  To  prove  tlie  Binomial  Theorem. 

The  expansion  of  (x  +  a)"  is  the  prodiutt  g^f.  fa.r»f.r>rfi^   each 

(>qual  to^^A  and  every  fprm  iv>  thp  PvpaT^^^im^   is  of  n  dimen- 

^  jsions,  being  a  product  formed  by  multiplying  togrether  n  letters, 

iione  taken  froiD-each  of  the  n  factors.     Thus  each  temx  involving 

a;''IIfllJia  Jibtained  bj_  tak^^  of  rnij/  r  of  the  factors^  and  x 

out  of  the  remaining  p^ct^  i(y<nd<fH.     Therefore  the  number  of 

1  terms  which  involve  x"~'^a''  mjlst  be  equal  to  the  number  of  ways 

']'  in  which  n  things  can  be  selected  out  of  n ;  that  is,  the  coefficient 

:    of  ^""V  is  "C^,  and  by  giving  to  r  the  values  0,  1,  2,  3,  ...  n  in 

'    succession  we  obtain  the  coefficients  of  all  the  terms.     Hence 

(x  +  a)"  =  x"  +  "G^x"~\i  +  "CgO;""  V  +  . . .  +  "CX~'^''  +  •  •  •  +  «"j 

since  "C^  and  "C^  are  each  equal  to  unity^  ._ 
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EXAMPLES.    XIII.  a 


\  Expand  the  following  binomials : 
A    1.     {x-Sf.  2.     (3a;+2y)^. 

'^^'^    4.     (l-3a2)«.  5.     {.v^+a^f. 


c/     >^ 


ai;2\* 


7.     ^2--J.  8, 

.  I  ^    |oWr^  down  and  simplify : 


3a 


1       \» 


3.     (2.1; -y)^ 
6.     (l-.ryy. 

9. 


12. 


(-?• 

(-r- 


3 


13.  The  4;neraijif  (^-  5)".        14.    The  lO'"*  term  of  (1^:;2£}^ 

15.  The  1 2*'*  term  of  (2a;  - 1 ) ^l    16.     The  28*  term  of  (5a; + 8i/)^. 

17.  The  4*  term  of  ( -  +  9& 

18.  The  5«»  term 


19.     The  7*  term  of  (^---j   . 


a;2     y! 


20.  The  St"  term  of  ^ 

Find  the  value  of 

21.  (.rHV2)'  +  (-^'-x/2)*. 

23.     (v/2  +  l)«-(V2-l)''. 

25.     Find  the  njiddle  term  of  (  -  +  -  1 


22.     (\/•^■^  -  «^  +  .^')^  -  (V-^'^  -  «'  -  xf. 

24.    (2  -  \/  r^)«  +  (2  +  \/r^)«. 


26.     Find  the  middle  term  of  U-^^y^.      o\* 
of.r'Hn  /'.r2  +  ??y".| 


27.  Find  the  coefficient 

28.  Find  the  coefficient  of  x^^  in  ({?.?■*  -  />.r)' 

29.  Find  the  coefficients  of  o--'^  and  .r"/^"  in 

30.  Find  the  two  middle  terms 
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/  .     /3  1  \^  -"       V^^ 

31.  Find  the  term  iudm)eiident  of  x  in  (  r  ^"^  —  .v-  I  .  -        &     ^ 

/  1  /  1      \1.S 

32.  Find  the  la^li-teum  of  (  9.f  -  ,^-j-  )   . 


J\^ 


33.     If  x"^  occurs  in  the  expansion  of  I  .r+- ]    ,  find  its  coefficient.     ^   ^ 


,) 


34.     Find  the  term  independent  (Ma:  in  (a* tA    .  \ 

'    35.     If  xP  occurs  in  the  expansion  o£  ix^  +  -\     ,  prove  that  its  co- 


^. 


efficient^is  _ 


he  expansion  of  (i  +  x)"  the  coefficients  of  terms  equi- 
distant from,  the  beginning  and  end  are  equal.  \y 

The  coefficient  of  the   (r  4-  1)***  term  from   the  beginning  is  > 

The  (r+  1)**^  term  from  the  end  has  ji..+ -1 — (r  +  1  \  or  n  —  r 
terms  before  it ;  therefore  counting  from  the  beginning  it  is 
the  {n,  —  21:tJL)-*.-  tgxmj_and  its  coefficient  is  "C„_^,  which  has  been 
shewn"  To" oe  equal  to '" G^ .  [Art.  145.]  Hence  the  proposition 
follows. 


*        171.      To    iind    the    greatest    coefiicieriL^  in    the    expansion  oj 


Tlie  coefficient  of  the  general  term  of  (1  +  x)"  js  ""C  ;  and  we 
liave  only  to  find  for  what  value  of  r  this  is  greatest. 

By  Art.  154,  when  n  is  e:^mi.  the  greatest  coefficient  is  "C„  ; 

2 

and  when  n  is  odd,  it  is  "C„_,,  or  "C'^+,;  these  two  coeffir«ients 
being  equal.  "^  " 


^.n. 


To  find  the  greatest  term,  in  the  expansion  of  (x  +  tiy 
We  have  (x  +  af  =  x"  (l  +  -]   ; 


therefore,  since  x"  multiplies  every  term  in  (  1  +  -  j  ,  it  will  be 
'sufficient  to  find  the  greatest  term  in  this  latter  expansion. 


s 
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Let    the    r"'    and    (r-f-1)'^'    be    any  two    consecutive    terms. 
The  (r+1)*''  term  is  obtained  by   multiplying  the  r*''  term  by 

«-^l.^thatis,b,('-ijl-l)?.  -{HT^] 

or  A-    \ 

The    factor 1    decreases    as    r   increases ;    lience   tlie 

r 

(r+1)***  term  is  not  always  greater  than  the  r**"  term,  but  only 
until  ( — ; M  ~  becomes  equal  to  1,  or  less  than  1. 


('lil-i)>i, 


so  long  as  1  >  - 


r  a 


'     that  is,  >  -  +  1 , 


r         a 


'■"7 


^^  - — =^^- -xy^^h 

-  + 1 

/ 

7i   +    1 

If  —  be  an  integer,   denote  it  by  -p ;  then  \i  r  =  p  tlie 

a 

multiplying  factor  becomes  1,  and  the  (j)  +  l)***  term  is  equal  to  the 
;/** ;  and  tliese  are  greater  than  any  otJier  term. 

W  4-  1 

If   ^— -   bo  not  an  integer,   denote  its  integral  part  by  q ; 

-4-1 

a 

then  the  greatest  value  of  r  consistent  with  (1)  is  q ;  hence  the 
{q  +  !)*•*  term  is  the  greatest. 


Since  we  are  only  concerned  with  the  numerici,lly  greatest 
term,  the  investigation  will  be  the  same  for  («-«)";  therefore 
in  any  numerical  example  it  is  unnecessary  to  consider  the  sign 
of  the  second  term  of  the  binomial.  Also  it  will  be  found  best 
to  work  each  example  independently  of  the  general  formula. 


BINOMIAL   THEOREM.      POSITIVE   INTEGRAL   INDEX.      145 

2£xample  1.     Tf  '^^ -  ,  ^"'^  ^^^  r^ffliti'^fitjfrni  in  thn  mrrniiiiiinn  iif  (1  i  1 1)° 


3 
I)enote  the  r*-^  and  (r  +  1)**'  terms  by  Tjj_and  T^  jrespectixfily ;  then 

9-r     4     ,,,  ; 

hence  J^r+i^^r^ 

9-r     4     ^ 
so  long  as  ■x^>l, 

that  is  36-4r>3r, 

or  36>7r. 

The  greatest  value  of  r  consistent  with  this  is  5 ;  hence  the  greatest  term 
is  the  sixth,  and  its  value 


greatest  term  in  the 
(3-2x)9  =  39(l-|^J 


Example  2.     Find  the  greatest  term  in  the  expansion  of  (3  -  2xf  when 
x=l. 


1      -    -Q-     )         • 

Here  r^,  =  ^-'-^l    '" 


/    -s^^^V, 

numerically, 

10-r     2     ^, 

r    ^3^'V; 

r^i>r„ 

10-r     2     , 

r  ^r^' 

20>5r. 

hence 
BO  long  as 
that  is, 

Hence  for  all  values  of  r  up  to  3,  we  have  T^i>2'^;  but  if  r  =  4,  then 
2'^i  =  r^,  and  these  are  the  greatest  terms.  Thus  the  4"'  and  S**'  terms  are 
numerically  equal  and  greater  than  any  other  term,  and  their  value 

=  33  X  9C3  X  (^  Y  =  3«  X  84  X  8  =  489888. 

H.  n.  A.  10 


146  HIGHER   ALGEBRA. 


\^^^ 


173.      To  jind    the   sum   of  the  coeffi,cients  in   the    expansion 
^o/(l+x)". 

In  the  identity    (1  +  x)"  -  1  +  6 ^x  +  C^x"  +  Cjc^  +  . . .  +  6\a;", 
put  x=^\;  thus 

"  =jltm  of  the  coefficifijjW. 

Cor.         "         (7,  +  C,  +  C3+...  +  (7„  =  2"-l; 
I  that  is  "the  total  numberofcombiiiaMJUiS,of_n.t^^       is  2"  -  1. 
I  [Art.  153.]         -^-^      '"'^^^ 

\(\V  174.      To  prove  that  in  the  expansion  ©/"(l  +  x)",  the  sum  of 

\  (      the  coefficients  of  the  odd  terms  is  equal  to  the  sum  of  the  coefficients 
of  the  even  terms. 

In  the  identity  {I  +  x)"  =  I  +  C^x  +  C^x"  +  Cja^  +  . . .  +  Cx", 
put  X  :=  ~  1.;  thus 

ir=\-C^  +  C^-G^^C^-C,+ ; 

.-.   1  +c;  +  C,+  ^(7,  +  (73  +  C,+ 

=  =  (sum  of  all  the  coefficients) 

.  (Xy         175.     The  Binomial  Theorem  may  also  be  applied  to  expand 
\/   expressions  wliich  contain  more  than  two  terras. 

Example.  '  Find  the  expansion  of  {x^  +  2x  -  1)^. 

(Regarding  2x^J-^s  a  single  term,  the  expansion 
=  (a;2)3  +  3  (a;2)2  (2x  -  1)  +  3.r2  (2x  -  1)2  +  (2a;  -  1)' 
=  x"  +  6a;'  +  9x*  -  ix^  -  Ox^  +  6x  - 1,  on  reduction. 

.\y.         176.     The  following  example  is  instructive. 

\y  /       Example,     If       {\->rx)'^  =  CQ-\-c^x  +  c^+ +c„a:'*) 

/  /  find  the  value  of         Cu  +  2ci  +  3c2  +  4r3  +  ..r...  +  {n+l)c^ (1), 

^     and  -^i^+^cT+aca^ +..... TTn^/":::.. (2). 

The  series  (l)^{<-y  +  Ci  +  C2+ +  c J  +  (c,J-2cj  + 3cj+ +  nO 

=  2'^  +  n(l  +  l)''-i 
«2'»  +  n.2''-i. 
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To  find  the  value  of  the  series  (2),  we  proceed  thus: 

c^x  +  2c.jX^  +  3c.jX^+ +  nc^x'^ 

f.      /       ..         (n-l)(n-2)    ,  1 

^nx  n  +  {n-l)x+  ^ ^ '-x'-+ +  .f'^-il 


hence,  by  changing  x  into  ~  ,  we  have 

X 


c,      2co     3c.,  ;ic,,     71 /,     l\"-i 

X        X"         X*  X^        X  \        x) 


(3). 


Also/^  Co  +  c^a;  +  C2X-  + +c„.r"  =  (l +a;)" (4). 

If  we  multiply  together  the  two  series  on  the  left-hand  sides  of  (3)  and  (4), 
we  see  that  in  the  product  the  term  independent  of  x  is  the  series  (2) ;  hence 

the  series  (2)      =  term  independent  of  x  in  -  (1  +  xY  ( 1  +  ~  ) 

=  term  independent  of  a;  in  —  (1  +  xf^~'^ 
=  coefficient  of  a;'*  in  n  (1  +x)2"~i 

|2u-l 
^  \n-\  \n-\ ' 

LU  examples.    XIII.  b. 


^ 


f- 


In  the  following  expansions  find  wbich  is  the  greatest  ternL:      ^ 

1.  (.'r-y)30  when  ^=11,  y  =  4.   ,  i  ~^A.   r        ^^"^^  ^^v}' 

2.  (2.r  -  3y)28  when  ;&•  =  9,  y  -=  4. 

3.  (2a  +  &)^'*  when  a  =  4,  &  -  5. 


5 

4/    (3  +  2a;)i5  when  x=- 


In  the  following  expansions  find  the  value  of  the  greatest  teri 
/Dj.     ( 1  +  x)\ t^hen  "27  =  _  ,  n  =  6. 


fU/^'     (a  4-^)"  when  t*  =  - ,  ^■  — ^j  *i  =  9. 


1      \»=«. 

10— 5i 
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7.  Shew  that  the  coefficient  of  the  middle  term  of  (I+a-)^  is 
•equal  to   the   sum   of  the  coefficients   of  the   two   middle  terms  of 

8.  If  A  be  the  sum  of  the  odd  terms  and  B  the  sum  of  the 
even  terms  in  the  expansion  of  (.y +  «)"•,  prove  that  A^-B^  =  {a;^-a^y\ 

9.  The  2"d,  3"*,  4^''  terms  in  the  expansion  of  C^+y)"  are  240,  720, 
1080  respectively;  find  ^,y,  w.     Jj  7    i/Vo 

10.  Find  the  expansion  of  (1 4  2A^'-^)4.  /"^'^l^^V.  - 

11.  Find  the  expansion  of  (3:p2_2aA.+ 3(^2)3,         /  i 

12.  Find  the  r^^  term  from  the  end  in  {x  +  a)";  ^ 

13.  Find  the  (jo  +  2)"*  term  from  the  end  in  I  a;  —  J         .      ^a 

14.  In  the  expansion  of  (1  +xy^  the  coefficients  of  the  (2/*+ 1)"'  and 
^the  {r  +  2y^  terms  are  equal;  find  r. 

15.  Find  the  relation  between  r  and  n  in  order  that  thejjoefficients 
of  the  7,1*^  and  (rj^^V  terms  of  (1  +  xf-^  may  be  equal.      ■^'"        ' V 

16.  Shew  that  the  middle  term  in  the  expansion  of  (1  +a')"^"  is 

1.3.5...(2^-l)„,^, 

If  <;„,  Cj,  f2, ...  c„  denote  the  coefficients  m  the  expansion  of  (1  +.f)», 
prove  that  ^  -t 

17.  Ci  +  2<;2-lV§b3+ fnc^  =  n.2^-\  - 

c,      c,  '  c„        2«  +  i-l 

18.  ^0+2^  +  3^+ +.Tfi  =  ^^Tr-- 

Co        Ci         C2       *  c„_i  2 

21.     -^o  +  -2-+    3    +^+ +-^HT-'^Tr-  H 

/  !2?i  3^ 

/S2.     c„^+c-  +  c-+ +  ^«^=|^- 


>' 


«\ 


CHAPTER  XIV. 

Binomial  Theorem.    Any  Index. 

177.  In  the  last  chapter  we  investigated  the  Binomial 
Theorem  when  the  index  wa^any  positive  integer ;  we  shall  now 
consider  whether  the  formulaji  lliere  obtained  liold  in  the  case 
of  negative  and  fractional  values  of  the  index. 

Since,  by  Art.  167,  every  binjomml_maj_be  redu(;ed  to  one 
common  type,  it  will  be  sufficient  to  confine  our   attention   to 

By  actual  evolution,  we  have 

(1  +  re)'  =  v/l  +  a;  =  1  +  -  a?  -  g  £c'  +  jg  aj'  - ; 

and  by  actual  division, 

(1  -x)-'=^^^^,  =  l+,2xj,MJ^A£^t^:. ; 

-   '       - —  [Compare  Ex.  1,  Art.  60.] 

and  in  eacli  of  tliese  series  the  number  of  terms  is  unlimited. 

_i 

In  these  cases  we  have  by  independent  processes  obtained  an 

1 
expansion  for  each  of  the  expressions  ( L±J^) ^  and  ( 1  +  a;) ~ ".     We 
shall  presently  prove  thatuthey  are_only;^particuTar  cases  of  the 
general  formula  for-tho  (^xpinnsiion  .Qi-(l.JrJa^"y-,where   n  is  any 
rationalj][uantity. 

This  formula  was  discovered  by  Newton. 

178.  Suppose  we  have  two  expressions  arranp^ed  in  ascending 
>wers  of  X,  sucluas, 

T                 m(m  —  l)„     7n  (ni  —  1)  (jii  —  2)    „  .^. 

l  +  mx+     ;^  ^     ^ar+-^    ^  J  \^ ^  x' + (1), 

,       ,               n(n-l)    „     n(n  —  1)  (71— 2)    ,  ,_, 

and      1  +  nx  +  -A— -— '^  x"  +  -^^-f— o    q  "~    ^  + (2)r 


A 
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The  product  of  these  two  expressions  will  be  a  series  in  as- 
cending powers  of  x ;  denote  it  by 

l+Ax+Bx^  +  Cx^  +  I)x'-\- ; 

then  it  is   clear  that  A,  B,  C,  are  functions  of  m  and  n, 

and  therefore  the  actual  values  of  A,  £,  C,  in  any  particular 

case  will  depend  upon  the  values  of  m  and  n  in  that  case.     But 
the  way  in  wliich  the  coefficients  of  the  powers  of  x  in  (1)  and  (2) 

combine  to  give  A,  £,  C, is^quite  independent  of  m  and  n  ; 

in  otlier  words,  w/iatever  values  niMJidji  may  have,  A,  jj,  (J, 

jjreserve  the  saine  inVfiD^MsJ'P]!''^^'     ^^  therefore  we  can  determine" 

the  form  of^,  B,  G, for  any  value  of  m  and  w,  we  conclude 

that  A^  B,  C, will  have  the  same  form  /or  all  valites  of  m 

and  n. 

The  principle  here  explained  is  often  referred  to  as  an  example 
of  "the  permanence  of  equivalent  forms; "  in  the  present  case  we 
have  only  to  recognise  the  fact  that  in  any  algebraical  product  the 
form  of  the  result  will  be  the  same  whether  the  quantities  in- 
volved are  whole  numbers,  or  fractions  ;   positive,  or  negative. 

We  shall  make  use  of  this  principle  in  the  general  proof  of 
the  Binomial  Theorem  for  any  index.  The  proof  which  we 
give  is  due  to  Euler. 

179.  To  prove  the  Binomial  TheoreTn  when  tlie  index  is  a 
positive  fraction. 

Whatever  be  the  value  of  m,  positive  or  negative,  integral  or 
fractional,  let  the  symbol  f(7n)  stand  for  the  series 

the.nf(n)  will  stand  for  the  series 

^^        ,  n(n-\)    „     n(n-\)(n-2)    , 

^  ^         1  ^nx^  _^_^.-  +  -i--^-^M^--^.V  .... 

If  we  multiply  these  two  series  together  the  product  will  be 
another  series  in  ascending  powers  of  x,  whose  coejfflcietUs  loill  be 
unaltered  inform  whatever  m  ayid  n  may  be. 

To  determine  tliis  invariable  form  of  the  jrroduct  we  may  give 
to  m  and  n  any  values  that  are  most  convenient ;  for  tliis  purpose 
suppose  that  m  and  n  are  positive  intege«B.  In  tliis  case  f{m) 
is  the  expanded  foi-in  of  (1  +  .r)*^nd/(?i)  is  the  expanded  form  of 
(1 +jr)'';  and  therefore 
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but  Avlien  nt,  and  7i  are  positive  integers  the  expansion  of  (1  +  x)'""*'' 


1      /           N         (m  +  ri)  (m  +  n  -  1 )    2 
IS  rf^  1  +  (m  +  n)  a;  I-  ^ 1 '~9 *  "*" 


] 


This  then  is  the  form  of  the  product  of  f{t)i)  'x/{n)  in  all 
cases,  whatever  the  vahies  of  m  and  n  may  be ;  and  in  agreement 
with  our  previous  notation  it  may  be  denoted  hy/(jn  +77) ;  there- 
fore ybr  all  values  o/'ni  and  n 

/{7n)xf{n)--^/{//i  +  n). 
(^      Also  /{m)  xf{n)x/(p)=f(m  +  n)  xf(p) 

=f(m  4-  n  4-p),  similarly. 

Proceeding  in  this  way  we  may  shew  that 
/(?>t)  y-f{n)  -x  f(v)...to  k  factors •-=/( //a  +  n+p+...to  k  terms). 


^  Let  each   of  these  quantities  m,   n,  jj,  be  equal  to  ^  , 

where  h  and  k  are  positive  integers  ; 

f  -  m:f>^ 

)d    Knf.  ginof  h  is  a  positive  inte,orer,  fl^h)  =  (1  +  .T^ ', 


but  ./*  I  T  )  stands  for  the  series 
h/h 


a-) 


y  =  1  +  T  a;  +  — i — — — re  + 


•■•  (i^^>    -   k       1.2 


which  proves  the  Binomial  Theorem^ for  any  positive  fractional 
index. 


152  HIGHER   ALGEBRA. 

180.      To  jH'ove  the  Biriotnial  Theorem  when  the  index  is  any 
negative  quantity. 

Tt  luis  been  proved  that 

f{m)  xf{n)  =f{m  +  n)^^  ^ 

for  all   values  of  in  and   n.     Replacing  m  by  —  n  (where  n  is 
positive),  we  have 

f(-n)xf{n)=f{-^n  +  n)^ 

since  all  terms  of  the  series  except  the  first  vanish ;     ^ 
hvitf{n)  =  -(\^^^,  for  any  'positive  value  of  n] 

■■■  (r^=-^(-»)' 

or  (l+flj)'"-/(-n). 

But  /(-n)  stands  for  the  series 

1  +  (-  Qi)  X  +  ^    ^:  ^ — '-  x^  + 


1.2 


(l+.rr^-l4-(-n)a.+  t!^)|:|^^a:'  + 


which   proves    the   Binomial   Theorem  for  any    negative    index. 
Hence  the  theorem  is  completely  established. 

181.  The  proof  contained  in  the  two  preceding  articles  may 
not  appear  wholly  satisfactory,  and  will  probably  present  some  dif 
ficulties  to  the  student.  There  is  only  one  point  to  which  we 
shall  now  refer. 

In  the  expression  iov/(in)  the  number  of  terms  is  finite  when 
m  is  a  positive  integer,  and  unlimited^  in  all  other  ca^es.  S<m 
Art,  182.     It  is  ther«fore  necessary  to  enquire  m  what  sonsp  wr 
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are  to  regard  tlie  statement  thaty(w)  x  /{n)  =/{m  +  n).  It  will 
be  seen  in  Chapter  xxi.,  that  when  x-<\.  each  of  the  series y*(^«), 
fjn)^  f  (7)1 +  71)  is  co7iverae7it^  ixnd j[Jjn  +  nS  is  tlie  tj'ue  arithmetical 
equivalent  of '/  (7/i)  x/ (;<!).  But  when~aj>  1,  all  these  series~aTe 
djveimeuL  and  we  can  only  assert  ^hat  if  we  multiply  the  series 
"  denoted  hy  f(7n)  by  the  series  denoted  by  f(7i\  the  first  r  terms 
of  the  product  will  agree  with  the  first  r  terms  of  /{m  +  w), 
whatever  finite  value  r  may  have.     [See  Art.  308.] 

3 
Example  1.     Expand  (1  -  x)'-^  to  four  terms. 

1- 


Example  2.     Expand  (2  +  3a;)~^  to- four  terms. 

4(--4'-¥-^ )• 


182.     In  finding  the    general   term   we  must    now   use    the 
formula 


n{n-\)in~2) {n-r  +  \)    ^ 


t 

written  in  full ;  for  the  symbol  "C^  can  no  longer  be  employed 
when  71  is  fractional  or  negative. 

Also  the  coefficient  of  the  general  term  can-never  vanish  unless 
one  of  the  factors  of  its  numrrnitny.  ifi  nnrn ;  the  series  will  there- 
fore stop  at  the  j;*|^^||p»^wlien?jj-r  4^1  ia-tiego  ;  that  is,  when 
jr^n  j^A.)  but  since  rjs  a  positive  ir^tegei-  this  equality  can  never 
hold  except  when  the  index  n  is  positive  and  integral.  Thus  the 
expansion  by  the  Binomial ^heorem  extends  to  n  +  1  terms  when 
n,  is  a  positiye_integer,  ^rid  to  an  infinitenumberoi  terms  in  all 
other  cases, 


y^  z  x^ I 


154  HIGHER  ALGEBRA. 


Example  1.     Find  the  general  term  in  the^expansion  of  (1  +a;)-. 
The  (r  + 1)1^  term 


i  general  term  in  tiie^expansion  oi 


1 

2 

|r 


l(-l)(-3)(-o) (-2r  +  3) 


2'-[r  "^  • 

The  number  of  factors  in  the  numerator  is  i!.  and  r  -  1  of  these  are  nega- 
tive;  therefore,  by  taking  - 1  out  of  each  of  these  negative  factorsrwe~may 
write  the  above  expression 

Lji^  2''|r 

Example  2.     Find  the  general  term  in  the  expansion  of  (1  -  nx)^. 


The  (r  + 1)"'  term  =  \  {-nxy 


Ifl-l)     1-2)  fl-.  +  l) 

Ir. 

. l(l-n)(l-2n) (1-r-T.n)    _ _^^^, 

n'-|r  ^ 

l(l-n)(l-2n) (1-r-l.n)  ^^ 

t 

(n-l)(2n-l) (TTl.n-l) 

(  _  l)r  (  _  l)r-l  =  (  _  l)2r-l  ^  _  1. 


Example  3.    Find  the  general  term  in  the  expansion  of  (1  -  x)~'. 
The  i,r^XY^i^-^=3Azmz3-.-Azlzr_±^.)^_^f  '^' 

_(r+l)(r+2) 
Hi        ^' 

by  removing  like  factors  from  the  numerator  and  denominator. 
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EXAMPLES.    XIV.  a. 

/Expand  to  4  terms  the  following  expressions : 


V 


1. 

(1+^f. 

2. 

(1  +  ^)1 

3. 

(l-T)l 

4. 

(l+.^2)-2. 

5. 

(l-3.r)3. 

6. 

(l-3^)"-\ 

7. 

(l+2^)'2. 

8. 

(-r- 

9. 

(»¥)' 

10. 

(■4.)-^ 

11. 

(2  +  .r)-3. 

12. 

1 

(9  +  2^)2. 

13. 

2 

(8  +  l2af. 

14. 

3 

(9 -6^)  "2. 

15. 

1 

Write  down  and  simplify : 

16.  The  8'h  term  of  (1  +  2a!)' K 

n 

17.  The  11"'  term  of  (1  -  2.^3)2. 

16 

18.  The  10"'  term  of  (1  +  3a2)3. 

19.  The  5th  term  of  (3a  -  26)  -  \ 

20.  The  (r+  ir  term  of  (1  -.r) -2. 

21.  The  (r  +  1  y^  term  of  (1  -  x) "  */ 

1 

22.  The  {r  + 1)"'  term  of  (1  +x)\ 

n 

23.  The  {r+\y^  term  of  (1  +  a-)^ 

13 

24.  The  14"*  term  of  (2i0-  27.^)2. 

n 

25.  The  7"'  term  of  (38  +  6*^)4.    ^ 

183.     If  we  expand  (l-x)'^  by  the  Binomial  Theorem,  we 
obtain 

{l-x)-'=l  +  2x  +  Sx'+4tx'+  ; 

but,  by  referring  to  Art.  60,  we  see  that  this  result  is  only  true 
when  X  is  less  than  1 .  This  leads  us  to  enquire  whether  we  are 
always  justitied  in  assuming  the  truth  of  the  statement 


x»     n  n(n—l)    2 

{l+xy  =  l+nx+    A—^'   X  + 


1.2 
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and,  if  not,  under  wliat  conditions  the  expansion  of  (1  +  x)"  may 
be  used  as  its  true  equivalent. 

Suppose,  for  instance,  that  n=  -1  ;  then  we  have 

(l  -x)-'  '-^1  +x  +  x'  +  x' ^  X*  + (1); 

in  this  equation  put  a;  =  2  ;  we  then  obtain 

(_l)->.-=l4.2  +  2'  +  2-''4-2*+ 

This  contradictory  result  is  sufficient  to  shew  that  we  cannot 

take 

^  n(n-l)     „ 

1  +  na;  +  -~^ — ^'  x^  + 

as  the  true  arithmetical  equivalent  of  (1  +xy  in  all  cases. 

Now  from  the  formula  for  the   sum   of    a  geometrical  pro- 
gression,   we    know    that  the   sum    of   the  first  r  terms  of  the 

series  (1)  = 

^   ^  I  —X 

___1 a^ 

and,  when  x  is  numerically  less  than  1,  by  taking  r  sufficiently  _ 

large  we  can  make  ^j as  small  as  we  please ;  that  is,  by  taking 

a  sufficient  number^ui^reuns  ffig^rgBrcai^BeTnade  to  differ  as 

■ 1 ^ 

little^  as   we   please  from    = .      But   wlion  x  is   numerically 

greater  than  1,  the  value  of  :; increases  with  r,  and  therefore 

1  -  a; 


no  such  approximation  to  the  value  of is  obtained  by  taking 

any  number  of  terms  of  the  series 

1  +  a?  +  af  ±j»'|J; 

It  will  be  seen  in  the  chapter  on  Convergency  and  Diver- 
gency of  Series  that  the  expjinsion  by  the  Binomial  Theorem 
of  (1  +  x)"  in  ascending  powers  of  x  is  always  arithmetically  in- 
telligible when  X  is  less  than  1. 

But  if  X  is  greater  than  1,   tlien  since  the  general  term  of 

the  series 

-  n(n-l)    , 

I  -f-  7ia;  +  — ^ — — -^  x^-k- 

I  t  4  — » 
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Contains  x\  it  can  be  made  greater  than  any  finite  quantity  by 
taking  r  sufficiently  large ;  in  which  case  there  is  no  limit  to  the 
value  of  the  above  series ;  and  therefore  the  expansion  of  (1  -vxf 
as  an  infinite  series  iri  ascending  powers  of  x  has  no  meaning 
arithmetically  intelligible  when  x  is  greater  than  1. 

184.  We  may  remark  that  we  can  always  expand  {x  +  y)" 
by  the  Binomial  Theorem  ;  for  we  may  write  the  expression  in 
either  of  the  two  following  forms  : 


1+^ 


'■(■•i)^ 


and  we  obtain  the  expansion  from  the  first  or  second  of  these 
according  as  x  is  greater  or  less  than  y. 

185.     To  find  in  its  sirnjjlest  form  the  general  term  in  the 
expansion  of  {\  —  x)~^ 

The  (r  +  1)*^  term 

(-^)(_,,_l)(-.,,_2)...(-r.-r+l),      . 
= — Y_ (-^•) 

.  (_  i).^+l)(^^2)...(n^.-l)  ^_  ^^^^^ 

^  /    ^x..^(n+l)(n  +  2)...(n  +  r-l)  ^, 

W 

_n(n-f  l)(n  +  2)  ...  (Ti  +  r-  1)    ^ 

j X  , 

t 


From  this  it  appears  lihat  every  term  in  the  expansion  of 
(1  -ic)~"  is  positive. 

Although  the  general  term  in  the  expansion  of  any  binomial 
may  always  be  found  as  explained  in  Art.  182,  it  will  be  found 
more  expeditious  in  practice  to  use  the  above  form  of  the  general 
term  in  all  cases  where  the  index  is  negative,  retaining  the 
form 

n(n-  l)(n- 2)  ...  (ri-r  +  1)    ^ 

only  in  the  case  of  positive  indices. 
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Example.     Find  the  general  term  in  the  expansion  of  -,.—--  • 

The  (r  +  l)t^term 


1.4, 

.7 

.(3r 

1.4 

.7 

.(3r 

-2).. 

_1 
If  the  given  expression  had  been  (1  +  3a;)  ^  we  should  have  used  the  same 
^  I  I    formula  for  the  general  term,  replacing  3x  by  -  Sx. 

186.     The  following  expansions  should  be  remembered : 

(1  -  x)~^  =  1  +  x  +  x^  +  x^  + +  x^  -jf y 

{\  -  J)-'  =1  +  2x  +  3j^  +  ix^  + +(r+l)x'-+ ^ 

(1  - x)-'  =l  +  3x  +  Gx'  +  lOa;^  +  ^._,^.^  .^ ^^±iLfc±^)_a;'  + 


187.  The  general  investigation  of  the  greatest  term  in  the 
expansion  of  (1  +  x)",  when  n  is  unrestricted  in  value,  will  be 
found  in  Art.  189  ;  but  the  student  will  have  no  difficulty  in 
applying  to  any  numerical  example  the  method  explained  in 
Art.  172. 

Example.     Find  the  greatest  term   in  the  expansion  of  (l+j;)""  when 
2 
a;  =  3 ,  and  w  =  20. 
o 

Jl  4-  7*  —  1 
We  have  ^r+i=  — .xxT^,  numerically, 

19  +  r     2     ^ 

•*•   ^r+i>2'r« 

,  2  (19  +  r)     , 

t^o  long  as  -—: >  1 : 

that  is,  '         38  >r. 

Hence  for  all  values  of  r  up  to  37,  we  have  T,.+i  >!/',. ;  but  if  r  =  38,  then 
Tr+i'^2\,  and  these  are  the  greatest  terms.  Thus  the  88"'  and  39'**  terms 
me  equal  numerically  and  greater  than  any  other  term 
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188.     Some  useful  applications  of  tlie  Binomial  Theorem  are 
explained  in  the  following  examples. 

S     Example  1.     Find  the  first  thrt^f!  ^fi;rrns  in  the  expansion  of 


V 


1  1 

{l  +  ?,xf  {l-2x)  K 


Expanding  the  two  binomials  as  far  as  the  term  containing  x'^,  we  have 

,      13        55    „ 

=  l  +  -6--^  +  72^"- 

If  in  this  Example  x=*002,  so  that  a?"  ="000004,  we  see  that  the  third 
term  is  a  decimal  fraction  beginning  with  5  ciphers.  If  therefore  we  were 
required  to  find  the  numerical  value  of  the  given  expression  correct  to  5  places 

13 
of  decimals  it  would  be  sufficient  to  substitute  -002  for  a;  in  1  +  -^  x,  neglect- 
ing the  term  involving  x^. 

Example  2.  When  x  is  so  small  that  its  square  and  higher  powers  may 
be  neglected,  find  the  value  of 


{^^  +  \A   Vx/4  +  2^ 
>v/(4  +  a;)3 


Since  x^  and  the  higher  powers  may  be  neglected,  it  will  be  sufficient  to 
retain  the  first  two  terms  in  the  expansion  of  each  binomial.     Therefore 

1 


the  expression 


the  term  involving  x^  being  neglected. 
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Example  3.     Find  the  value  of  -.- -  to  four  places  of  decimals. 


1/       1      3J^     51 

"7  V"*"  7- "^2  •74  +  2*7«"^"" 

1      j.      3     1      5     1 

-7 +  73  + 2  "7^"*"  2 '77 '^■■" 


To  obtain  the  values  of  the  several  terms  we  proceed  as  follows : 
7 )  -142857 


7  )  -020408  ^ 

7  )  -002915 =  =3, 

7 )  -000416 

-000059 =  ^: 

5     1 
and  we  can  see  that  the  term  ~  .  =^  is  a  decimal  fraction  beginning  with 

5  ciphers. 

.-.  -^  =  -14^857  +  -002915  +  -000088 

=  -14586r^ 
and  this  result  is  correct  to  at  least  four  places  of  decimals. 

Example  4.     Find  the  cube  root  of  120  to  5  places  of  decimals. 

1  1 

(126)3  =(53 +  1)5 

_- /-  1  i_i  J.   5^  I  _  \ 

V       3'6^<     9*5«'^81*59        ■■; 

^1    1_1     i      i    1  _ 
^"*'3*5-^     9 'S'*'^  81 '57      - 

^1    ^      1    ^     i.    ^  _ 
^     -04      -00032     -0000128 

-^+-y--9-  +  -8T--- 

«=6-r  -013333  ...  -  -000036  ...+... 
■=5-01329,  to  five  places  of  decimals. 
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EXAMPLES.  XIV.  b.  i_ 

Find  the  (r+ 1)"'  term  in  each  of  the  following  expansions  : 


1.  {i+.v)'K 

2.     (l-x)-^ 

3.    (1+3.^)='. 

4.    (1+A-)"^. 

5.     (l+.r2)-3. 
8.     {2-x)-^. 

3 

6.     (l-2.^•)"2. 

7.     {a  +  kv)-\ 

9.     v^(a^-;r*)2. 

1 

1 

1 

>/l  +  2^  *y(l  -  3.r)2  \^a"  -  ■>ia' 

Find  the  greatest  term  in  each  of  the  following  expansions  : 

4 
*  13.     (H-:p)~"  when  .r=— . 

y^  ^  '  15 

21  2 

^^  14.     (1  +^)^  when  a-^-  . 

\    /  '  li  1  ^ 

\/ 15.     (1  -  7.r) "  -*  when  x=-.      l^)^^<rv^cL.^*^M^ 

V      16.     (2.^53/^2  when  ^  =  8  and  ?/ =  3.-  ^7  .        «^' 

/  1  .  '   ■  \'\    \  \x.^C  \ 

V   17.     (5-4a')-7  when  .r  =  -.  '-    ^=^ 

18.  (3.^2  ^  4y3)  -  n  when  .r = 9,  y  =  2,  w  =  1 5. 

Find  to  five  places  of  decimals  the  valueof 
y       ^ V       V  f        ' 

19.  ^98.  20.    ^998.       ^    21.    v^l003.  22.     v  2400. 

23.    iri-.  24.     {U\J\        25.     (630)"l  26.     ^/slls. 

VI 28  s^ 

If  .V  be  so  small  that  its  square  and  higher  powers  may  be  neglected, 
find  the  value  of 

,     27.     (l-7:r)3(l+2^')  ".  ^28.     V4-.r.f3-|j      . 


29      ^J^±^L=  30      V'^H"^^^'^'"^^ 

•     (2-f3.)s/4-5.  •  ^^7;;^ 

H.  H.A.  11 
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S    _ 


31.        >  -    +l'+C;V  32.        ^'8T3I-v'l— ■ 


1 

33.     Prove  that  the  coefficient  of  .v^  in  the  expansion  of  (1  -4r)  - 

\  |2r  / 

'f     t         34.    P.ovethat(l..,  =  ..{l-«;--;%"J2±l)(Jr-^y }. 

-T     35.     Find  the  first  three  terms  in  the  expansion  of 


(l+x)Wl+4a; 
-y^        36.     Find  the  first  three  terms  in  the  expansion  of 

V  37.     Shew  that  the  7i^^  coefficient  in  the  expansion  of  (l-.r)""  is 

double  ofthe(»--l)th. 

189.      To  find  tlie  numerically  grecttest  terrti  in  the  expansion 
of  (\  +  x)^,/or  any  rational  value  ofn. 

Since  we  are  only  concerned  with  the  numerical  value  of  the 
greatest  tenn,  we  shall  consider  x  throughout  as  positive. 

Case  I.     Let  n  be  a  positive  integer. 

The  {r+\y^  term  is  obtained  by   multiplying  the  r***  term 

by .  x;  that  is,    by   ( — —    -Ijx;    and    therefore  the 

terms  continue  to  increase  so  long  as 
'n+  1 


(^-0;^-^ 


..    ,  .  (n+  l)x      , 

that  is,  —  >\  -r  X, 

r 

(n+])x 
or  ^ —  >r. 
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( fi  +  1  ^  ij 
If    — j be  an  integer,  denote  it  by  ^ ;  then  if  r=p,  the 

multiplying  factor  is  1,  and   the   (p  +  ly^  term  is  equal  to  the 
p^\  and  these  are  greater  than  any  other  term. 

^„    (n  +  1)  X  ^  .  -  ,      .  - 

It     -^j be  not  an  integer,  denote  its  integral  part  by  q ; 

then  the  greatest  value  of  r  is  q,   and  the  (q  +  1)*^  term  is  the 


Case  II.     Let  n  be  a  positive  fraction. 

As  before,  the  (r+l)**^term  is  obtained  by  multiplying  the 
r***  term  by  ( 1  j  a;. 

(1)  If  a;  be  greater  than  unity,  by  increasing  r  the  above 
multiplier  can  be  made  as  near  as  we  please  to  -  a; ;  so  that  after 
a  certain  term  each  term  is  nearly  x  times  the  preceding  term 
numerically,  and  thus  the  terms  increase  continually,  and  there 
is  no  greatest  term. 

(2)  If  03  be  less  than  unity  we  see  that  the  multiplying 
factor  continues  positive,  and  decreases  until  r>n  +  \,  and  from 
this  point  it  becomes  negative  but  always  reiriains  less  than  1 
numerically ;  therefore  there  will  be  a  greatest  term. 

As  before,   the    multiplying  factor    will   be  greater  than  1 

(n+l)x 
so  long  as  -^-^i ^—  >  r. 

If  ^ ^  be  an  integer,  denote  it  by  ^ ;  then,  as  in  Case  I., 

the  (p  +  1)***  term  is  equal  to  the  p^^,  and  these  are  greater  than 
any  other  term. 

(n  +  1 )  fc 
If   ^^^j ^—  be  not  an  integer,  let  q  be  its  integral  part ;  then 

the  (5'  4-  1  y^  term  is  the  greatest. 

Case  III.     Let  n  be  negative. 

Let  n  =  -  m,  so  that  m  is  positive  ;  then  the  numerical 
value  of  the  multiplying  factor  is   .  x ;  that  is 


(^-) 


J 1—2 
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(1)     If  X  be  greater  than  unity  we  may  shew,  as  in  Case  II. 
that  there  is  no  greatest  term. 


(2)     If  X  be  less  than  unity,  the  multiplying  factor  will  be 
greater  than  1,  so  long  as 

'm—\ 
r 


that  is, 


{m,—  \)x 

\ ' —  >\—x, 

r 

{m-Vix 


\-x 


If    ^— '—  be  a  positive  integer,  denote  it  by  ;? ;  then  the 

1  —  X 
(p  +  1)*^  term  is  equal  to  the  p^^  term,  and  these  are  greater  than 
any  other  term. 

(jfi 1  Vflj 

If   1 '- —  be  positive  but  not  an  integer,  let  q  be  its  inte- 

\  —  X 
gral  part ;  then  the  {q  +  1)***  term  is  the  greatest. 

jiL    —  be  negative,  then  m  is  less  than  unity ;  and  by 

1-03 

writing  the  multiplying  factor  in  the  form  (l —  j  a;,    we 

see  that  it  is  always  less  than  1 :  hence  each  term  is  less  than 
vo7  the  preceding,  and  consequently  the  first  term  is  the  greatest. 


S5 


Sp/-       190.     To  Jind  the  number  of  homogeneous  products  of  r  dimen- 
/      sions  that  can  be  formed  out  of  the  n  letters  a,  b,  c,  and  their 


powers. 

By  division,  or  by  the  Binomial  Theorem,  we  liave 


=  1  +  arc  +  a'x'  +  a^x^  + 
=  1  +  6aj  +  6  V  +  6  V  + 
=  1  +  ca;  +  c  V  +  c  V  + 


t 


(f/t 
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Hence,  by  multiplication, 

1  1  1 


I  -  ax      1  —bx  '   1  —  ex 

-(1  +ax  +  a-x^+  ...)(1  +bx  +  ¥x^+  ...){l  +caM-cV+  ...)... 
=^l  +x{a  +  b  +  c+  ...)+x^(a^  +ab  -h  ac  +  b'  +  bc-^c^+  ...)  +  ... 
=  1  +  S^x  +  S^x'  +  S^x^  +  ......  suppose ; 

where  S^,  S^,  S.^,  are  the  sums  of  the    homogeneous  pro- 
ducts of  one,  (wo,  three, dimensions  that   can  be  formed  of 

«'  ^'  ^' ancl.  their  powers.  .  ^    ^^    -.■  ,  v  cy  .        .^.-oucA;  "^oA^^fL^ 


e^;^ 


obtain  the  ^uinher  of  these  products,  put  g,  b,  c each  V 

to  1  f  each  term  in  S  ,  ^'  ,  S.^, now  becomes  1,  and  the 


values  of  S^,  S^,   S^, .'so  obtained  give  the  number  of  the 

homogeneous  products  of  one,  two,  three, dimensions. 

Also  O-V  .    —      . (j  ^^,j^ 

^       l-axl-bxl  —  ex  ^ 

becomes  — —  or  (1  —x)~". 

(1  -  x)  \  ■-:     , 

Hence  ^  aS*^  =  coefficient  of  x''  in  the  expansion  of  (1  —a;)"" 
_n{n+l){n  +  2) {71+r-l) 

191.     To  find  the  number  of  terms  in  the  expansion  of  any 
multinomial  when  the  index  is  a  positive  integer. 

In  the  expansion  of 

(ctj  +  «2  -I-  ttg  + +  ay, 

every  term  is  of  ?idimensioiis ;  therefore  the  number  of  terms  is 
the  same  as  the  nuhiberof  homogeneous  products  of  yt  dimensions 
that  can  be  formed  out  of  the  r  quantities  «, ,  a^,  ...a,,  and'tlieir 
powers ;  and  therefore  by  the  preceding  article  is  equal  to 

Ir  +  74-1 
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192.  From  the  result  of  Art.  190  we  may  deduce  a  theorem 
relating  to  the  number  of  combinations  of  n  things. 

Consider  n  letters  a,  6,  c,  f/, ;  then  if  we  were  to  write 

down  all  the  homogeneous  products  of  r  dimensions  which  can  be 
formed  of  these  letters  and  their  powers,  every  such  product 
would  represent  one  of  the  combinations,  r  at  a  time,  of  the  n 
letters,  when  any  one  of  the  letters  might  occur  once,  twice, 
thrice,  ...  up  to  r  times. 

Therefore  the  number  of  combinations  of  n  things  r  at  a  time 
when  repetitions  are  allowed  is  equal  to  the  number  of  homo- 
geneous products  of  r  dimensions  which  can  be  formed  out  of  n 

In-fr— 1 
letters,  and  therefore  equal  to  ',  ^  ,  or  "^''  'C  . 

That  is,  tlie  number  of  combinations  of  ><-  things  r  at  a  time 
when  repetitions  are  allowed  is  equal  to  the  number  of  com- 
binations of  n-VT-X  things  r  at  a  time  when  repetitions  are 
excluded. 


193.     We    shall    conclude  this  chapter    with  a    few  miscel- 
laneous examples. 

Example  1.    Find  the  coefficient  of  x*"  in  the  expansion  of  tj-jTW 
The  expression  =  (1  -  4x  +  4a:2)  (1  +j^x  +^3x2  + . . .  +j)^'"  + . . .)  suppose. 
The  coefficient  of  x^  will  be  obtained  by  multiplying  |j-y  iv-n  Pr--2  ^7  1> 


-  4,  4  respectively,  and  adding  the  results ;  hence 

the  required  coefficient  =pj.  -  4p^_j  -f-  4p 


^ 


r-2' 


But  Pr={-'^y  (^Jtiy^jtl) .  [Ex.  3.  Art.  182.] 

Hence  the  required  coefficient 

i  2  ii 

=  ^  [('•  +  !)  ('•  +  iJ)  +  4r  (r  + 1)  +  4,-  (/•  -  1)] 
=  (zll.''(9r2  +  3r-f-2). 


% 


f  ^ 
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Example  2.     Find  the  value  of  the  series  ^  -I'-X.y      r  f'*\^z' 

5^  5^       5.7.9 

"^|'2.3  "^  ]3.32+   |4.33  "^  ■•■ 

.          „^3.5      1      iTF.  7  n      T.  5".  7.9      1 
The  expression  ^^^-J^-  '  P  +  ni~  '  33+  j^—  '  P+    " 

35  357  3579 

„     2  •  2    2^     2  •  2  '  2    23      2  '  2  '  2  *  2    2^ 

=  2-1 ^"        -I .  — h 

-\J2       32^       |3  3-* 

/^    : 


3     \     3     5  3     5     7 

,     2    2V   2  •  2    /2V     2  •  2  '  2     /2\3 
=  1  +  7  •;>  + 


1  '3        12       \SJ  13  V3 


=32=3^3. 

Example  3.     If  ?i  is  any  positive  integer,  shew  that  the  integral  part  of 
(3  +v/7)*'  is  an  odd  number. 

Suppose  I  to  denote  the  integral  and/  the  fractional  part  of  (3  +  ;y/7)". 
Then        I+/=3«+Ci3«-V7  +  C,3«-2.  7  +  Ca3«-=^  (^7)=*+  (1). 

^Tow  3-^7  is  positive  and  less  than  1,  therefore  (3-;^/7)"'  is  a  proper 
fraction ;  denote  it  by  /' ; 

.•./'  =  3"-(7i3»-V7  +  C,3«-2.7-C3  3"-3(V7)3-r (2). 

Add  together  (1)  and  (2) ;  the  irrational  terms  disappear,  and  we  have 

I+/+/'  =  2(3'^+C23«-2.7+...) 

=  an  even  integer. 

But  since/  and/'  are  proper  fractions  their  sum  must  be  1 ; 

.-.  I  =  an  odd  integer. 


EXAMPLES.    XIV.  c. 

Find  the  coefficient  of 

1.  x^^  in  the  expansion  of -g  •// 

2.  a>^  111  the  expansion  of  -7,-— r\^  '  ^  »^  />  .       C 

3.  x^  in  the  expansion  of  -^ — -^  •  -j^  ^: 

x-\-x  ^  1  /t 
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4.     Find  the  coefficient  of  x^  in  the  expansion  of  -—■ rr-  . 

I  5.     Prove  that  ,^  ,   -.    ' 

^      1-11      ^ J_?    1  _  Ll.3_i^    i       1.3.5.7     \  _      _      I'l 
2"  2  ■^274' 22     2. 4. 6'  23"^2.4.6.8'  2'*     "'~  sj '^' 

6.     Prove  that 


rovetnat  '^^-^v 

\  /o     ■■     3     3.5       3.5.7  .      r\       V^V 

7.     Prove  that                                                                ^    r     ^^^ 
^p"    -ifO"          ,     2bi     2yi(2w4-2)      2/i(27t  +  2)  (2w  +  4)            V 
)'•    f  ^+3-^       3.6      ^ 37679 ^ 

J  ■  >^.     "-"FY-^^^^"-^^'^ }  ■ 

^  ^^^    ^^K^  Prove  that  ,^  ' 

^^^—  X     'I        7.14    ^       7.14.21      ^         J^>J-     <    ^ 

NT 


^ 


yv  -4   |l  +  2+-274"  "^         2.476    .    +-^-J- 


^/^  9.     Prove  that  approximately,  when  x  is  very  small, 
3(^+^)   (1-7^-2 


9  (-5-7--?,,  / 


Fl^ 


^ ^-256- 


<;^     10.     Shew  that  the  integral  part  of  (5  +  2  >/6)'*  is  odd,  if  7i  be  a 
^^)ositive  integer. 

X"       11.     Shew  that  the  integral  part  of  (8  +  3^/7)"  is  odd,  if  7i  be  a 
^^positive  integer. 

12.  Find  the  coefficiei^  of  .r**  in  the  ex^mnsion  of 

(1  -  2.1-V 3a,-2  -  4.t-»  + ) -*. 

13.  Shew  that  the  middle  term  of  ( .r  +  -  )    is  eqmd  to  the  coefficient 


of  .r"  in  the  expansion  of  (1  -4r) 


(-^;) 


u*' 


14.     Prove  that  the  expansion  5^  (1  —9^Y  ^"'•-y  ^*^  P^^^  '"*'"  ^^'^  forn 
(1^-^)5M-37m;(1;:^x)J"-2+-^^— ^  
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15.  Prove  that  the  coefficient  of  .r'*  in  the  expansion!  r- — ^^  is 

1,0,  —  1  according  as  ^i  is  of  the  forni_3wij  3m  —  1,  or  3wi+ 1.  ~  ^  "  -  '  - 

16.  In  the  expansion  of  (a  +  b  +  c)^  find  (1)  the  number  of  terms,  /W 
(2)  the  sum  of  the  coefficients  of  the  terms.  V    v' 

17.  Prove  that  if  7t  be  an  even  integer, 

1  ~U  1     -^^1  1  1  2"-i        K        \^  \ 


^^      Q\n-3-  \6jn-6 \n-J_\l_      ,^  '.Li. 

18.  If  Co,  c^,  ^2,  c^  are  the  coefficients  in  the  expansion  of  ^ 

(1  ^-.^?)'*,  when  w  is  a  positive  integer,  prove  that  '^'^ 

\l{l)     Co-c,  +  c,-c,  + +  (-l)'-c,=  (-l)'---|^^s^^^ 

-■^     /  II_llL_L — i    /<^^\ 

(/-f!Xl)    V(2)     Co-2ci  +  3c2-4c'3+ +  (- l)"(w4-l)c„=0.    >,^ 

(3)     C02-C12  +  C22-C32+ +  (_i)nc„2^0,  or  (-l)^c„;X 

according  as  w  is  odd  or  even.  '  "' 

19.  If  «n  denote  the  sum  of  the  first  jijiatural  numbers,  prove  that 

y      (1)     {l-a;)-^^s,  +  s,.v  +  s,.v^  + +s^a;^-^+...        ^^^^y         ^ 


i27i  +  4  ^   ry,     i-iiXl.r 

,  J\       (2)       2(.i.2n  +  V2«-l+ +  ^"*'«-i)=T^^«="t-         ^^^^^^^ 

(^•<'-  (2)       2{^2n-?l?2n-l  +  M2n-2+ +(  -  1)'-1^„_  1^^  + l) 

21.  Find  the  sum  of  the  products,  two  at  ajbiine,  of  the  coefficients  . 
in  the  expansion  of  (1  +.^■)",  when  ?i  is  a  positive~mteger. .  . 

22.  If  (7  +  4  v/3)'* =p  +  /3,  where  n  and  p  are  positive  integers,  and  /3 
^       a  proper  fraction,  shew  that  (1  -  ^)  (jo  +  /3)  =  1. 

I  !    i       23.     If  Cq,  Cj,  C2, c^  are  the  coefficients  in  the  expansion  of 

(1  +a;)^,  where  11  is  a  positive  integer,  shew  that 

c.-t+?- M^n^'^i+uu +i. 

2       3  n  2      3  n 


Ax-^lt^!     .        I    J  i'4-x)-f/')6-^^ 


CHAPTER   XV. 
Multinomial  Theorem. 

194.  We  have  already  seen  in  Art.  175,  how  we  may 
apply  the  Binomial  Theorem  to  obtain  the  expai;sion  of  a  multi- 
nomial expression.  In  the  present  chapter  our  object  is  not 
so  much  to  obtain  the  complete  expansion  of  a  multinomial  as 
to  find  the  coefficient  of  any  assigned  term. 

Example.    Find  the  coefficient  of  a^fc^c^d'  in  the  expansion  of 
{a  +  b  +  c  +  dy*. 

The  expansion  is  the  product  of  14  factors  each  equal  to  a+b  +  c  +  d,  and 
every  terra  in  the  expansion  is  of  14  dimensions,  being  a  product  formed  by 
taking  one  letter  out  of  each  of  these  factors.  Thus  to  form  the  term  a*b~chl^, 
we  take  a  out  of  any  four  of  the  fourteen  factors,  b  out  of  any  two  of  the  re- 
maining ten,  c  out  of  any  three  of  the  remaining  eight.  But  the  number  of 
ways  in  which  this  can  be  done  is  clearly  equal  to  the  number  of  ways  of  ar- 
ranging 14  letters  when  four  of  them  must  be  a,  two  b,  three  c,  and  five  d ; 
that  is,  equal  to 

|t||]-5-  tArt.151.] 

This  is  therefore  the  number  of  times  in  which  the  term  a*b^cH'^  appears 
in  the  final  product,  and  consequently  the  coefficient  required  is  2522520. 

195.  To  find  the  coefficient  of  any  assigned  term  in  the  ex- 
pansion of  (a  +  b  +  c  -f  d  -I-  ...)'',  where  p  is  a  positive  integer. 

The  expansion  is  the  product  of  ])  factors  each  equal  to 
a  +  b  +c  +  d  +  ...  y  and  every  term  in  the  expansion  is  formed  by 
taking  one  letter  out  of  each  of  these  j)  factors  ;  and  therefore 
the  number  of  ways  in  which  any  term  a°6^c>t/^  ...  will  appear 
in  the  final  product  is  equal  to  the  number  of  ways  of  arranging 
p  letters  when  a  of  them  must  be  a,  (3  must  be  6,  y  must  be  c; 
and  so  on.     That  is, 

\p 
the  coefficient  of       a^bf^cyd^  ...  is  ,— tot— ns — > 

where  a  -\-  ft  +  y  +  h  +  ...  ^p. 
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Cor.     Til  the  expansion  of 

{a  +  bx  +  cx'  +  dx^  +  . . . )'', 
tlie  term  involving  a°'l^c'id^  ...   is 


a"  {bxy  icx-)y  {dxy  . . . 


where  a  +  /3  +  y  +  8+  ...  -  jh 

This  may  be  called  tJie  general  term  of  the  expansion. 

Example.    Find  the  coefficient  of  x^  in  the  expansion  of  (a  +  ix  +  cx^Y. 
The  general  term  of  the  expansion  is 

4|-a«fc^V+^V  (1) 

where  a  +  ^  +  7  =  9. 

We  have  to  obtain  by  trial  all  the  positive  integral  values  of  /3  and  7 
which  satisfy  the  equation  ^  +  27=6;  the  values  of  a  can  then  be  found  from 
the  equation  a  +  /3  +  7  =  9. 

Putting  7  —  2,  we  have  j8  =  1,  and  a  =  6 ; 
putting  7  =  1,  we  have  /3=3,  and  a  =  5; 
putting  7  =  0,  we  have  /3  =  5,  and  a  =^  4. 

The  required  coefficient  will  be  the  sum  of  the  corresponding  values  of  the 
expression  (1). 

Therefore  the  coefficient  required 

=  ill  »°'"^+i58  <•''"■=+ ft '•^'° 

=  252a66c2  +  bUa^Wc  +  12&a%^. 

196.      To  jind  the  general  term  in  the  ex2)a7ision  of 

(a  +  bx  +  ex-  +  dx^  +  ...y, 

where  n  is  any  rational  quantity. 

By  the  Binomial  Theorem,  the  general  term  is 

n{n-V){n-1)  ...  {n-'p^Y)    „_„  .^  .       ,, 

_1 ^_v L V — _L 1  a"  ''  (bx  +  ex-  +  dx""  +  . . .  V' 

\v 

where  j9  is  a  positive  integer. 
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And,  by  Art.  195,  the  general  term  of  tlie  expansion  of 
(bx  +  cx^  +  dx^  +  ...)'' 

where  fi,  y,  8  ...  are  positive  integers  whose  sum  is  2>- 

Hence  the  general  term   in  tlie  expansion  of  the  given  ex- 
pression is 

n{n-l)(n-2)        (n-p  +  l)  ^..^^^^,      rf+2,+3J+..., 

where  /3  +  y  +  S  +  ...  =j». 

197.     Since  (a  +  bx  +  cx^  +  dx^  +   ..)"  may  be  written  in  the 
form 


all  +  -  a;  +  -  ic^  +  -  ic  +  . . .     , 
\        a         a  a  J 


it  will  be  sufficient  to  consider  the  case  in  which  the  first  term 
of  the  multinomial  is  unity. 

Thus  the  general  term  of 

(1  ^-hx-vcx^  +  dx^ ^-  ...)" 

.  n(n-l)(n-2)...(n-;;+l)  ^+2y+3e+.., 

where  y8  +  y  +  8  +  ...^p. 

Example.    Find  the  coefl&cient  of  x^  in  the  expansion  of 
(l-3a;-2x2-f-6x»)3. 


The  general  term  is 

-d-P^A  .  . „ 


"We  have  to  obtain  by  trial  all  the  positive  integral  values  of  /3,  7,  5  which 
satisfy  the  equation  /3  + 27  4- 33  =  3;  and  then  p  is  found  from  the  equation 
p=^-\.y  +  S.  The  required  coefficient  will  be  the  sum  of  the  corresponding 
values  of  the  expression  (1). 
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In  finding  /3,  7,  5, . . .  it  will  be  beat  to  commence  by  giving  to  S  successive 
integral  values  beginning  with  the  greatest  admissible.  In  the  present  case 
the  values  are  found  to  be 

5  =  1,     7=0,     /3=0,    p  =  l; 

S  =  0,     7  =  1,     /3  =  1,    i>  =  2; 

5=0,     7  =  0,     /3=3,    p  =  3. 

Substituting  these  values  in  (1)  the  required  coefficient 


(i)<«)KI)(-l)<-)'-)^^^^ 


(-3)3 


~       3      3~3* 


198.     Sometimes  it  is  more  expeditious  to  use  the  Binomial 
Theorem. 

Example.     Find  the  coefficient  of  x*  in  the  expansion  of  (1  -  2x  +  Sx")-^. 

The  required  coefficient  is  found  by  picking  out  the  coefficient  of  x*  from 
the  first  few  terms  of  the  expansion  of  (1  -  2a;  -  Sx*)~'-*  by  the  Binomial 
Theorem ;  that  is,  from 

1  +  3  (2a;  -  3x2)  +  6  (2a;  -  dx^)^  + 10  (2a;  -  3a;2)3  + 15  (2a;  -  3a;2)4 ; 

we  stop  at  this  term  for  all  the  other  terms  involve  powers  of  x  higher 
than  X*. 

The  required  coefficient = 6 .  9  + 10 .  3  (2)2  ( -  3)  + 15  (2)^ 

=  -66. 


EXAMPLES.    XV. 

Find  the  coefficient  of 

1.  a^h^d^d  in  the  expansion  of  {a-h-c-\- dy^. 

2.  a^b^d  in  the  expansion  of  {a  +  h  —  c-  df. 

3.  aWc  in  the  expansion  of  (2a  +  &  +  3c)''. 

4.  x^y^^  in  the  expansion  of  {ax  -  hy  +  czf. 

5.  x^  in  the  expansion  of  (1+3jp- 2^2)3^ 

6.  A^  in  the  expansion  of  (H-2a7+3:r2yo^ 

7.  A^  in  the  expansion  of  (1  +  2;c  -  x^y>. 

8.  3^  in  the  expansion  of  (1  -  'i.x -^-Zx"^ - ^sP^^. 
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Find  the  coefficient  of 

9.     .r23  in  the  expansion  of  (1  -  2.r  +  .3.^2  -  .v*  -  T'f. 

1 

10.  ^  in  the  expansion  of  (1  -2.v  +  3a'2)  '^. 

1 

11.  .r^  in  the  expansion  of  (1  -  2.r  +  S.^^  _  4^)2 

12.  cfi  in  the  expansion  of  f  1  - '—  +  ^  )     • 

13.  .r*  in  the  expansion  of  (2  -  4r  +  3;r2)-2. 

.3 

14.  .^^  in  the  expansion  of  (1  +  ^x^  +  IOot*  +  20a;«)  *. 

15.  A'i2  in  the  expansion  of  (3  - 1 5^^  ^  1  S.r^')  - 1. 

1 

16.  Expand  (1  -  2.r  -  2^2)4  ^s  far  as  a;^. 

2 

17.  Expand  ( 1  +  3a'2  -  6a-'') "  ^  as  far  as  .r^. 

4 

18.  Expand  (8  -9^-3  +  1  d^oi^f  as  far  as  ^. 

19.  If  (l+.r  +  a;2  + +arP)«  =  ao  +  aia:  +  a2a.-2^. «^^^„p^ 

prove  that 

(1)  ao  +  «i  +  «2+ +«np  =(;>  +  !)". 

(2)  ai  +  2a2  +  3a3+ +%p  .  a„„  =  2*J/'(^  +  l)". 

20.  If  ao>  ^i»  ^2)  %  •••  ^''^  *b®  coefficients  in  order  of  the  expansion 

of  (1  ^-x-^-x^Y^  prove  that 

a^^-a^^a^-a^^- +  (  -  l)''-iaf._i  =  ^a„  {1 -(- l)''a„|. 

21.  If  the  expansion  of  (1  -\rX-\-x'^Y 

be  ao + aio; + a-j-^^^  +  . . .  +  a,x^  +  . . .  +  o.^x'^'', 

shew  that 

«0  +  «3  +  «6+   •••   =«l  +  «4  +  «7+   ...   =«2  +  «5  +  «8+   •"   =  3" '^^ 


CHAPTER  XVI. 
Logarithms. 


199.  Definition.  The  logarithm  of  any  number  to  a  given 
base  is  the  index  of  the  power  to  wliich  tlie  base  must  be  raised 
in  order  to  equal  the  given  number.  Thus  if  a'  =  N,  x  is  called 
the  logarithm  of  N  to  the  base  a. 

Examples.     (1)  Since  3^  =  81,  the  logarithm  of  81  to  base  3  is  4. 

(2)  Since  10i  =  10,  102  =  100,  lO^^lOOO, 

the  natural  numbers  1,  2,  3,...  are  respectively  the  logarithms  of  10,  100, 
1000, to  base  10. 

200.  The  logarithm  of  N  to  base  a  is  usually  written  log„i\", 
so  that  the  same  meaning  is  expressed  by  the  two  equations 

a^  =  N;  ic-log^iV^. 
From  these  equations  we  deduce 

an  identity  which  is  sometimes  useful. 

Example.    Find  the  logarithm  of  32^4  to  base  2,^2. 
Let  X  be  the  required  logarithm ;  then, 
by  definition,  (2^2)»:=324/4; 

1  2 

.-.  (2.22)^  =  25.25; 

.-.  22''=2'^5. 

3        27 
hence,  by  equating  the  indices,       -x  —  -^; 

5 
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201.  When  it  is  understood  that  a  particular  system  of 
logarithms  is  in  use,  the  suffix  denoting  tlie  base  is  omitted. 
Thus  in  arithmetical  calculations  in  which  10  is  the  base,  we 
usually  write  log  2,  log  3, instead  of  log^^ 2,  log,^  3, 

Any  number  might  be  taken  as  the  base  of  logarithms,  and 
corresponding  to  any  such  base  a  system  of  logarithms  of  all 
numbers  could  be  found.  But  before  discussing  the  logarithmic 
systems  commonly  used,  we  shall  prove  some  general  propositions 
which  are  true  for  all  logarithms  independently  of  any  particular 
base. 

202.  TJie  logarithm  of  1  is  0. 

For  a"  =  1  for  all  values  of  a ;  therefore  log  1-^0,  whatever 
the  base  may  be. 

203.  The  logarithm  of  the  base  itself  is  1. 
For  a'  =  a  ;  therefore  log„«  =  1. 

204.  To  find  the  logarithm,  of  a  j)roduct. 

Let  MX  be  the  product ;  let  a  be  the  base  of  the  system,  and 
suppose 

x^Xog^M,         2/  =  log,i\'; 
so  that  a'  =  M,  a*  =  N. 

Thus  the  product         MN^  =  a'  x  a" 

whence,  by  definition,  \og^MN=x  +  y 

=  log,Jf +log,i\'". 
Similarly,  \og^MNF=  \og^M  +  log^A"+  log,P; 
and  so  on  for  any  number  of  factors. 

Example.  log  42  =  log  (2  x  3  x  7) 

=  log  2  + log  3  + log  7. 

?05.     To  find  tfie  logarithm  of  a  fraction. 

M 
Let  -j^  be  the  fraction,  and  suppose 

X  =  log„  .U,         y  -  log„  K: 
so  that  a'  =  M^  a'  ^  X. 


Thus  the  fraction 
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=  a 


whence,  ))y  definition,     log^  -y  ^x  —  y 


=  log,J/-log,xY. 

30 
Example.         log  (4|)  =  log  _ 

=log30-log7 

=  log(2x3x5)-log7 

=log  2  +  log  3  +  log  5  -  log  7. 

206.      To  find  the  logarithm  of  a  number  rained  to  any  power, 
integral  or  fractional. 

Let  log„(J/'')  be  required,  and  suppose 

X  ^  log^  M,  so  that  a'  --  M ; 


n 

M''=^{aJ 

=  a^; 

3nce,  by  definition, 

\og^{M")=px; 

t  is. 

log,(i¥^)=;>log„J/. 

Similarly, 

log„(i/')  =  ^log,i/. 

207.     It  follows  from  the  results  we  have  proved  that 

(1)  the  logarithm  of  a  product  is  equal  to  the  sum  of  the 
logarithms  of  its  factors ; 

(2)  the  logarithm  of  a  fraction  is  equal  to  the  logarithm  of 
the  numerator  diminished  by  the  logarithm  of  the  denominator ; 

(3)  the  logarithm  of  the  jj^^  power  of  a  number  in  p  times  the 
logarithm  of  the  number ; 

(4)  the  logarithm  of  the  r^^  root  of  a  number  is  equal  to  -th 
of  the  logarithm  of  the  number. 

Also  we  see  that  by  the  use  of  logarithms  the  operations  of 
multiplication  and  division  may  be  replaced  by  those  of  addition 
and  subtraction ;  and  the  operations  of  involution  and  evolution 
by  those  of  multiplication  and  division. 

H.  H.  A.  12 
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Example  1.     Express  the  logarithm  of  -^  j  in  terms  of  log«,  log?;  and 


logc. 


3 

=  log  a^  -  log  (c^b-) 

=  -  log  a  -  (log  c"'  +  log  h^) 

3 

=  ^  log  a- 5  log  c  -  2  log  ft. 

Example  2.     Find  a;  from  the  equation  a* .  c-'^—V^-^^. 

Taking  logarithms  of  both  sides,  we  havef 

a:  log  a  -  2x  log  c  =  {^x  + 1)  log  6 ; 

.'.  X  (log  tt  -  2  log  c  -  3  log  ft)  =log  h  ; 

^ log^ 

*  *  ^     log  a  -  2  log  c  -  3  log  6 ' 

EXAMPLES.    XVI.  a. 

Find  the  logarithms  of 

1.  16  to  base  s!%  and  1728  to  base  2  v/3. 

2.  125  to  base  5^5,  and  "25  to  base  4. 

3.  ^.,,  to  base  2  x/2,  and  -3  to  base  9. 

XOD 

4.  -0625  to  base  2,  and  1000  to  base  '01. 

5.  -0001  to  base  '001,  and  'i  to  base  D^/a. 

V^     1  V  ~" 

6.  a/  a^  ,   -J  ,    W  a  2  to  base  a. 

7.  Find  the  valne  of 

log«128,    logegYy,    log,7-,    log3„49. 

Express  the  following  seven  logarithms  in  terms  of  loga,  log6,  and 
logc. 

8.  \og{s'W'f.  9.     log(^/a2x^V6-»).  10.     Iog(C^aF*63). 
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11.     log(V^6x4^a6^).  12.     l()g(v'a-"V63-^v^6Va). 

V^    10/9        19  2 

15.     Shew  that  log  |^^  =  4  log5  -  -  log2  -  ^  log 3. 


16 


.     Simplify  logV    729  V  9-1.273. 


17.     Prove  that    log^-2  log^  +  log2^^  =  log2. 


Solve  the  following  equations : 
18.     a* -6-6^.  19.     a^='.b^=':^(^. 

21.     a^''.b^y  =  m^ 


frr--.=«' 


22.  If  log(j;2^3^  =  a,  and  log-=:6,  find  log.^;  and  logy. 

23.  If  a3  -  * .  65a:  ^  Qjx  +  6  _  §3x^  g^ew  that  X  log  (^- j  =  log  a. 

24.  Solve  the  equation 

(a*  -  2a262  +  6*)*  -  ^  =  («  -  6)-^  (a  +  6)  -  2. 


Common  Logarithms. 

208.  Logarithms  to  the  base  10  are  called  Common  Logar- 
ithms;  this  system  was  first  introduced,  in  1615,  by  Briggs,  a 
contemporary  of  Napier  the  inventor  of  logarithms. 

From  the  equation  10"'  =  iy,  it  is  evident  that  common  logar- 
ithms will  not  in  general  be  integral,  and  that  they  will  not 
always  be  positive. 

For  instance         3154  >  10"  and  <  10' ; 

.*.  log  3154  =  3  +  a  fraction. 

12—2 
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Again,  -06  >  10~'  and  <  10"' ; 

.  •.  log  '06  =  -  2  4-  a  fraction. 

209,  Definition.     The  integral  part  of  a  logarithm  is  called 
the  characteristic,  and  the  decimal  part  is  called  the  mantissa. 

The  characteristic   of  the  logarithm  of  any  number  to  the 
base  1 0  can  be  written  down  by  inspection,  as  we  shall  now  shew. 

210.  l^o  determine  the  cJtaracteHatic  of  the  logarithm  of  any 
number  greater  than  unity. 

Since  10' =  10, 

10^  =  100, 

10^^=1000, 


it  follows  that  a  number  with  two  digits  in  its  integral  part  lies 
between  10'  and  10^;  a  number  with  three  digits  in  its  integral 
part  lies  between  10^  and  10^;  and  so  on.  Hence  a  number 
with  n  digits  in  its  integral  part  lies  between  10""'  and  10". 

Let  N  be  a  number  whose  integral  part  contains  n  digits; 
then 

V  —  1  O'**  - 1)  +  a  fraction . 

.-.  log iV=  (n— 1)  +  a  fraction. 

Hence  the  characteristic  is  w  -  1  ;  that  is,  the  characteristic  of 
the  logarithm,  of  a  number  greater  than  unity  is  less  by  one  than 
the  number  of  digits  in  its  integral  part^  and  is  jfositive. 

211.  To  determine  the  cJiaracteristic  of  the  logaritJmi  of  a 
decimal  fraction. 

Since  10"=  1, 

1 


10-' 

10 

1, 

10- 

1 

~  loo  '~^ 

•01, 

10-' 

1 

"1000 

=  •001 
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it  follows  that  a  decimal  with  one  cipher  immediately  after  the 
decimal  point,  such  as  "0324,  being  greater  than  '01  and  less 
than  vl,  lies  between  10~^  and  10~';  a  number  with  two  ciphers 
after  the  decimal  point  lies  between  10~^  and  10~";  and  so  on. 
Hence  a  decimal  fraction  with  n  ciphers  immediately  after  the 
decimal  point  lies  between  10-^"+'»  and  10~". 

Let  D  be  a  decimal  beginning  with  n  ciphers ;  then 
7^  _  -I  rv-(»+l)  +  a  fraction  , 

.'.  log  i>  =  —  (n4-l)  +  a  fraction. 

Hence  the  characteristic  is  -  (?*  +  1 )  ;  that  is,  the  characteristic 
of  the  logarithm  of  a  decimal  fraction  is  greater  hy  unity  than  the 
number  of  ciphers  immediately  after  the  decimal  jjoiiit,  and  is 
negative. 

212.  The  logarithms  to  base  10  of  all  integers  from  1  to 
200000  have  been  found  and  tabulated ;  in  most  Tables  they  are 
given  to  seven  places  of  decimals.  This  is  the  system  in  practical 
use,  and  it  has  two  great  advantages  : 

(1)  From  the  results  already  proved  it  is  evident  that  the 
characteristics  can  be  written  down  by  inspection,  so  that  only 
the  mantissse  have  to  be  registered  in  the  Tables. 

(2)  The  mantissse  are  the  same  for  the  logarithms  of  all 
numbers  which  have  the  same  significant  digits ;  so  that  it  is 
sufficient  to  tabulate  the  mantissas  of  the  logarithms  of  integers. 

This  proposition  we  proceed  to  prove. 

213.  Let  iV  be  any  number,  then  since  multiplying  or 
dividing  by  a  power  of  10  merely  alters  the  position  of  the 
decimal  point  without  changing  the  sequence  of  figures,  it  follows 
that  iV^x  10'',  and  iT-f-  10'',  where  p  and  q  are  any  integers,  are 
numbers  whose  significant  digits  are  the  same  as  those  of  JV. 

Now        log  (lY  X  1 0'')  =  log  iT + ;^  log  1 0 

=  logiV  +  jo (1). 

Again,     log  (iV ^  1 0')  -  log N-q log  1 0 

-logiV^-^  (2). 

In  (1)  an  integer  is  added  to  logiV,  and  in  (2)  an  integer  is 
subtracted  from  log  JV;  that  is,  the  mantissa  or  decimal  portion 
of  the  logarithm  remains  unaltered. 
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In  this  and  the  tliree  preceding  articles  the  mantissse  have 
been  supposed  positive.  In  order  to  secure  the  advantages  of 
Briggs'  system,  we  arrange  our  work  so  as  always  to  keep  the 
mantissa  positive^  so  that  when  tlie  mantissa  of  any  logarithm 
has  been  taken  from  the  Tables  the  characteristic  is  prefixed 
witli  its  appropriate  sign  according  to  the  rules  already  given. 

214.  In  the  case  of  a  negative  logarithm  the  minus  sign  is 
written  over  the  cliaracteristic,  and  not  before  it,  to  indicate  that 
the  characteristic  alone  is  negative,  and  not  the  whole  expression. 
Thus  4-30103,  the  logarithm  of  -0002,  is  equivalent  to  -4  +  -30103, 
and  must  be  distinguished  from  —  430103,  an  expression  in  which 
both  the  integer  and  the  decimal  are  negative.  In  working  with 
negative  logarithms  an  arithmetical  artifice  will  sometimes  be 
necessary  in  order  to  make  the  mantissa  positive.  For  instance, 
a  result  such  as  -  3-G9897,  in  which  the  whole  expression  is 
negative,  may  be  transformed  by  subtracting  1  from  the 
characteristic  and  adding   1   to  the  mantissa.     Thus 

-  3-69897  ^  -  4  +  (1  -  -69897)  =  4-30103. 

Other  cases  will  be  noticed  in  the  Examples, 

Example  1.    Required  the  logarithm  of  -0002432. 

In  the  Tables  we  find  that  3859636  is  the  mantissa  of  log  2432  (the 
decimal  point  as  well  as  the  characteristic  being  omitted) ;  and,  by  Art.  211, 
the  characteristic  of  the  logarithm  of  the  given  number  is  -  4 ; 

.-.  log -0002432  =  4"-3859636. 

Example  2.     Find  the  value  of  ^-00000165,  given 

log  165  =  2-2174839,  log  6974'24  =  5-8434968. 

Let  X  denote  the  value  required ;  then 

I     1 
log  X  =  log  (-00000165)5  =     log  (-00000165) 
o 

=  ^(6-2174839); 

the  mantissa  of  log  -00000165  being  the  same  as  that  of  log  165,  and  the 
characteristic  being  prefixed  by  the  rule. 

Now  ^  (6-2174839)  =  g  (10  +  4-2174839) 

=  2-8434968 
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and  -8434968  is  the  mantissa  of  log  697424;  hence  a;  is  a  number  consisting 
of  these  §ame  digits  but  with  one  cipher  after  the  decimal  point.    [Art.  211.] 

Thus  .T  = -0697424. 

215.  The  metliod  of  calculating  logarithms  will  be  explained 
in  the  next  chapter,  and  it  will  there  be  seen  that  they  are  first 
found  to  another  base,  and  then  transformed  into  common  loga- 
rithms to  base  10. 

It  will  therefore  be  necessary  to  investigate  a  method  for 
transforming  a  system  of  logarithms  having  a  given  base  to  a 
new  system  with  a  different  base. 

216.  Suppose  that  the  logarithms  of  all  numbers  to  base  a 
are  known  and  tabulated,  it  is  required  to  find  the  logarithms 
to  base  h. 

Let  K  be  any  number  whose  logarithm  to  base  b  is  re- 
quired. 

Let  y  --=  logftiV,   so  that  6*  =^  N'^ 

.-.     log,  (6")  =  log,iV^; 

that  is,  y  \ogJb  ^  log^iV; 

or  log.iV=  — .  X  log..V (1). 

Now  since  N  and  h  are  given,  log^iV  and  \ogJ)  are  known 
from  the  Tables,  and  thus  log^iV  may  be  found. 

Hence  it  appears  that  to  transform  logarithms  from  base  a 

to  base  h  we  have  only  to  multiply  them  all  by  ;    this  is   a 

constant  quantity  and  is  given  by  the  Tables ;  it  is  known  as  the 
modulus. 

217.  In  equation  (1)  of  the  preceding  article  put  a  iov  N\ 
thus 

log.a  =  r — ,  xloga=,     ",  ; 
log^6         °''        log,6 

.-.      log,*  xlog,6- 1. 
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This  result  may  also  be  proved  directly  as  follows : 
Let  X  =  \ogJ),  so  that  a'  -=b ; 

then  by  taking  logarithms  to  base  6,  we  have 
X  log.a  =  logj) 

=  1; 

.-.     log^^xlog,rt  =  l. 

218.  The  following  examples  will  illustrate  the  utility  of 
logarithms  in  facilitating  arithmetical  calculation  ;  but  for  in- 
formation as  to  the  use  of  Logarithmic  Tables  the  reader  is 
referred  to  works  on  Trigonometry. 

4  5 

Example  1.     Given  log  3  =  -4771213,  find  log  {(2-7)3  x  (-81)5-^(90)4}. 
The  required  value    =  3  log  — r  -F  -  log  , . .  -  ~  log  90 

=  3(log33-l)-fp(log3*-2)-^(log32-f-l) 


=(«4-i)'--(-M) 


Q7 
=  |^log3-5H 

=  4-6280766-5-85 
=  2-7780766. 

The  student  should  notice  that  the  logarithm  of  5  and  its 
powers  can  always  be  obtained  from  log  2 ;  thus 

log  5  =  log  ^  =  log  10  -  log  2  -  1  -  log  2. 

Example  2.     Find  the  number  of  digits  in  876^^,  given 
log  2  =  -8010300,  log  7  =-  -8450980. 
log  (875'«)  =  16  log  (7x125) 

=  16(log7-l-  31og6) 
=  16  (log  7  +  3 -3  log  2) 
=  16  X  2-9420080 
=  47072128; 
hence  the  number  of  digits  is  48.      [Art.  210.] 
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Example  3.     Given  log  2  and  log  3,  find  to  two  places  of  decimals  the 
value  of  X  from  the  equation 

Taking  logarithms  of  both  sides,  we  have 

(3-4a:)log6  +  (.r  +  5)log4  =  log8; 

. •.  (3  -  4a:)  (log  2  +  log  3)  +  (x  +  5)  2  log  2  =  3  log  2  ; 

.-.  x  ( -  4  log  2  -  4  log  3  +  2  log  2)  =  3  log  2  -  3  log  2  -  3  log  3  -  10  log  2 ; 

_101og2  +  31og3 
2  log  2  +  4  log  3 

4-4416639 
"2-5105452 

=  1-77... 

EXAMPLES.    XVI.  b. 

1.  Find,  by  inspection,  the  characteristics  of  the  logarithms  of 
21735,  23-8,  350,  "035,  %  "87,  '875. 

2.  The  mantissa  of  log  7623  is  '8821259 ;  write  down  the  logarithms 
of  7-623,  762-3,  -007623,  762300,  -000007623. 

3.  How  many  digits  are  there  in  the  integral  part  of  the  numbers 
whose  logarithms  are  respectively 

4-30103,    1-4771213,    3-69897,    -56515? 

4.  Give  the  position  of  the  first  significant  figure  in  the  numbers 
whose  logarithms  are 

2-7781513,    -6910815,    5-4871384. 

Given  log  2  =  '3010300,   log  3  =  '4771213,  log  7  = -8450980,  find  the 
value  of 

5.  log  64.  6.    log  84.  7.     log -128. 
8.     log -0125.                 9.     log  14-4.                  10.     log4§. 

11.     log^l2.  12.     log.y/p.  13.     Iogv/^0l05. 

14.  Find  the  seventh  root  of  '00324,  having  given  that 

log  44092388  =  7-6443636. 

15.  Given  log  194-8445  =  2-2896883,  find  the  eleventh  root  of  (39-2)2. 
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16.  Find  the  product  of  37-20.3,  3'7203,  -0037203,  372030,  having 
given  that 

log  37 -203  =  1-5705780,  and  log  191 56.31 -6-2823120. 

17.  Given  log  2  and  log  3,  find  log  J/ (^2)  ' 

1 

18.  Given  log  2  and  log  3,  find  log  (\^48  x  108*  -r  IJ/6). 

19.  Calculate  to  six  decimal  places  the  value  of 

y7294xl25Y 
V  ^  42  X  32  /  ' 
given  log  2,  log  3,  log  7 ;  also  log  9076-226  =  3-9579053. 

20.  Calculate  to  six  places  of  decimals  the  value  of 

(330-^49)4-h'J'22x70; 
given  log  2,  log  3,  log  7 ;  also 

logll  =  1-0413927,  and  logl7814-1516-4-2507651. 

21.  Find  the  number  of  digits  in  3^2  x  2**. 


(2i\ioo 
—  )      is  greater  than  100. 


23.  Determine  how  many  ciphers  there  are  between  the  decimal 

/]^\  1(100 

point  and  the  first  significant  digit  in  (  ^  1 

Solve  the  following  equations,  having  given  log  2,  log  3,  and  log  7. 

24.  3*-2  =  5.  25.    5^  =  10''.  26.     6^-^=2''*-. 
27.     21*=22*+i.5^.                        28.     2^.6*-2=52*,7^-*. 


V         \  30.     3'-*-»'  =  4-«'   \ 

;   2J/  +  1J'  22*- 1    =,33J'-*J 


29.     2*  +  ''=6«'         )  30.     3'-*-»'  =  4-«' 

3*     =3. 


31.  Given  logio2  =  -30103,  find  log^200. 

32.  Given  logi(,2  =  -30103,  logio7  =  -84509,  find  log-^/2  and  log^'i' 


CHAPTER   XVII. 

EXPONENTIAL   AND   LOGARITHMIC   SERIES. 


219.  In  Chap.  xvi.  it  was  stated  that  the  logarithms  in 
common  use  were  not  found  directly,  but  that  logarithms  are 
lirst  found  to  another  base,  and  then  transformed  to  base  10. 

In  the  present  cliapter  we  shall  prove  certain  formulae  known 
as  the  Exponential  and  Logarithmic  Series,  and  give  a  brief  ex- 
planation of  the  way  in  which  they  are  used  in  constructing  a 
table  of  logarithms. 

220.  To  expand  a"  in  ascending  powers  o/x. 
By  the  Binomial  Theorem,  if  n  is  greater  than  1 , 


('*jy 


1      njx,  {nx  -  1 )     1       nx  (nx  -  1)  (nx  -  2)     1 


I  +nx.  -  +  — ^^--r .       +      -^ > •  —  + 

n  2  n^  |3  yf' 

X  (x )      X  (x ]  [x--] 

1  +  x  +  A V    _V__WjV_!iZ+ 

\2  |3 


.(1). 


By  putting  x^l,  we  obtain 


(2). 
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hence  the  series  (1)  is  the  x^^  power  of  the  series  (2);  that  is, 

X  Ix  —  )      xlx ]  \^—-~] 

\       n/   ^      \        nj  \        nj 

^*^^—^* vi_ ^ 

_  J 1      1  n      \       n)\       n)  I 

"r     ~  — \i — "T 

and  this  is  true  however  great  n  may  be.      If  therefore  w  be 
indefinitely  increased  we  have 

,  x'      x'      X*  /,      ,       1        1        1 

1  +  .r  +  —  +  -7^  + 


2       i3 


«'  /i      1       1        1        1 


L£    li 


The  series  1+1  + -   +ro-+-T  + 

is  usually  denoted  by  e  ;  hence 

Write  ex  for  x,  then 


,a^«        ^3„ 


„     _              cV      c"x" 
e''=l  +  cx+—-+  p-+ 

Now  let  e'  ~  a,    so  that  c  -=  log/« ;    by  substituting  for  c  we 
obtain 

a'  ^l-\-x  log,a  +  — ^^-^  +  — ^    °'   '  + 

This  is  the  Exponential  Theorem. 

Cor.     When  n  is  infinite,  the  limit  of  (1  +  -  j  -«. 

[See  Art.  266.] 

Also  as  in  the  preceding  investigation,  it  may  be  shewn  that 
when  n  is  indefinitely  increased, 


(_      x\^     ,  X-       ar       ic 

l  +  -j  =l+a;+—  +  —  +  — .+ 


x^      a^      X* 


EXPONENTIAL   AND   LOGARITHMIC   SERIES.  189 


that  is,  when  n  is  infinite,  the  limit  oi  (  \  +-]  —e^ 


X           1 
By  putting  -  = ,  we  have 

(•'3'=(-ir-=i(-ijr- 

Now  m  is  infinite  when  n  is  infinite; 
1  —  )  =  e""'. 

Hence  the  limit  of        (1 ]  =e~\ 

\       n) 

221.     In  the  preceding  article  no  restriction  is  placed  upon 

the  value  of  x)  also  since  -  is  less  than  unity,  the  expansions  we 

have  used  give  results  arithmetically  intelligible.     [Art.  183.] 

But  there  is    another  point  in   the    foregoing    proof    which 
deserves    notice.     We    have    assumed    that    when    n   is    infinite 

x{x \\x--\...ix j 

the  limit  of  ,  is  -p- 

for  all  values  of  r. 

Let  us  denote  the  value  of 


L!l 


by  M,. 


Then  ^J^L^'^  = 

Since  7i  is  infinite,  we  have 


?_1      L 

r      n      nr ' 


u         X     ,.     ,   .  X 

— —  —  -  ;  that  \^,  u  —-U    ,. 

It  is  clear  that  the  limit  of  u^  is  p^;  hence  the  limit  of  u^  is 

,— ;  that  of  u^  is  '—  ;  and  generally  that  of  u^  is  j—  . 
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222.     The  series 

1  +  1  +  i^    +y^   +  TT  + 


[2       L^.      [4 

which  we  liave  denoted  by  e,  is  very  important  as  it  is  the  base 
to  which  logarithms  are  first  calculated.  Logarithms  to  this 
base  are  known  as  the  Napierian  system,  so  named  after  Napier 
their  inventor.  They  are  also  called  natural  logarithms  from  the 
fact  that  they  are  the  first  logarithms  which  naturally  come  into 
consideration  in  algebraical  investigations. 

When  logarithms  are  used  in  theoretical  work  it  is  to  be 
remembered  that  the  base  e  is  always  understood,  just  as  in 
arithmetical  work  the  base  10  is  invariably  employed. 

From  the  series  the  approximate  value  of  e  can  be  determined 
to  any  required  degree  of  accuracy ;  to  10  places  of  decimals  it  is 
found  to  be  2-7182818284. 


Example  1.     Find  the  sum  of  the  infinite  series 
,       1       1       1 

^+r2  +  ]4+r6-^ 


Wehave  ,  =  i  +  i+ ^.1  + -1  +  _1+ 

and  by  putting  a;  =  -  1  in  the  series  for  e*, 

-1     1     1       1       1       1 


.-.  e  +  e-^  =  2(l+^  +  ^  +  -±+ \ 


111 

|2-^|4+|6- 


Example  2.     Find  the  coefficient  of  x^  in  the  expansion  of  — ^ — —  . 

1  -  ox  -  x2  •   , 

=  (1  -  ax  -  x^)  c~* 
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(-1)''      (-IV'^a      ( - 1)*""* 

The  coefficient  required  —     ,    ■ —      ,       , —. — '-^r- 

\r  r- 1  r-2 


J^{l  +  ar-r{r-l)}. 

223.      7'o  expand  log^  (1  +x)  in  ascending  powei's  qfx. 
From  Art.  220, 

„..,,^i„„.„^.^|«^%^-'il^% 

In  this  series  write  1  +  x  for  a ;  thus 

(1  +xy 

=  l+ylog,(l+a;)  +  ^{log,(l+«.)}^+-^^{log,(l-fa.)P+...(l). 

Also  by  the  Binomial  Theorem,  when  a;  <  1  we  have 

(1  +.)..!  +2,.  + ^Jl'-lU-H^'ii^^^i^'-r-l)^^ (2). 

Now  in  (2)  the  coefficient  of  i/  is 

,,(-1)^,  (-!)(- 2)^,  (-l)(-2)(-3) 
''+1.2*^1.2.3""^      1.2T3T4~"^+ ' 

^a  r^  .V.4 

that  IS,  a;_^  +  ___+ 

Equate  this  to  the  coefficient  of  ?/  in  (1)  ;  thus  we  have 

\og,{l+x)^x-^+  --  -+ 

This  is  known  as  the  Logarithmic  Series. 

Example.     If  a; <  1,  expand  {log,  (1  +  x)}^  in  ascending  powers  of  x. 

By  equating  the  coefficients  of  y"^  in  the  series  (1)  and  (2),  we  see  that  the 
required  expansion  is  double  the  coefficient  of  y^  in 

1.2   ""+      iT2"73~~'^+        rT2T3n        """^ ' 

that  is,  double  the  coefficient  of  y  in 

1.2"^+     1.2.3     "^  + iTYT^Ti— ^+ 

Thus  {log.  (l  +  x)P  =  2|ia:2-^l  +  ^)^3  +  l(^l  +  l  +  iy_ |. 
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224.  Except  when  x  is  very  small  the  series  for  logg(l  +  x) 
is  of  little  use  for  numerical  calculations.  We  can,  however, 
deduce  from  it  other  series  by  the  aid  of  which  Tables  of  Logar- 
ithms may  be  constructed. 

By  writing  -  for  x  we  obtain  log„ :  hence 

log.(»+l)-log.»  =  ^-2^^+_L_    (1). 

1                            .            n  -  \ 
By  writing for  x  we  obtain  log^ ;  hence,  by  changing 

signs  on  both  sides  of  the  equation, 

log,«-log>-l)  =  ^  +  2^.  +  ^,+  (2). 

From  (1)  and  (2)  by  addition, 

log>+l)-log>-l)  =  2(i^3l..^l,+  ...)  (3). 

From  this  formula  by  putting  w  -  3  we  obtain  logg4  — logg2, 
that  is  logg  2 ;  and  by  effecting  the  calculation  we  find  that  the 
value  of  logg2-  -69314718...;  whence  log^S  is  known. 

Again  by  putting  w -^  9  we  obtain  log^lO  -  log^S;  whence  we 
find  log,10- 2-30258509.... 

To  convert  Napierian  logarithms  into  logarithms  to  base  10 
we  multiply  by  —       ,  which  is  the  modulus  [Art.  216]  of  the 

common  system,  and  its  value  is  -  —  ,  or  -43429448...; 

we  shall  denote  this  modulus  by  fx. 

In  the  Proceedhiys  of  the  Royal  Society  of  Loiuion,  Vol.  xxvil. 
page  88,  Professor  J.  C.  Adams  has  given  the  values  of  e,  /x, 
logj  2,  loge  3,  logj  5  to  more  than  260  places  of  decimals. 

225.  If  we  nmltiply  the  above  series  throughout  by  /x,  we 
obtain  formulae  adapted  to  the  calculation  of  common  loyaritJmis, 

Thus  from  (1),  /x  log,(n  +  1)  -  /x  log.w  =  ^  -  2n»  "^  3^^  ~  '  "  ' 
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that  is, 

log,>  +  l)-loi,',.,«  =  £-^+£.- (1). 

Similarly  from  (2), 

log.„»-log,>-l)  =  ^  +  ^,.^.+ (2). 

From  either  of  the  above  results  we  see  that  if  the  logarithm 
of  one  of  two  consecutive  numbers  be  known,  the  logarithm  of 
the  other  may  be  found,  and  thus  a  table  of  logarithms  can  be 
constructed. 

It  should  be  remarked  that  the  above  formulae  are  only  needed 
to  calculate  the  logarithms  of  prime  numbers,  for  the  logarithm 
of  a  composite  number  may  be  obtained  by  adding  together  the 
logarithms  of  its  component  factors. 

In  order  to  calculate  the  logarithm  of  any  one  of  the  smaller 
prime  numbers,  we  do  not  usually  substitute  the  number  in  either 
of  the  formulae  (1)  or  (2),  but  we  endeavour  to  find  some  value 
of  n  by  which  division  may  be  easily  performed,  and  such  that 
either  n+1  or  n—1  contains  the  given  number  as  a  factor.  We 
then  find  log  (n+1)  or  log  (n  —  \)  and  deduce  the  logarithm  of 
the  given  number. 

Example.     Calculate  log  2  and  log  3,  given  yu= -43429448. 
By  putting  n  =  10  in  (2),  we  have  the  value  of  log  10-  log  9;  thus 
1  -  2  log  3  =  -043429448  +  -002171472  +  -000144765  +  -000010857 
+  -000000868  +  -000000072  +  -000000006 ; 

1 -2  log3  = -045757488, 
log  3  =  -477121256. 

Putting  n=80  in  (1),  we  obtain  log 81 -log 80;  thus 
4  log  3  -  3  log  2  -  1  =  -005428681  -  -000033929  +  -000000283  -  -000000003; 
3  log  2  ^  -908485024  -  -005395032, 
log  2  =  -301029997. 

In  the  next  article  we  shall  give  another  series  for 
logg(?i  +  l)-logg7i  which  is  often  useful  in  the  construction  of 
Logarithmic  Tables.  For  further  information  on  the  subject  the 
reader  is  referred  to  Mr  Glaisher's  article  on  Logarithms  in  the 
Encyclopcedia  Britannica. 

H.  H.  A.  13 
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'226.     In  Art.  223  we  liave  proved  that 

X'      x^ 

\og,{l+x)=x-^+  ^-•■; 

changing  x  into  -  x,  we  have 

log,(l-a;)  =  -a;-|-|-.... 

By  subtraction, 

l+x     ^  /       a^     x"         \ 

Put  , = ,  so  that  X  =  ^ zi  :  we  thus  obtain 

I  ~x         n  2n+l 


lose. 


(n  +  1)  -  log,«  =  2  {j^j  +  j^gi^j^,  +  5(2iri)»  +   ••} 


Note.     This  series  converges  very  rapidly,  but  in  practice  is  not  always 
so  convenient  as  the  series  in  Art.  224. 

227.     The  following  examples   illustrate  the   subject  of  the 
chapter. 

Example  1.    If  a,  /3  are  the  roots  of  the  equation  ax^  +  bx  +  c  =  0,  shew 
that        log(a-&a:  +  ca;2)=loga  +  (a  +  i3).T-^-y^  -^"  +  ^"3      ar^-... 

h  c 

Since  o  +  y3=  -    ,  aj3  =  -  ,  we  have 
'^         a       '^     a 

a  -  ftx  +  ex-  =  a  {1  +  (a  +  /3)  as  +  a^x-] 

=  a(l  +  a.r)(l+/3.T). 

.'.  log  (a  -  hx  +  CX-)  =  log  a  +  log  (1  +  ax)  +  log  (1  +  /3x) 

=  loga  +  aa:-  -^  +  "g"  "  •••  +  A^  -  V  "^    3    "   •■ 
=  loga  +  (o  +  ^)x-^^x2+— Jt*  a^_... 

Example    2.     Prove  that  the  coefficient    of    x"^  in    the  expansion    of 

2       1 

log  (1  +x  +  a'2)  jg  _  _  or  -  according  as  n  is  or  is  not  a  multiple  of  3. 

1  -x' 

log{l+a:  +  a:«)=logr =log(l -ar"»)  -  log(l  -  a-) 

i.  —  X 

,     x«     ar»  x^  {        x^     x^  x'-  \ 
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If  71  m  a  multiple  of  3,  denote  it  by  3/-;  then  the  coefficient  of  a;"  ia-- 

r 

from  the  first  series,  together  with  —  from  the  second  series;  that  is,  the 

oT 

3      1  2 

coefficient  is h  -  ,  or  -  -  . 

n     n  n 

If  n  is  not  a  multiple  of  3,  a;"  does  not  occur  in  the  first  series,  therefore 

the  required  coefficient  is  - . 
n 

228.     To  prove  that  e  is  incommensurable. 

For  if  not,  let  e=  -  ,  where  m  and  n  are  positive  integers ; 

,,  wt      ^      ,      1       1  11 

then  _  =  1  +  1 +      +      +...+      +^ +.... 

n  \2      \3  \n     \n+ 1 

multiply  both  sides  by  j^i ; 

1  1  1 


. •.  m\n—l=  integer  +  — r^  + 


n+l      {n  +  l){n+2)      {n+}){n+2){n+3)     "' 

^       _l_  1  __1 

"    n+1  '^{n+l){n+  2)  '^  {n+ I)  {n,+  2){n  +  3)'^ '" 

is  a  proper  fraction,  for  it  is  greater  tlian   — —  and  less  than  the 
geometrical  progression 

1  1  1 

n+l'^  {n+iy'^  {n+iy'^  ■■-' 

that  is,  less  than     ;  hence  an  integer  is  equal  to  an  integer  plus 
a  fraction,  which  is  absurd ;  therefore  e  is  incommensurable. 
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1.  Find  the  value  of 

i_l+i_i+l-i+..„ 

2      3     4     5      6 

2.  Find  the  value  of 


2      2.2"^      3. 2»      4. 2*      5.25 
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3.    Shew  that 

log.(?i  +  «) 

,       ,         .     ^  (a      a? 

4.     It- 

shew  that 

„2       y3 

5.     Shew  that 

a-h  .  1  / 

'a-i\2  .  1  /a-6\3 

6.    Find  the  Napierian  logarithm  of  — ~  correct  to  sixteen  places 


log.6. 
999 


7.     Prove  that      6-^  =  2  ('^+ ,^+ ,^ +.... 


of  decimals. 

8.  Prove  that 

log,(l  +xy-(l  -,.)-=2  (j^2  +  3^  +^g  +....) . 

9.  Find  the  value  of 

10.  Find  the  numerical  values  of  the  common  logarithms  of  7,  1 1 
and  13;  given  /i= -43429448,  log  2  =  -30103000. 

11.  Shew  that  if  ax^  and  —^  are  each  less  than  unity 

12.  Prove  that 

5,2        Qj.3        17,4 

log.(l  +  3^  +  2.v2)  =  3^-^  +  ^-i^+...; 
and  find  the  general  term  of  the  series. 

13.  Prove  that 

^«S'l--2i.  =  '-^--2--^T---4-+-' 
and  find  the  general  term  of  the  serie.s. 

14.  Expand  -  ^  -  in  a  series  of  ascending  jwwers  of  ^.•. 
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15.  Express  -  (e'*  +  e"'*)  in  ascending  powers  of  .r,  where  i=s^  —  f. 

16.  Shew  that 

17.  If  a  and  /3  be  the  roots  of  .r^  -px  +  q  =  0,  shew  that 


2.t-2+|A^+|.r*+^:t'5  + 


19.    Shew  that 


"^■{'^Ih'-w- 


+  1)      2.3(7* +1)2     3.4(^  +  1)3     •■•• 

20.     If  log^  g      ^   be   expanded  in   a   series   of  ascending 

powers  of  x,  shew  that  the  coefficient  of  a'"  is  —  if  ?i  be  odd,  or  of 

the  form  4m  +  2,  and  -  if  7i  be  of  the  form  4m. 
n 


21.     Shew  that 


22.     Prove  that 


23      33      43 
'^^'-Vl'--4^-=''- 


2log,^-log,(7i+l)-log,(7i-l)=:i+2^+i-,+  .... 
23.     Shew  that      -i_  +        ^  ^ 


M+1      2(71  +  1)2     3(^  +  1)3     ••• 

~7h        27l2  +  3n3        •••• 

9  24  81 

24.     If  log,  Jq  =  -  «,  l^g^  25  =  -  ^»  l«ge  8Q  =  ^>  shew  that 

log,2  =  7a-27>  +  .3c,  log,3=:lla- 3ft  +  5c,  log,5  =  16«.-4/>  +  T<?; 
and  calculate  log^  2,  log,  3,  log,  5  to  8  places  of  decimals. 


CHAPTER  XVII 


INTEREST   AND   ANNUITIES. 


229.  In  this  chapter  we  shall  explain  how  the  solution  of 
questions  connected  with  Interest  and  Discount  may  be  simpHtied 
by  the  use  of  algebraical  formulae. 

We  shall  use  the  terms  Interest,  Discount,  Present  Value  in 
their  ordinary  arithmetical  sense ;  but  instead  of  taking  as  the 
rate  of  interest  the  interest  on  £100  for  one  year,  we  shall  lind  it 
more  convenient  to  take  the  interest  on  .£1  for  one  year. 

230.  To  find  the  interest  and  arnount  of  a  r/iven  sura  in  q, 
yiven  time  at  simple  interest. 

Let  P  be  the  principaLin  pounds,  r  Jiie  interest  of  XI  for  one 
year,  n  the  number  of  years,  /  the  interest,  and  M  the  amount. 

The  interest  of^  for  one  year  i^LAyand  therefore  for  n  years 
is  Pnr ;  that  is,  ' 

J}  =  Pnr (1). 

Also  M^P  +  l^ 

that  is,  M=P{l+nr) (2). 

From  (1)  and  (2)  we  see  that  if  of  the  quantities  i*,  n,  7%  /, 
or  P,  n,  r,  M,  any  thre^  be  giYej[i_the  fourth  may  be  found. 

231.  To  find  the  present  value  and  discount  of  a  given  sum 
due  in  a  yiven  time,  allowing  simple  interest. 

I^^t  J*  1)6  the  given  sum,  V  the  present  value,  D  the  discount, 
r  the  interest  of  £1  for  one  year,  9i  the  numl)er  of  years. 
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Since  V  is  the  sum  which  put  out  to  interest  at  the  present 
time  will  in  n  years  amount  to  F,  we  have 

F=V{l+nr); 


And 


1  +  717'  ' 


Note.     The  value  of  D  given  by  this  equation  is  called  the  true  discount. 
But  in  mactice  when  a  sum  of  money  is  paid  before  it  is  due,  It  is  uusLuuiiiT^ 
to  deduc¥~the  iwfer^sf  on  the  "dehl'msfeaff  of  the  trite"  dlscdmil,  and  Ihe 
moiiey  so  deducted  is  called  the  banlier^i  dj^cjj^unt;  so  that    >< 

Banker's  Discount  =  Fur, 

Pnr 

True  Discount  = , . 

1  +  nr 

Example.  The  difference  between  the  true  discount  and  the  banker's 
discount  on  £1900  paid  4  months  before  it  is  due  is  6s.  8d.;  find  the  rate 
per  cent.,  simple  interest  being  allowed. 

Let  r  denote  the  interest  on  £1  for  one  year;  then  the  banker's  discount 
1900r 


.     1900r         ,  ,,     ,        -.  ^  .       3 

IS  — 5—  ,  and  the  true  discount  is   ■         . 

^  +  3^ 

1900r 
I900r         3  1 

•■•       3      "^^     1    "3' 

l  +  ^r 

whence  1900r2=3  +  r; 

1^71+22800  _  1^151 
*■•  ''  3800  "    3800   * 

152       1 
Eejecting  the  negative  value,  we  have  r=^^^  =  ^  ; 

.*.  rate  per  cent.  =  100r=:4. 

232.     To^find  the  interest  and  amount  of ^  given  sura  in  a 
give7i  time  at  coinj)07ind  interest. 

Let  P  denote  the  principal,  R  the  amount  of  £\  in  one  year, 
n  the  number  ot  years,  1  the  interest,  and  M  tiie  amount.      "" 
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Thft  f^.Tnoi.iiit./>f  _P  at  the  end  of  the  first  year  is  PR ;  and,  since 
tliis  is  the  principal  for  the  second  year,  the  amount  at  the  end  of 
the  second  year  is  PR  x  R  or  PR^.  Similarly  the  amount  at  the 
end  of  the  third  year  is  PR^^  and  so  on;  hence  the  amount  in 
n  years  is  PR" ;  that  is, 


Note.    If  r  denote  the  interest  on  £1  for  one  year,  ^'e  have 


53^.  In  business  transactions  when  the  time  contains  a 
fraction  of  a  year  it  is  usual  to  allow  simple  interest  for  the 
fraction    of    the   year.       Thus    the  amount  of  .£1  in  ^  year  is 

T 

reckoned  1  +  «  i  ^^^  the  amount  of  P  in  4|  years  at  compound 

interest    is    PR*  i\  +^r\.       Similarly    the    amount    of    P    in 

n-¥  —  years  is  PR"  ( 1  +  —  ) . 
m  \       mj 

If  the  interest  is  payable  more  than  once  a  year  there  is  a 

distinction  between  the  nominal  annual  rate  of  interest  and  that 

actually  received,  which  may  be  called  the  true  annual  rate ;  thus 

if  the  interest  is  payable  twice  a  year,  and  if  r  is  the  nominal 

r 
annual  rate  of  interest,  the  amount  of  £1  in  half  a  year  is  1  +  -  , 

and  therefore  in  the  whole  year  the  amount  of£lis[l+-], 

so    that   the    true   annual    rate    of    interest    is 


234.     If  the  interest  is  payable  q  times  a  year,  and  if  r  is 
the  nominal  annual  rate,  the  interest  on  £,\  for  each  interval  is 

T 

-  ,  and  therefore  the  amount  of  P  in  ^i  years,  or  qn  intervals,  is 


1   + 


7/ 

In  this  case  the  interest  is  said  to  be  "converted  into  principal " 
(f  times  a  year. 
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If  the  interest  is  convertible  into  principal  every  moment, 
then  q  becomes  infinitely  great.     To  find  the  value  of  the  amount, 

T      1 

put  -  =  - ,  so  that  q  —  rx\  thus 

the  amount  -=  P  A  +  - Y '  -  F  {\  +  ^Y "  =  P  {{\  +  ij I" 

=  Pe"^  [Art.  220,  Cor.,] 
since  x  is  infinite  when  q  is  infinite. 

235.      To  find  the  'present  value  and  discount  of  a  given  sum 
due  in  a  given  time,  allowing  compound  interest. 

Let  P  be  the  given  sum,  V  the  present  value,  D  the  discount, 
R  the  amount  of  .£1  for  one  year,  n  the  number  of  years. 

Since   V  is  the  sum  which,  put  out  to  interest  at  the  present 
time,  will  in  n  years  amount  to  P,  we  have 

P^VJi"; 

and  i>  =  P(l-i?-"). 

Example.     The  present  value  of  £672  due  in  a  certain  time  is  £126;  if 
compound  interest  at  4^  per  cent,  be  allowed,  find  the  time ;  having  given 

log  2  =  -30103,  log  3  =  '47712. 

^'''  "=1^^^^^^  =  24- 

Let  n  be  the  number  of  years  ;^en 

672  =  126(1)"; 

,   25  .  672 
•••"^°^  24  =  ^°^  126' 

-  100  ,  16 
nloggg=log-; 

.-.  n  (log  100  -  log  96)  =  log  16  -  log  3, 
4  log  2  -  log  3 


n  =  r- 


2  -  5  log  2  -  log  3 
72700 


•01773 
thus  the  time  is  very  nearly  41  years. 


=  41,  very  nearly ; 


/^ 


202      n7  higher  algebra.     - 

EXAMPLES.    XVm.a. 

When  required  the  following  logarithms  may  be  used. 
Iogj=j3010300,,-Iog  -  S—- -47  7 1-^1^ 
log  7  =  '8450980,     logll  =  1-0413927. 

1.  Find  the  amount  of  ^100  in  50  years,  at  5  per  cent,  compound 
interest;  given  log  11 4-674  =  2-0594650. 

2.  At  simple  interest  the  interest  on  a  certain  sum  of  money  is 
£90,  and  the  discount  on  the  same  sum  for  the  same  time  and  at  the 
same  rate  is  £80  ;  find  the  sum. 

3.  In  how  many  yeai-s  will  a  sum  of  money  double  itself  at  5  per 
cent,  compound  interest  ? 

4.  Find,  correct  to  a  farthing,  the  present  value  of  £lpOOO  due 
8  years  hence  at  5  per  cent,  compoinid  interest ;  given 

log  67683-94  =  4-8304J5S^ 

5.  In  how  many  years  will  £1000  become  £2500  at  10  per  cent. 
\compound  interest  ? 

_       6.     Shew  that  at  simple  interest  the  discount  is  half  the  harmonic 
J  (    mean  between  the  sum  due  and  the  interest  on  it. 

7.  Shew  that  money  will  increase  more  than  a  hundredfold  in 
a  century  at  5  per  cent,  compound  interest. 

8.  What  sum  of  money  at  6  per  cent,  compound  interest  will 
amount  to  £1000  in  12  years  i     Given 

log  106  =  2-0253059,     log  49697  =  4'6963292. 

9.  A  man  borrows  £600  from  a  money-lender,  and  the  bill  is 
renewed  every  half-year  at  an  increase  of  1 8  per  cent. :  what  time  will 
elapse  before  it  reaches  £6000  ?    Given  log  11 8  =  2 -07 1 882. 

10.     What  is  the  amount  of  a  farthing  in  200  years  at  6  per  cent, 
compound  interest  ?   Given  log  106  =  2-0253059,  log  1 1 5*  1 270  =  2-061 1 800. 


Annuities. 

236.  An  annuity  is  a  fixed  sum  paid  periodically  under 
certain  stated  conditions ;  the  payment  may  be  made  either  once 
a  year  or  at  more  frequent  intervals.  Unless  it  is  otherwise 
stated  we  shall  suppose  the  payments  annual. 

An  annuity  certain  is  an  annuity  payable  for  a  fixed  term  of 
yeai-s  independent  of  any  contingency ;  a  life  annuity  is  an 
annuity  which  is  payable  during  the  lifetime  of  a  person,  or  of 
the  survivor  of  a  number  of  persons. 
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A  deferred  annuity,  or  reversion,  is  an  annuity  wliich  does 

>jiot  beginjintil  after  the  lapse  of  a  certain.  iXMijt?^JC-.jQL^gars ;  and 

i^Wnen  the  annuity  is  defeiTcd^for  j^^  yearg,  it  is  said  to  commence 

after  yt  yearvjaji4-ilie-&'st  paymejit.  i§  made  at  the  end  of  n  +  1 

\ears.  ""  ^'  "  "  ---^-^m 

If  the  annuity  is  to  continue  for  ever  it  is  called  a  perpetuity ; 
if  it  does  not  commence  at  once  it  is  called  a  deferred  perpetuity. 

An  annuity  left  unpaid  for  a  certain  number  of  years  is  said 
to  be  forborne  for  that  number  of  years. 

237.  To  find  the  amount  of  cm  annuity  left  unpaid  for  a  giveri 
number  of  years,  allowing  sijnphinteresL 

Let  A  be  the  annuity,  rtlie  interest^x)f  -£1  for  nnp.  ytjiiiv  :>:i.tj.lg^ 
number  of  years,  J/^the  amouQt^ ^  / 

At  the  end  of  the  first  y^a^^_is  due,  And  the  amount  of  this 
sum  in  the  remaining  n-X  years  ^  A  +  {7t  —  \)rA  ;  at  the  end  of 
the  second  year  an(Tttre^F^T?'^ue,~anct  the  amoiiht  of  this  sum  in 
the  remaining  (n— 2)  years  is  A+(7i—'2)rA;  and  so  on.  Now 
M  is  the  sum  of  all  these  amounts  j 

.'.  M={A  +  (*i^ljLr^|+  {A  +  {n-2)rA]  + +  {A  +  rA)  +  A, 

the  series  consisting  of  n  terms ; 

.'.^M^nA  +(1+2  +  3+ +~7}^l)rA 


12 


nA  +  — ^-- rA 


9        ■"•  ""^.UL^l 


238.  To  find  the  amount  of  an  annuity  left  unpaid  for  a 
given  numher  of  years,  gllnming  mm^mind.a.Tifp.rp.st — - 

Let  A  be  the  annuity,  Ji  the  amount  of  £1  for  one  year,  n 
the  number  of  years,  M  the  amount. 

At  the  end  of  the  first  year  A  is  due,  and  the  amount  of  this 
sum  in  the  remaining  n—l  years  is  AIi"~^;  at  the  end  of  the 
second  year  another  A  is  due,  and  the  amount  of  this  sum  in  the 
remaining  7i  -  2  years  is  AJR"~^;  and  so  on. 

.-.  M:^AJr-'  +  AR'-'+ +AR'  +  AJi  +  A 

^A(l  +R  -i-  R^  + to  n  terms) 
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239.  In  finding  the  present  value  of  annuities  it  is  always 
customary  to  reckon  compound  interest;  the  results  obtained 
when  simple  interest  is  reckoned  being  contradictory  and  un- 
trustworthy. On  this  point  and  for  further  information  on  the 
subject  of  annuities  the  reader  may  consult  the  Text-lwoks  of  the 
Institute  of  Actuaries,  Parts  I.  and  II.,  and  the  article  Annuities 
2;':^*^^  '  in  the  Encyclopaedia  Britannica. 


i9i 


240.      To^nd  the.  presenLvalue  of  an unnuitu^JsLSontinue ^or 
a  giverinumber  of  year Sj  allowing  compound  interest. 


LityJ  R 


Let  A  be  the  annuity,  R  the  amount  of  £\  in  one  year,  n 
the  number  of  years^ 


~F  the  required  present  vaTd^.      /7^"T^ 
J  of  A  due  in  1  year  is  AR~''    ^  ^'^^  ^^J 


The  present  value  of  A  due  in  1  year  is  AR~^  ;       i  /^ V' 

the  present  value  of  A  due  in  2  years^is  J^""*; 

the  present  value  of  A  due  in  3  vears  is  AR~^ ; 

and  so  on.    [Art.  235,] 

Now    V  is  the  sum   of  ahe  present  values  of  the  different 
payments;  ^  "^  __^        -^ 

.-.    V=AR-^+AR:'  +  AR-''+ ftp  n  terms— ^3 

~-  1  — /t  v 

Note.     This  result  may  also  be  obtained  by  dividing  tbe  value  of  M, 
given  in  Art.  238,  by  R\     [Art.  232.] 

Cor.     If  we  make  n  infinite  we  obtain  for  the  present  value 
of  a  perjJetuity 

R-\      r' 

241.     If  laA  is  the  present  value  of  an  annuity  A^  the  annuity 
is  said  to  be  worth  m  years'  purchase. 

liw  tlie  case  of  a  perpetual  annuity  inA  =  —  ;  hence 

r 

1  100 

7»  — -  = 


r      rate  per  cent.  * 
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that  is,  tlie  niiiuber  of  years'  purchasa  of  a  perpfttual  ^.pmiity  is 
obtametl  l)y  dividing  100  by  the  rate  per  cent. 

As  instances  of  perpetual  annuities  we  may  mention  the 
income  arising  from  investments  in  irredeemable  Stocks  such  as 
many  Government  Securities,  Corporation  Stocks,  and  Railway 
Debentures.  A  good  test  of  the  credit  of  a  Government  is  fur- 
nished by  the  number  of  years'  purchase  of  its  Stocks ;  thus  the 
'  2|  p.  c.  Consols  at  90  are  worth  36  years'  purchase ;  Egyptian 

4  p.  c.  Stock  at  96  is  worth  24  years'  purchase;  while  Austrian 

5  p.  c.  Stock  at  80  is  only  worth  16  years'  purchase. 

242.  To  find  the  present  value- of  a  deferredL  annuity  to 
comjri&ricejxt  the  end  of  p  years  and  to  continue  for  n  years^  allow- 
ing compound  interest,  _. 

Let  A  be  the  annuity,  Ji  the  amount  of  XI  in  one  j^ear,  V  the 
prpgpr>t  v^lup-  ' 

The   first    payment    is    made    at    the    end    of    (jp  f  1)  year; 

>rt.  236.] 

Hence  the  present  values  of  the  first,  second,  third...  pay- 
ments are  respectively 

AE-'p^'\  AR-^''^'\  AR-'^^'\  ... 

.-.  J^=AR-'''^''+  AR-'''^'\+  AE-''^''+  ....,^to  n  terms 

l-R'" 

AR-''     AR-^"" 


R-l       R-l 

Cor.     The  present  value  of  a  deferredj^^rpetuity  to  commence 
after  /;  years  is  given  by  the  formula 
..    AR-'' 
^-R—V 

/  243.  A  freehold  estate  is  an  estate  which  yields  a  perpetual 
annuitjLiiaLLed  the  reni. ;  and  thus  the  value  of  the  estate  is  equal 
to  the  present  value  of  a  perpetuity  equal  to  the  rent. 

It  follows  from  Art.  241  that  if  we  know  the  number  of  years' 
purchase  that  a  tenant  pays  in  order  to  buy  his  farm,  we  obtain 
the  rate  per  cent,  at  which  interest  is  reckoned  by  dividing  100 
by  the  number  of  years'  purchase. 
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Example.  The  reversion  after  6  years  of  a  freehold  estate  is  bought  for 
£20000;  what  rent  ought  the  purchaser  to  receive,  reckoning  compound 
interest  at  5  per  cent.?    Given  log  105  = -0211893,  log  1-340096  =  -1271358. 

The  rent  is  equal  to  the  annual  value  of  the  perpetuity,  deferred  for  6 
years,  which  may  be  purchased  for  £20000. 

Let  £A  be  the  value  of  the  annuity;  then  since  R  =  l-05,  we  have 


20000: 


A  X  (l-05)-« 
-05 


.-.  ^x  (1-05) -6  =  1000; 
log  ^-61og  1-05  =  3, 
log  A  =  3-1271358  =  log  1340-096. 
-.  ^  =  1340-096,  and  the  rent  is  £1340.  l.s'.  lid. 


244.  Suppose  that  a  tenant  by  paying  down  a  certain  sum 
has  obtained  a  lease  of  an  estate  for  p  +  q  years,  and  that  when 
q  years  have  elapsed  he  wishes  to  renew  the  lease  for  a  term 
p  +  n  years ;  the  sum  that  he  must  pay  is  called  the  fine  for 
renewing  n  years  of  the  lease. 

Let  A  be  the  annual  value  of  the  estate ;  then  since  the 
tenant  has  paid  for  p  of  the  p  +  n  years,  the  line  must  be  equal 
to  the  present  value  of  a  deferred  annuity  A,  to  commence  after 
p  years  and  to  continue  for  n  years  ;  that  is. 


the  fine 


AE-^ 
R-\ 


AR- 


R-\ 


[Art.  242.; 


jxt 


EXAMPLES.    XVm.b. 


(/ 


The  interest  is  supposed  compomid  unless  the  contrary  is  stated. 


1.  The  amount  of  an  annuity  of  ^120  which  is  left  unpaid  for 
6  years  is  £672  ;  find  the  rate  per  cent,  allowing  simple  interest. 

2.  Find  the  amount  of  an  annuity  of  .£100  in  20  years,  allowing 
compound  interest  at  4^  per  cent.     Given 

log  1-045  =0191163,     log  241 17  =  1-3823260. 

3.  A  freehold  estate  is  bought  for  £2750 ;  at  what  rent  should  it 
be  let  so  that  the  owner  may  receive  3j>erceiit.  on  the  purchase  money  ? 

4.  A  freehold  estate  worth  £120  a  year  is  sold  for  £4000 ;  find  the 
rate  of  intereitt. 


\    /    5.     How  iwany  years' jjurchaso  shnnlH  ^be  given   for  a  freehold 
^tate,  iiiteFest  being^calculateci  at  3|  per  cei^  ?         ^    / 

6.     If  a  perpetual  annuity  is  worth  25  years    pur' '^^« 


amount  of  an  annuity  of  £6^5  to  continue  J^r  2  years. 

7.  If  a  perpetual  annuity  is  worth  20  years'  purchas^,  find  i\ 
annuity  to  continue  for  ,3-yearsjwhich  a^n  be  piiyehascd  for  ^522.  -^     ""^^^Z 

8.  When  the  rate  pf  interest  is  4  per  centy  find  what  sum  must     ' 

be  paid  now  to  receive  aJffreehold  estate  of  X400mNyear  10  years  hence;      *^ 
having  given  log  104  =  2-01 70333,  log  6-75565  = -82966^0^--^; ,  ^  Jx^  ^^^ 

I 


Find  what  sum  will  amount  to  £500  in  50  years  at  2  pei-  cent, 
interest  being  payable  every  moment;  given  e~^  =  '3678. 


10.  If  25  years'  purchase  must  be  paid  for  an  annuity  to  continue 
n  years,  and  30  years'  purchase  for  an  annuity  to  continue  2n  years, 
find  the  rate  per  cent. 

11.  A  man  borrows  £5000  at  4  per  cent,  compound  interest ;  if  the 
principal  and  interest  are  to  be  repaid  by  10  equal  annual  instalments, 
find  the  amount  of  each  instalment ;  having  given 

log  1-04  =-01 70333  and  log  675565  =  5-829667. 

12.  A  man  has  a  capital  of  £20000  for  which  he  receives  interest 
at  5  per  cent. ;  if  he  spends  £1800  every  year,  shew  that  he  will  be 
ruined  before  the  end  of  the  17*^  year;  having  given 

log  2  =  -3010300,  log  3  = -4771213,  log  7  = -8450980. 

13.  The  annual  rent  of  an  estate  is  £500 ;  if  it  is  let  on  a  lease 
of  20  years,  calculate  the  fine  to  be  paid  to  renew  the  lease  when  7  years 
have  elapsed  allowing  interest  at  6  per  cent. ;  having  given 

logl06  =  2-0253059,    log4-688385  = -6710233,     log3-l  18042  =  -4938820. 

14.  If  «,  h,  c  years'  purchase  must  be  paid  for  an  annuity  to  con- 
tinue ?i,  2n,  3w  years  respectively ;  shew  that 

a'-ah-\-h^=^  ac. 

.  15.  What  is  the  present  worth  of  a  perpetual  annuity  of  £10 
payable  at  the  end  of  the  first  year,  £20  at  the  end  of  the  second, 
£30  at  the  end  of  the  third,  and  so  on,  increasing  £10  each  year; 
interest  being  taken  at  5  per  cent,  per  amium  ? 


CHAPTER  XIX. 

INEQUALITIES. 

245.  Any  quantity  a  is  said  to  be  greater  than  another 
quantity  b  when  a  -  6  is  positive ;  thus  2  is  greater  tlian  -  3, 
because  2  -  (-  3),  or  5  is  positive.  Also  b  is  said  to  be  less 
than  a  when  6- a  is  negative;  thus  -5  is  less  than  -2,  because 
—  5  —  (—  2),  or  -  3  is  negative. 

In  accordance  with  this  definition,  zero  must  be  regarded  as 
greater  than  any  negative  quantity. 

In  the  present  chapter  we  shall  suppose  (unless  the  contrary 
is  directly  stated)  that  the  letters  always  denote  real  and  positive 
quantities. 


1.     If  a 

>6, 

then  it  is  evident  that 

a  +  c  >  b  +  c ; 

a-c>b  —  c; 

ac  :>  be; 

a      b 

that  is,  an  inequality  will  still  hold  after  each  side  has  been 
increased,  diminished,  multiplied,  or  divided  by  tJie  same  positive 
qua/ntiiy. 

247.     If  a-c^b, 

l)y  adding  c  to  each  side, 

a>b + c ; 

wliich  shews  that  in  an  inequality  any  tei^m  may  be  transposed 
from  one  side  to  the  otlier  if  its  sign  be  changed. 

If  a  >  b,  then  evidently      b  <.  a; 
that  is,   if  tJie  sides  of  an  inequality  be  transposed,  the  sign  of 
inequality  must  be  reversed. 
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If  a  >  h^  then  a  -  6  is  positive,  and  h  ~  a  is  negative  ;  that 
is,  —a  —  (—  h)  is  negative,  and  therefore 

—  «  <  — 6  ; 

hence,  if  the  signs  of  all  the  terms  of  an  inequality  he  changed.^ 
the  sign  of  inequality  must  be  reversed. 

Again,  if  a  >  6,  then  —a  <  —b,  and  therefore 

-ac  <  —he, 

that  is,  if  the  sides  of  an  inequality  be  midtiplied  by  the  same 
negative  quantity,  tJie  sign  of  inequality  must  be  reversed. 

248.  If  «,  >  6j,  a^>b^,   «3  >  ^3j   ^m^^m^    ^^   ^^    clear 

that 

ttj  +  ^2  +  ^3  +  . . .  +  a„,  >  6j  +  62  +  6g  +  . . .  +  6„, ; 

and  ^^1^2^   •  •  •  ^m   >   ^1^2^3  "-^m' 

249.  If  a>h,  and  if  j9,  q  are  positive  integers,  then  ^a>^b, 

i  i  £  ? 

or  a'  >  6' ;  and  therefore  a''  >  b'' ;  that  is,  a"  >  6",  where  /t  is  any 
positive  quantity. 

Further,     —  <  7^ ;  that  is  a~"  <  6~". 
a       6 

250.  The  square  of  every  real  quantity  is  positive,  and 
therefore  greater  than  zero.     I'hus  [a  -  by  is  positive ; 

.-.     a'-2ab  +  b'>0; 

.-.    a'  +  b'>2ab. 

Similarly  ^"9      ^  J^^ '} 

that  is,  tfie  arithmetic  rnean  of  two  positive  quantities  is  greater 
than  their  geometric  mean. 

The  inequality  becomes  an  equality  when  the  quantities  are 
equal. 

251.  The  results  of  the  preceding  article  will  be  found  very 
useful,  especially  in  the  case  of  inequalities  in  Vhich  the  letters 
are  involved  symmetrically. 

H.  H.  A.  14 
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Example  1.     If  a,  b,  c  denote  positive  quantities,  proye  that 
a^  +  h'^+c'^'bc-^ca  +  ah', 
and  2  (a»  +  h'^  +  c^) >hc{h->rc)  +  ca {c  +  a)  +  ah  {a  +  b). 

For  h-'  +  c^>2hc  (1); 

whence  by  addition  a-  ■vh'^-\-c->hc-\-ca-\-  ah. 

It  may  be  noticed  that  this  result  is  true  for  any  real  values  of  a,  b,  c. 

Again,  from  (1)  b--bc  +  c->bc  (2) ; 

.-.  h'^  +  c^^hcib+c) (3). 

By  writing  down  the  two  similar  inequalities  and  adding,  we  obtain 

2{a'^  +  b^  +  <^)>bc{b  +  c)+ca{c  +  a)  +  ab{a  +  b). 

It  should  be  observed  that  (3)  is  obtained  from  (2)  by  introducing  the 
factor  6  +  c,  and  that  if  this  factor  be  negative  the  inequality  (3)  will  no 
longer  hold. 

Example  2.  If  x  may  have  any  real  value  find  which  is  the  greater, 
a;^  + 1  or  a;-  +  x. 

x^  +  l-(x-  +  x)=x'^-x--{x-l) 

=  {x-'-l){x-l) 

=  {x-l)^x  +  l). 

Now  (x  -  1)2  is  positive,  hence 

x^  +  1  >  or  <  x^  +  x 

according  as  a;  + 1  is  positive  or  negative;  that  is,  according  as  x  >  or  <  -  1. 

If  a;=  - 1,  the  inequality  becomes  an  equality. 

252.     Let  a  and  b  be  two  positive  quantities,  S  their  sum 
and  P  their  product;  then  from  the  identity 

iab  =  {a  +  by-{a-by; 
we  liave 

iP  =  S'-{a-  by,  and  S'  =  iP+(a-  by. 

Hence,  if  S  is  given,  P  is  greatest  wlien  a^b ;  and  if  P  is 
given,  ;S'  is  least  when 

a=  b; 

tliat  is,  if  the  sum  of  two  jjositive  quantities  is  given,  their  jyroduct 
is  greatest  when  they  are  equal ;  and  if  the  jyroduct  of  two  j^ositive 
quantities  is  given,  their  sum  is  least  when  they  are  equal. 
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253.     To  find  the  greatest  value  of  a  yroduct  the  sum  of  whose 
/actors  is  constarit. 

Let  there  be  71  factors  a,  b,  c,  ...  k,  and  suppose  that  their 
sum  is  constant  and  equal  to  s. 

Consider  the  product  abc  ...  k,  and  suppose  that  a  and  b  are 
any  two  unequal  factors.     If  we  replace  the  two  unequal  factors 

a,  b  by  the  two  equal  factors  ~^y—  ,  the  product  is  increased 

while  the  sum  remains  unaltered ;  hence  so  long  as  the  product 
contains  two  unequal  factors  it  can  be  increased  vnthout  altering 
the  sum  of  the  factors  ;  therefore  the  product  is  greatest  when  all 
the  factors  are  equal.     In  this  case  the  value  of  each  of  the  n 


factors  is  -  ,  and  the  greatest  value  of  the  product  is  ( - )  ,  or 

/a  +  b  +  c+  ...  +ky 


Cor.     li  a,  b,  c,  ...  k  are  unequal, 

/a+b  +  c+  ...  +k\"        , 

( )    >  aoc  ...  k\ 

\  n  J 

that  is, 

a  +  b  +  c+  ...+k      ,  ,  , , ,5 
>  (abc  ...  k)  . 

n  ^  ' 

By  an  extension  of  the  meaning  of  the  terms  arithmetic  mean 
and  geometric  mean  this  result  is  usually  quoted  as  follows  : 

the  arithmetic  mean  of  any  number  of  positive  quantities  is  greater 
than  the  geometric  meati. 

Example.     Shew  that  (l**  +  2'-  +  3'*  +  !. .  +  n^y  >  n"  ( ^y ; 
where  r  is  any  real  quantity. 

71  ' 


■ir  +  2'-  +  3*-+...+n''\" 


\  n 

whence  we  obtain  the  result  required. 


y>F.2''.3»' n^  that 'is,  >([»/; 

14—2 
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254.  To  find  the  yreatest  value  q/'a'"b"c''. . .  when  a  +  b  +  c  +  ... 
is  constant;  iii,  n,  p,...  being  positive  integers. 

Since  m,  w,  j^,--  are  constants,  tlie  expression  a'"b"c''...  will 
be  greatest  when  (— j  (-j  (-)•••  is  greatest.  But  this  last 
expression  is  the  product  of  vi  +  n+2J+  -..  factors  whose  sum  is 
fn(  —  j+n(~j  +  2jl-j+  ...,  or  a  +  b  +  c+  ...,  and  therefore  con- 
stant. Hence  a'^b'c"...  will  be  greatest  when  the  factors 
aba 

are  all  equal,  that  is,  when 

a      b      c  a  +  b  +  c  + ... 

m     n     p       "     m+n+p+...' 

Thus  the  greatest  value  is 

/a  +  b  +  c+  ..  \'»+'»-B>+... 

m  n  p". . .  (  ) 

\ni  +  n+p  +  .../ 

Example.  Find  the  greatest  value  of  (a  +  x)^  {a  -  x)*  for  any  real  value 
of  X  numerically  less  than  a. 

fa,  +  a;\^  [a  —  x\* 
The  given  expression  is  greatest  when  /  — —  j   (  -^  \  is  greatest ;  but 

the  sum  of  the  factors  of  this  expression  is  3  (  -^— )  +  4  (  — j—  j ,  or  2a; 

hence  (a  +  x)'  (a  -  x)*  is  greatest  when  —^—  =  — j—  ,  or  a;  =  -  - . 

63.  s* 
Thus  the  greatest  value  is     '  ■  a''. 

255.  The  determination  of  itiaximuin  and  minimum  values 
may  often  be  more  simply  effected  by  the  solution  of  a  quad- 
ratic equation  than  by  the  foregoing  methods.  Instances  of 
this  have  already  occurred  in  Chap.  ix. ;  we  add  a  further 
illustration. 

Example.  Divide  an  odd  integer  into  two  integral  parts  whose  product 
is  a  maximum. 

Denote  the  integer  by  2u  + 1 ;  the  two  parts  by  x  and  2»i  + 1  -  a: ;  and 
the  product  by  y ;  then  (2n  -f- 1)  a;  -  x'  =  y  ;  whence 

2x  =  (2n+l)±V(2n  +  l)«-4|/; 
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but  the  quantity  under  tlie  radical  must  be  positive,  and  therefore  y  cannot 

be  greater  than  -r  (2w  +  \f,  or  w'-*  +  n  +  j ;  and  since  y  is  integral  its  greatest 

value  must  be  w'-^  +  n;  in  which  case  a;=n+ 1,  or  n\  thus  the  two  parts  are  n 
and  n+1. 

256.     Sometimes  we  may  use  the  following  method. 

Example.     Find  the  minimum  value  of   ^ -^ ' . 

^  c  +  x 

Put  c  +  x  =  y;  then 
the  expression      J^JZ^  +  ylStH+l) 


y 

(a  -  c)  (6  -  c) 


+  y-ira-c+h-c 


'J{a-c){b-c)       ,V 


^y\  +a-c  +  b-c  +  2  J{a-c){b-c). 


V       s/y 

Hence  the  expression  is  a  minimum  when  the  square  term  is  zero ;  that 
is  when  y  =  J{a-c){b-c). 

Thus  the  minimum  value  is 

a-c  +  6-c  +  2  J  {a  -c)  [b-  c) ; 
and  the  corresponding  value  of  x  is  sj{a  -c)  {b-  c)  -  c. 


EXAMPLES.    XIX.  a. 

1.  Prove  that  {ab  +  xy)  {ax  +  hy)  >  4tahxy. 

2.  Prove  that  {b  +  c)  (c  +  a)  (a  +  b)>  8abc. 

3.  Shew  that   the  sum  of  any  real  positive  quantity  and  its 
reciprocal  is  never  less  than  2. 

4.  If  a^  +  b^  =  l,  and  x^+y^=l,  shew  that  ax  +  bi/<l. 

5.  If  a2  +  62  +  c2  =  1 ,  and  x^ ■\-'>f  +  ^^  =  1 ,  shew  that 

ax  +by-\-cz  <  1. 

6.  If  a  >  6,  shew  that  a%^  >  a''6«,  and  log  -  <  log ■ . 

'  '  ^a        ^l+a 

7.  Shew  that  {x'^y  +  yh  +  z^x)  {xy^  ^yz^  +  zx'^)  >  Qx'^yh\ 

8.  Find  which  is  the  greater  3a62  or  a^  +  26''. 

9.  Prove  that  a^b  +  al^  <  a*  +  6*. 

10.  Prove  that  Qabc  <-bc{b  +  c)-\-  ca  {c  +  a)  +  ab  {a  +  b). 

11.  Shew  that  b^c^  +  c^a^  +  a%^  >  a6c  (a  +  6  +  c). 
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12.  Which  is  the  greater  x^  or  a>^  +  x  +  2  for  positive  vaUies  of  .r? 

13.  Shew  that  x^  +  Ida^x  >  biLxr^  +  Oa^,  if  x  >  a. 

14.  Find  the  greatest  value  of  x  in  order  that  7a;2+ll   may  he 
greater  than  ^+17a:. 

15.  Find  the  minimum  value  of  .r^- 12^ +40,  and  the  maximum 
value  of  24r  -  8  -  9x^. 

16.  Shew  that  (|w)2  >  w",  and  2.4.6. ..2n  <  (w+ 1)". 

17.  Shew  that  {x+^+zf>  21xyz. 

18.  Shew  that  w«  >  1 . 3 . 5...(2?i - 1). 

19.  If  ?i  be  a  positive  integer  greater  than  2,  shew  that 

20.  Shew  that  ( |?i)3  <  w«  f  -^  j    . 

21.  Shew  that 

(1)  {x+y +zf  >  'HI {y +z - x){z-\rx -y){x-]ry -z), 

(2)  xyz>{y-{-z-x){z+x  'y)(x+y-z).     , 

22.  Find  the  maximum  value  of  (7  -  .r)*  (2  +.r)^  when  x  lies  between 
7  and  -  2. 

/K  I   yp'j  ('2-1-  /r^ 

23.  Find  the  minimum  value  of  ^^ —  \J  . 


*257.     :Z'o  2^fove  that  if  a    ant/  b  are  positive  and  unequal, 
>  (  —-—  J    ,  except  when  m  is  a  positive  proper  fraction. 

We    have    a'" +  ir  ^{-^^  +  -^\    +  (-f- 2~/    ' 

since  — ^r—  is   less   than    — ^- ,   we   may   expand  each  of  these 
expressions  in  ascending  powers  of  -^     .     [Art.  184.] 
«"•  +  y      /a  +  by     m (m-\)/a  +  b\ '""'  /a  -  bV 

w  (w  -  1)  (w  -  2)  (m -_3)  /a  +  bV"-*  /a-bV 
+  172. 374  ;  \    2  )      \   2   )  '^"■' 
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(1)     If   wi   is  a  positive  integer,  or  any  negative  quantity, 
all  the  terms  on  the  right  are  positive,  and  therefore 


or  +  6"'      fa  +  b' 

9~ 


(^)' 


'a'"  +  6'"\"'     a  +  b 
>  — 7i — 


(2)  If   on  is    positive  and   less    than    1,   all    the    terms    on 
the  right  after  the  first  are  negative,  and  therefore 

-2"    ■=  (-2-)  • 

(3)  If  m  >  1  and  positive,   put  7n  =  -  where  n<l;  then 

1  ^       ^ 

faT  +  b^Y  _  /^"  +  ^"V 
\~2~)    -\     2     )   '^ 

] 

a'^  +  b'"      /a  +  b\" 

Hence  the  proposition  is  established.     If  m^O,   or   1,  the 
inequality  becomes  an  equality. 

*258.     If  there  are  n  positive  quantities  a,  b,  c,  ...k,  then 
a^+b'^  +  c^  +  .-.  +  k'"      /a  +  b  +  c+ ... +k\°' 

n n n ) 

unless  m  is  a  positive  proper  fraction. 

Suppose  m  to  have  any  value  not  lying  between  0  and  1. 

Consider    the    expression    a'"  +  6""  4-  c"'  +  . . .  +  A;'",   and    suppose 

that  a  and  b  are  unequal ;  if  we  replace  a  and  b  by  the  two  equal 

,.,.     a  +  ba+b,,         ,         „         ,  , 

quantities  -— — ,  -    -  ,  the  value  of  a  +  b  +  c+  ...  +k  remains  un- 

altered,  but  the  value  of  «'"  +  fi"*  +  c'"  +  . . .  +  ^'"  is  diminished,  since 

+  5^ 
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Hence  so  long  as  any  two  of  the  quantities  «,  i,  c',...^are  unequal 
the  expression  a'"  +  6'"  +  c"*  +  . . .  +  A;"*  can  be  diminished  without 
altering  the  value  of  a  +  b  +  c  +  ...+k;  and  therefore  the  value 
of  a"*  +  6*"  +  c'"  +  . . .  +  A;""  will  be  least  when  all  the  quantities 
a,  b,  c,...k  are  equal.     In  this  case  each  of  the  quantities  is  equal 

a  +  h  +  c+  ...  +A; 

to  ; 

n 

and  the  value  of  a"*  +  6"'  +  c"*  +  . . .  +  A;""  then  becomes 

^a  +  h  +  c+  ...  +  h\^ 


/a  +  b  +  c+  ...  +  A;\"' 


Hence  when  a,  b,  c,...k  are  unequal, 

a'"  +  6'"  +  c"'+ ... +A;"*      /a  +  b  + c  +  ... +ky 
n  \  n  J  ' 

If  m  lies  between  0  and  1  we  may  in  a  similar  manner  prove 
that  the  sign  of  inequality  in  the  above  result  must  be  reversed. 

The  proposition  may  be  stated  verbally  as  follows : 

The  arithmetic  mean  of  the  m^^  powers  of  n  positive  quantities 
is  greater  than  the  m^^  power  of  their  arithmetic  mean  in  all  cases 
except  when  m  lies  between  0  and  1. 

♦259.     If  a  and  b  are  positive  integers ^  and  a>b,  and  if  y.  be  a 

positive  qtuintity,  (l+-j  >(l+r)' 

For 

the  series  consisting  of  «  +  1  terms;  and 

the  series  consisting  of  6  +  1  terms. 

After  the  second  term,  each  term  of  (1)  is  greater  than  the 
corresponding  term  of  (2) ;  moreover  the  number  of  terms  in  (1) 
is  greater  than  the  number  of  terms, in  (2)  ;  hence  tlie  proposition 
is  established 
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*2B0.     To  prove  thai  ^1±?  >  1J\^^, 
i/x  and  y  are  proper  fractions  and  positive,  and  x  >  y. 


For 


A  /  1 >  or  <  .  /  - — -  , 


J.                      1  .       1  +a;  1  .      1  +y 

according  as  -  loer  -, >  or  <  -  log  :i — -  . 


y    ^\-y       \        3      5         / 

1  -       1  -vx      1  ,       1  +y 

.  •.     -  loff >  -  log  -1 — -  , 

X     ^ l-x     y     ^ l-y 

and  thus  the  proposition  is  proved. 

*261.     To  prove  that  (1  +  x/^"  (1 -xy-''>l,  if  x<l,  and   to 


deduce  that 


a  +  b\»+^ 


"">m 


Denote  (1  +aj)'+'  (1  -a;)'"'  by  P;  then 
logP=(l+a;)log(l  +iK)  +  (l-.r)log(l  -x) 

^  X  {log  (1  +x)-  log  (1  -  cc)}  +  log  {\.  +  x)  +  log  (1  -  x) 
„    /         a;''      a;'         \      _  /x""      x* 

„  /  (c'  a;'         x' 


„6 

+ 


6 

Hence  log  P  is  positive,  and  therefore  P>  1 ; 
.that  i^,  (1  :\-:xy^''il  -.«;)'"%  1. 
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In  this  result  put  a;=  "'  ,  wliere  loz  :  then 
u 

.     (!f±_.)-(._Z_.)".,,„, 

Now  put  u  +  z-a,  u  —  z-b,  so  that  u  =  —~—  ; 


♦EXAMPLES.    XIX.  b. 

1.  Shew  that  27  {a^  +  ¥  +  c*)^  {a  +  b  +  c)*. 

2.  Shew  that  w(ri  +  l)3<8(P  +  23  +  33+...+w3). 

3.  Shew  that  the  sum  of  the  m}^  powers  of  the  first  n  even  num- 
bers is  greater  than  n{n+ 1)™,  if  m>l. 

4.  If  a  and  ^  are  positive  quantities,  and  «  >  ^,  shew  that 

Hence  shew  that  if  7?  >  1  the  vakie  of  (  1  -}-  -  )    lies  between  2  and 
2-718... 

5.  If  a,  h,  c  are  in  descending  order  of  magnitude,  shew  that 

fa+cy     fb+cV' 
\a-c)   '"\b-cj  ' 

6.  Shew  that  ^^^±^±^tiid:i^y^'^'^  •^*<««6V...X-*. 

7.  Prove  that  -  log  (1  +  «"»)  <  -  log  ( 1  +  «»),  if  on  >  n. 

8.  If  ?i  is  a  positive  integer  and  x  <  1,  shew  that 

1  -A'"^^      l-.t* 
7t+l  ?t 
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9.     If  a,  h,  c  are  in  H.  P.  and  w  >  1 ,  shew  that  a"  +  c'*  >  26". 
.  10.     Find  the  maximum  vahie  of  a^  (4a  -  x)^  if  x  is  positive  and  less 

than  4a;  and  the  maximum  vahie  of  x^{\-xf  when  x  is  a  proper 
fraction. 

11.  If  X  is  positive,  shew  that  log  (l+x)<  x  and  >  — —  . 

12.  li  x-\-y  +  z=\,  shew  that  the  least  value  of  - -\ h-  is  9; 

X     y     .z 
and  that  .{\-x){^-y){\-z)> Sxyz, 

13.  Shew  that  {a-^h-^G+d){a^^h^+(^+d^)>  {a^-^-  h^ + c2  +  (Pf. 

14.  Shew  that  the  expressions 

a(a-6)(a-c)  +  6  {h-c){h-a)  +  c  {G-a)(G-h) 
and  a2  (^  _  5)(^  _  g)  +  52(5  _  c)  (6  -  a)  +  c^{c  -a){c~  h) 

are  both  positive. 

15.  Shew  that  (x'^+y'^Y  <  (.r»*+2/»)%  if  m  >  w. 


16.     Shew  that  aPh 


^^ /a  +  6\«  +  '' 


17.  If  «,  6,  c  denote  the  sides  of  a  triangle,  shew  that 

(1)  a^{p-q)(p-r)  +  b^{q-r){q-p)  +  c^{r-p){r-q) 
cannot  be  negative ;  p,  q,  r  being  any  real  quantities ; 

(2)  ah/z  +  b^zx+c^xy  cannot  be  positive,  if  x+y  +  z  =  0. 

18.  Shew  that   jl  i3  |5 \2n-l  >  (|m)" 

19.  li  a,  b,  c,  d, are  p  positive  integers,  whose  sum  is  equal 

to  n,  shew  that  the  least  value  of 

\±\b_\_cj± is  {\qy-'{\q±})'-, 

where  q  is  the  quotient  and  r  the  remainder  when  n  is  divided  by  p. 


/)'.  /^ 


[^M^MU^n.^iAu/'y^^ 


i'T/O^ 


.o^ 


i/3C>tu%.^  IAl 


u/^'jLe,^^    4.  ^Ccn^-^ 


if-et-^-^Lt^^ 


'^''^'^:^:^"^-IZl 


^^<^ 
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x=5,  --; 


2-     ^  =  2,  -j-g-;  2/  =  7, 


53 


;  y 


4.  a:=±5,  ±3;  2/=*3,  ^5. 

6.  a;=45,  5;  t/  =  5,  45. 

,X8.  a:=jfc2^±3jj/=±l,  ±2. 

10.  x=  ±5,  ±3;  i/=±3,  ±4. 


8  .        15 

2  ' 
25 
'      22* 
x  =  8,  2;  t/  =  2,  8. 
.T  =  9,  4;  2/  =  4,  9. 
.r=±2,  ±3;  2/=  ±3,  *4 
a;=±2,  ±1;  y=^l,  ±3. 

a:  =  5,  3,4±V-97;  y  =  3,  5,4tJ-91. 
x=4,  -2,  ±7^^5  +  1;  t/  =  2,  -4,  ±^^15-1. 
a;=:4,   -2,  ±7^11  +  1;  y  =  2,  -4,  ±^^^1-1 
4      1 
'   5 

a;=i^rTr?/=i,  16. 


x= 

X  — 


;  y  =  20,5. 


17.     x  =  2,  1;  y  =  l,  2. 

19.     a:  =  729,  Bid;  y  =  343,  729. 
21.    x  =  9,  4;  y=4,  9. 


x  =  5;  y=  ±4. 
a;  =  9,  1;  t/  =  l, 


:r  =  6,  2,4,  3;y-irt'|,2. 


5  2 

23.     ^^l,-;y  =  2,-. 

25.     a:=±25;  i/=  ±9. 


a;=±5,  ±4,  ±-,  ±2;  2/^±5,  ±4,  ±10,  ±8. 
2 


28.     a;  =  4, 


107 
13 


1   15 
^'  13- 


29. 


32. 

34. 

35. 
36. 

37. 


39. 


.   1±^-143  _    1±3V-143 

x^ - 6,  — y- —  ;  y=-B,  — y^ — —  . 


.r  =  0,  9,  3;  t/  =  0,  3,  9. 

a;.-=±3,  ±V-18;  2/=  ±3,  tJ'-1S. 
x  =  y=  ±2. 


15 


31.     x=0,l,^^;y  =  0,2,^^. 


33.     ar  =  2,  4/4,  2  ;  ]/  =  2,  2^4,  6. 


s/a  +  ijb'   ija-^b 


;  y=o, 


a2     aj[26--a)  62     6(2a-6) 


34—2 
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M.     x  =  0,  *ajl,  ia^LS,  ±3a,  =fca;  y  =  0,  ^h^l,  ±?) J13,  ^^  t36. 
2a2  a 

X.  C.     Pacies  109,  110. 

1.     a;=  A3;  ?/=  *u;  2=  rfc4.  2.     a;  =  5;  y  =  -  1;  2;  — 7. 

3.     a:  =  5,    -1;  y  =  l,   -5;  ^  =  2.  4.     ar  =  8,  -3;  1/^=3;  «  =  3,  -8. 

6.     aT  =  4,  3, ^ ;  y  =  3,  4,  — -^ ;  2  =  2,  -  — . 

6.     ar=  4:3;  t/=  t2;  2=  i5.  7.     a:=  ±5;  y=  ±1 ;  2=  ±1. 


10.     x=l;  y  =  2;  ^  =  3.  11.     a;  =  5,  -7;  2/  =  3,  -5;  ^-6,  -8. 

12.     ar  =  l,  -2;  y  =  l,  -3;  ^  =  3,    -y. 


2  

2  =  2a,  -4a,  (l±V-15)a. 

X.  d.     Page  113. 

1.  a;  =  29,  21,  13,  5;  y- 2,  5,  8,  11. 

2.  a:  =  l,  3,  5,  7,  9;  y  =  24,  19,  14,  9,  4. 

3.  ar  =  20,8;  y  =  l,  8.  4.    a:  =  9,  20,  31;  y  =  27,  14,  1. 
5.  a;  =  30,  5;  y  =  9,  32.  6.     a:  =  50,  3;  y  =  3,  44. 

7.  a;  =  7i)-5,  2;  7/  =  5i)-4,  1.  8.     a:=13p -2,  11;  y  =  62)- 1.  5. 

9.  a-  =  21i)-9,  12;  y  =  8;)-5,  3.         10.     a;  =  17j),  17;  ^  =  13;),  13. 

11.  a;-19i)-16,  3;  y  =  23p-19,  4.     12.     x  =  77i)- 74,  3;  y  =  3()p-25,  5. 

13.  11  horses,  15  cows.  14.     101.  18.     56,  25  or  16,  65. 

16.  To  pay  3  guineas  and  receive  21  half-crowns. 

17.  1147 ;  an  infinite  number  of  the  form  1147  +  39  x  56p. 

18.  To  pay  17  florins  and  receive  3  half-crowns. 

19.  37,  99;  77,  59;  117,  19. 

20.  28  rams,  1  pig,  11  oxen;  or  13  rams,  14  pigs,  13  oxen. 

21.  3  sovereigns,  11  half-crowns,  13  shillings. 
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7.  15,  360. 

8.  6. 
.I2rri¥4t). 

9. 
13. 

120. 
6375600. 

10. 
14. 

720. 
360,  144. 

11.  10626,  1771. 
15.  230300. 

16.  1140,  231. 

17. 

Ui^ 

18. 

224,  896. 

19.  848. 

20.  56. 

21. 

26. 

29. 
34. 

360000. 

22. 
26. 
30. 

2052000. 

2520. 

25920. 

23.  369600. 

24.  21600! 
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2903040. 
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27.  5760. 
32.  41. 

XL  b.    Pages  131,  132. 

1.     (1)    1663200.     (2)    129729600.     (3)   3326400. 
3.     151351200.        4.     360.  5.     72. 

7.     «''.  8.     531441.  9.     p"". 


2.     4084080. 
6.— 125. 
10.     30*    ' 

\a  +  2b  +  3c  +  d 


11.  1260. 
16.  4095. 
19.     127. 


12.     3374. 
16.    ^7760000. 
20.     315.  21. 


13.     455. 


14. 


\a_{\bf{lcf 
17.     1023.       18.     720^,3628800. 


(|ot)«  in 


22.     64;  325. 


23.    4a 


24  m    ^i^zi)      g(g-l),i.     ^9^    p{p-_mPz3  q{q-l){q-2) 

24.  (1)      —2 2~+^'     ^^^     ~~~6  ^~~    • 

,,.  pip-lHp-2)_qiq-lHq-2)^^^                         ^^  ^^^,)„_, 

27.  113;  2190.       28.     2454.                 29.     6666600.  an      filct^Qfin     ^ 


XIIL  a.     Pages  142,  143. 

1.  x'  -  15x^:90x3  -  270x2  +  405a:  -  243. 

2.  Srx*+  216xf  y  +  216x2f/2  +  g&x7f  +  lQy\ 

3.  32x5  -  80^;^  +  SOx^y^  -  40x'Y  +  ^Oxy*  -y\ 

4.  1  -  18tt2  +  135a4  -  540a6  +  1215a8  -  1458aio  +  729^^2^ 

5.  xi» +  5x9 +  10x8 +10x7  + 5x6 +  x5. 

6.  1  -  7xy  +  21x2^/2  _  35x37/3  +  s5xY  -  2lxhf  +  Ix^y'^  -  xhf. 
81x8 


7.  16 -48x2  + 54x4 -27x«  + 


16 


8.  729a«  -  972a5  +  540a4  -  160a3  +  ^  -  ^J,"*  +  _^ . 
7x  .  21x^  35x3  35x*  21x«   7x6  ^7 


^-^2+-T-+  8 


16  "^  32  "^  64  "^128' 
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64x6  _  32x^      ?2£.'_  on     1^  _  ?1^      11^ 
^°*     729       27    ■*■    3  "^4x2      8x*  "^  64x« " 

la      7a3     7tt3     35a*     „,„«,,      « 
"•    2-56  +  16  +  16 +T+-8r  +  ^'^+'"'-^^'*+"- 


12. 

^10      45  _  120 

X  +  X«        X '"  + 

210 

x*  " 

252      210 

■   x^  '•""^ 

120 

X7 

1     45      10       1 

13. 

^^^^3575^g>.^^ 

14. 

-  112640x9 

15.     -312x2. 

16. 

^7^3(5x)3(8,)- 

17. 

iOa7b\ 

...     ^-^a... 

19. 

10500 
x3    • 

20. 

lOxY' 

21.     2x*  +  24x2  +  8. 

22. 

2x(16x'»-20x2a2  +  5a*). 

23.     140^2. 

24. 

2(365-363x  +  63x2 

110565a4. 
^89ai7        21    ,, 
-8      '-16«" 

-X3), 

28. 
31. 

26. 

843?iL— 
7 
18* 

252. 

-  -t-^-  . 

27. 
30. 

29.     1365,-1365. 
32.     18564. 

33. 

\n 

13/1 

(i(n-r)li(n  +  r)' 

XIII.  b.     Pages  147,  148. 
1.     The  9%/"        2.     The  12'^'.  3.     The  e"'.         4.     The  10"^  and  11'^. 

5.     The3"»=6§.  6.     The  4*  and  5t»»  =  j|^ .  9.     x  =  2,  y  =  3,  n=5. 

10.  1  +  8x  +  20x2  +  8x3  -26^51^8x5  +  20x8  -  8x^^8, 

11.  275'"^=r5-4S5^+Ii7a2x4  -Tr6a3x3  +  117a4x2  -  54a5x  +  27tt«. 
In  |2n+l 


12.      • -^^ 

|r-l|n-r+l 

14.     U. 


\p  +  l\2n-p 


15.     2r=n. 


6.  l-x-x'-^ic'- 

o 

7.  l-x  +  ^ar'-gX*. 

^         ,  X2        x" 

''     1+^+6-6-4- 


XIV.  a.    Page  155. 
2 


,3       3    .,     1     „ 
l  +  2^  +  8^--16-^- 


l-2x2  +  3x^-4x«. 

l  +  x  +  2x2  +  ^x'«. 
o 


ANSWERS.  535 


1458  •^' 


„      1  A     3        3    „     5    A  ,„  o  /.     ^        1      o        1 

13.     4(l  +  a-la^  +  ^a3).  14.  ^  (l  +  .  +  |..  +  |  .3) 

15.    JL(i,-^3.^      5.^Y  16.  -f|..         17. 
2a5  \       a     2  a-     2  a^j  16 


77 
256 


1040    ,„  16&* 


18.     --^a^\  19.     243,,.  20.     (r  +  l)x^ 

21.Jlt^)f;y-±-^).^  22.     (_i).-.l-3.5       (2r-3)^,. 

23.  (_ir.y.l^_^^^J3^)..     . 

10710 
24.     -1848a;".  25.     -il^^x«. 


XIV.  b.  Pages  161,  162. 

1.3. 5. 7. ..(2/:^  (r  +  l)(r  +  2)(r  +  3)(r  +  4) 

^-     <~^^                2^^i7             ^-  ^'                      |£                    "" 

3.     (_";;Z:i>2.5...(3r-4)^,  ^      ^_^^,2.5.8^..(3r-l)^. 


S'-jr 


6.     ,.l).(:±iHr±H,r  e.     3.6.7..(2.+  l)^, 

&»■  r  +  1 

».   -^-i-t;'^'-^'-^.         10.   (_i,,L-3.5  .(2.-1)^, 


3r  1^  •,3r-2 


2.5.8...  (3r-l)    ^  («  +  l)(2n  +  l)...  (r-l./t  +  l)        a;'- 

13.     Tlie3''i.  14.     TheS'K  15.  The  13'".   ~     16.     TheJT^ 

17.     The  4*'^  and  5*'^..     18.     The  S'-'i.  ~  19.     989949. 

20.     9-99333.  21.     10:00229.          22.  0-99027.  23.     -19842. 

'^  23a; 


24. 

1-00133. 

25.     -00795.             26.     5  00096. 

27.     1— g-. 

28. 

!(-£)• 

-  '4'-     -  \-\- 

,,       1     343 

32. 

1      71 
3      360 '^• 

35.     1  -  4a;  +  13a;2.              36. 

XIV.  c.     Pages  167—169. 

0  ,  29        297    . 

2  +  ^.  +  -.- 

1. 

-197. 

2.     142.                             3. 

(-l)»-i. 

4. 

(_l)n(„2  +  2«  +  2).                                   6.      sJ^^U-X 

r^ 
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|2n 


■■■  (i-ir=^"(^-8r-   "•  in^ 

14.    Deduced  from  (l-x-')-(l-x)3  =  3x-3x=.  16.     (1)    45.     (2)    6561. 

18.     (1)     Equate  coefficients  of  x^  in  (1  +  x)"  (1  +  x)-^-^{l  +  a:)*-^ 

(2)    Equate  absolute  terms  in  (l+x)"  (  1  +  -)     =a;"(l  +  x)'*-2. 

20.  Series  on  the  left  +  ( -  1)"  q^^  =  coefficient  of  x-''  in  (1  -  x^)-h. 

1  12« 

21.  22«-i-^.J=-. 

2  |n  i»^ 

[Use  (Co  +  Cj  +  Cg  +  . .  .c^)'-'  -  2  (CqCi  +  CjCg  +...)  =  c^^  +  Cj^  +  Cj^  +. .  .c^^]. 

XV.    Pages  173,  174. 

3.     3360. 
7.     30. 

11.     -1. 

211 

15.     -3-. 

/      3  9         9        9    \ 

17.     1  - 2x2 +  4x3  + 5x4 _ 20x5.  ig.     16  ( 1- ^a^'  +  Sx^  +  g^^-g^'  +  g^  ) 


XVI.  a.    Pages  178,  179. 

1.     8,6.  2.     2,-1.  3.     -g-,   -2'         4-     -4,   -g- 

4        4  ^2        157  4     2 

«•   3'  "5-  *•     5'  "2'  "2-     ^'     3'      '''      3'   S' 

2  3 

8.     61oga  +  9log&.  9.     gloga  +  ^logfc. 

J  1  2  1 

10.     -gloga  +  glogt.  11.     -gloga-^logft. 

12.      -,yoga-log6.  13.     2  log  a.  14.      -51ogc.  16.     log  3. 

logc 


1. 

- 12600. 

2. 

-168. 

6. 

-9. 

6. 

8085. 

9. 

-10. 

10. 

3 
2' 

L3. 

59 
16* 

14. 

-1. 

4. 

-1260a26V. 

8. 

1905. 

12. 

4 
"81' 

16. 

^-h-l-- 

5  logc 
19. 


"•     logT^n^fc-  21oga  +  3log6- 

loga  +  logft  ii  ^_i]£8!?,  «=-}-?«?? 

1  1  log  (« -  &) 

22.    logx  =  g(a  +  36),  logy  =  g(a-26).  34.     i^g^^-^^)- 
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XVI.  b.     Pages  185,  186. 

1.  4,  1,  2,  2,  i,  1,  1. 

2.  -8821259,  2-8821259,  3-8821259,  5-8821259,  6-8821259. 

3.  5,  2,  4,  1. 

4.  Second  decimal  place ;  units'  place ;  fifth  decimal  place. 

C.  1-8061800.  6.  1-9242793.  7.  1-1072100.          8.    "2-0969100. 

9.  1-158362G.  10.  -6690067.  11.  -3597271.           12.     -0563520. 

13.  r-5052973.  14.  -44092388.  15.  1-948445.           16.     191563-1. 

17.  1-1998692.  18.  1-0039238.  19.  9076226.           20.     178-141516. 

21.  9.         23.  301.         24.     3-46.  25.  4-29.        26.  1-206.     27.     14-206. 

28.     4-562.  29.  ^.  =  ,—^^^-,./-       ^^^2 


log  3  -  log  2 '  •'     log  3  -  log  2  • 
31og3-21og2  log3 

=••    "=4(log-3^1og^)'^  =  4(log3-log2)-  '^^     l-"""'- 

2  log  7  '     log  2 

XVII.     Pages  195—197. 
1.    log, 2.  2.    log, 3 -log, 2.  6.     -0020000006666670. 

9.     e^-ev^.  10.     -8450980;  1-0413927;  1-1139434.     In  Art.  225  put 

??  =  50  in  (2) ;  n  =  10  in  (1);  and  w  =  1000  in  (1)  respectively. 

3.2  rf\       ^6  ^lr  ^ 

'''  i-g_+ji-|6_-^--^(-i)'"j27--^-  '''  r3-,+iog,(i-..). 

24.  -69314718;  1-09861229;  1-60943792;  a= -log,  (l- ^]  =-105360516; 

6= -log,  fl-A^  =  . 040821995;  c  =  log. /'l  +  -^  =-012422520. 

XVIII.  a.     Page  202. 
1.     £1146.  14s.  lOd.         2.     £720.  3.     14-2  years. 

4.     £6768.  7s.  lOhd.         5.     9-6  years.  8.     £496.  19s.  4|(Z. 

9.     A  little  less  than  7  years.  10.     £119.  18s.  5^d. 

XVIII.  b.     Page  207. 

1.  6  per  cent.  2.    £3137..2s.  2|rf.  3.     £110. 

4.  3  per  cent.        5.  2y^  years.  6.^Bl275.  7.     £926.  2«. 

8.  £6755.  13s.        9.  £183.  18s.         10.     3^  per  cent.     11.     £616.  9s.  l^d. 

13.  £1308.  12s.  4^^.         16.     £4200. 
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XIX.  a.     Pages  213,  214. 

8.    a'  +  2b'  is  the  greater.      12.     x^  >  or  <  x-  +  x  +  2,  according  as  a;  >  or  <  2. 
14.     The  greatest  value  of  a:  is  1.  15.     4;  8. 

22.     4* .  5" ;  when  a:  =  3.  23.     9,  whenx=l. 


XIX.  b.     Pages  218,  219. 
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